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ABSTRACT

In this thesis we study three different problems associated to the detection of
two types of material defects: interfacial cracks and delaminations. In Chapter 2 we
address the problem of interfacial crack detection in layered isotropic elastic media.
In the first part, a well-posedness result is established, and we use this result in the
second part of the chapter to adapt the Factorization Method (FM) in order to propose
a reconstruction algorithm. In Chapter 3 we consider the problem of detecting if two
materials that should be in contact have separated or delaminated. The goal is to find
an acoustic technique to detect the delamination. We model the delamination as a thin
opening between two materials of different acoustic properties, and using asymptotic
techniques we derive an asymptotic model where the delaminated region is replaced by
jump conditions on the acoustic field and flux. The asymptotic model has potential
singularities due to the edges of the delaminated region, and we show that the forward
problem is well posed for a large class of possible delaminations. We then design a
special Linear Sampling Method (LSM) for detecting the shape of the delamination
assuming that the background, undamaged, state is known. In Chapter 4 we consider
the problem of detecting planar delaminated regions of constant thickness. Here we aim
to develop an electromagnetic technique to detect the delamination. Again, we derive
a asymptotic model where the delaminated region is replaced by jump conditions on
the electric and magnetic fields. We show that the forward problem is well posed under
some assumptions on the material properties, and finally adapt again a LSM to detect
the shape of the delamination assuming that the background state is known. In all three
chapters we show, by numerical experiments, that our nondestructive testing (NDT)

methods can indeed be used to determine the shape of the corresponding defect.

xii



Chapter 1

INTRODUCTION

Inverse scattering is a field of science concerned with the development of tech-
niques to infer physical properties of a system, from measurements of how incoming
waves are scattered in the presence of the system. Among examples of such problems,
are the identification of the shape of an obstacle and the determination of relevant
material properties of an object to which no direct access is available. These kind of
problems have important applications in medical imaging (e.g. [4, 16]), nondestructive
testing of materials (e.g. [44, 2, 68]), geological exploration (see [42, 64, 88]), etc. The
mathematical methods that have been developed to solve inverse scattering problems
are diverse, and can be divided into three main categories (see [55]): weak scattering
methods, optimization methods and qualitative methods. Weak scattering methods are
based on approximations that neglect multiple scattering effects, and which are valid
only in the sub-resonant region (where either the wave number k of the interrogating
waves or the material contrasts are very small). In contrast, both optimization methods
and qualitative methods have been successful in tackling inverse scattering problems
in more general regimes. These two families of methods are based on substantially
different approaches, each of them with their own advantages and disadvantages. Op-
timization methods lead to final reconstruction algorithms involving iterative schemes,
where in each iteration a forward problem has to be solved. They are numerically
expensive and require substantial a priori information, although have the advantage
of providing information on both geometrical and physical parameters of the object.
Qualitative methods, on the contrary, typically require little a priori information and
result in cheap final reconstruction or identification algorithms, but at the expense of

recovering only partial information: either the geometry or the physical parameters of



the object. For a general overview of inverse scattering methods we refer the reader to
(32].

In this thesis we will develop nondestructive testing (NDT) methods for the
identification of material defects (delamination and cracks), based on two of such qual-
itative methods: the linear sampling method (LSM) and the factorization method
(FM). The LSM was first developed by D. Colton and A. Kirsch in 1996 [31], and the
FM was invented by A. Kirsch in 1998 [56, 54].

The general idea of both the LSM and FM is to find the location of an object (in our
case a defect) by the construction of an indicator function whose support is precisely
the object. The algorithm to construct such indicator function consists in sampling
points on a grid where the object is expected to be, and then use a criterion provided
by the LSM or the FM to decide whether the point belongs or not to the support of
the object.

The LSM criterion to construct the indicator function is based on solving a linear (ill-
posed) equation for each sampling point, with the implementation of a regularization
scheme, and then to use this regularized solution to approximate the indicator func-
tion.

In contrast, the FM criteria is based on the characterization of the range of an op-
erator that can be constructed from measurable scattering data. Based on the exact
knowledge of this range, the indicator function can be found directly. Although the
FM is mathematically more satisfactory, the assumptions required by this method are
much more restrictive than those for the LSM.

In both cases, the LSM and FM require multistatic data for a single wave number
k = 27/), meaning that the information is collected from an array of sources and
receivers.

Note that one can increase the resolution of the LSM and FM by simply increasing the
wave number £ of the interrogating waves [45].

We refer the reader to [56], [21] and [23] for a variety examples of applications of LSM
and FM.



We start the thesis with Chapter 2, where we address the problem of interfacial
crack detection. The general problem of crack detection has been an active research
topic in both engineering and mathematics due to its broad range of applications,
including hydrology, geothermal sources, and environmental protection. It has been
experimentally confirmed that both the geometry and the interfacial conditions of the
fracture are equally important to its response to a given “activation” [76]. In our ap-
proach, we present a method that captures the geometrical distribution of interfacial
cracks, in an elastic isotropic layered medium, assuming that a linear contact law is
satisfied on the crack. This means that the relation between the traction and the jump
of the displacements across the discontinuity is linear, given by the so-called stiffness
matrix. The method developed is based on an adaptation of the FM, and it is partially
a generalization of previous work [77] to the case of inhomogeneous media. The results

of this chapter will appear soon in [34].

In Chapters 3 and 4, we turn our attention to the problem of the identification
of delamination. Delamination is a defect that occurs when two materials that should
be bonded together, partially separate. This is a common failure occuring, for example,
in composite or stratified media that are subject to repeated stresses (see [72, 19, 82]).

Delamination is considered one of the most critical defects in engineering, be-
cause it changes the structural stability of the system (see [72]), and the development
of nondestructive testing (NDT) of delamination is therefore an important area of
research (e.g. see [83, 44]).

In order to obtain a model that provides a unified picture of scattering by a
thin crack of arbitrary shape, the first parts of Chapters 3 and 4 are devoted to a pre-
sentation of reduced models for the scattering of acoustic and electromagnetic waves.
The full derivation of the reduced models can be found in Appendix B (for acoustic

scattering) and in Appendix C (for electromagnetic scattering).



These reduced models are derived from asymptotic expressions of the fields, that
exploit the fact that the maximum thickness of the delamination § is a small parameter

(with respect to both the size of the obstacle and to the wave-length \).

The origin of these type of methods goes back to the work of M.A. Leontovich
and S.M. Rytov [62, 78]. In his work, Leontovich derived for the first time the now well-
known surface impedance boundary condition (SIBC) to approximate the scattering
of an electromagnetic wave by a highly conducting obstacle. Rytov, however, seems to
be the first one to have expressed the fields, in the vicinity of a thin film as a power
series with respect to the thickness of the film ¢ (see [86]). Using this approach Rytov
provided a general method to derive high order models with better accuracy.

In the context of highly conducting obstacles, subsequent work has resulted in
the derivation of approximate boundary conditions, the so-called Generalized Impedance
Boundary Conditions (GIBCs) [49, 81]. The ideas have been applied beyond this set-
ting to the case of perfect conductors (e.g. [48, 14, 66]), to the study of thin periodic
films and rough surfaces (e.g. [73, 74, 15, 35, 36, 37, 38]), and to thin transmitting
coatings (e.g. [71, 30, 40]). In these two last settings, the concept of approximate
transmission conditions (ATCs) has been developed. The general idea is to approxi-
mate the effect of the thin layer by suitable jump -or transmission- conditions for the
fields.

For a more exhaustive review on the development of these asymptotic methods, we

refer the reader to the introductory chapter in [35].

For our delamination problem, we derived ATCs models by formally consider-
ing an asymptotic expression of the field in a vicinity of the thin delamination, as a
power series with respect to §. These ATCs models are new with respect to previous
approaches in the sense that we allow the thin domain to be supported in a surface

that has a non-empty boundary (in previous works the thin films were supported in



a closed surface). This brings into play potential singularities in the asymptotic ex-

pansion, and extra difficulties in the analysis of the well-posedness of the ATCs models.

In Chapter 3, the ATCs model for acoustic scattering considers jumps of the
fields on a single surface, and thus is considered to be a crack-type model. However,
in the electromagnetic case a crack-type ATCs (whose full derivation can be found in
Appendix C, model I) leads to a model where the signs of the coefficients involved
in the ATCs are not compatible with a classical splitting into coercive plus compact
terms, that would lead to a well-posedness result. This is not a surprise since it has
been shown in [30] that the corresponding model in the time-domain is unstable.
Therefore, in Chapter 4, instead of considering crack-type ATCs with jumps of traces
of the fields on the same surface, we consider a different model where the traces of the
fields are taken on the two different surfaces, sometimes called Chun’s-type ATCs, that
constitute the outer and inner boundaries of the delamination. The full derivation of

a general setting for this model can be found in Appendix C, model II.

After having established the ATCs models, a subsequent part of Chapters 3 and
4 is devoted to the numerical validation of these new ATCs models as “good” approx-
imations to the original full model. In both cases we perform numerical experiments
and study the numerical convergence of the ATCs models to the standard one, as the

small parameter o approaches to zero.

Later on, in Chapter 3, we study the reduced acoustic ATCs model and prove
that, in certain geometrical and material regimes, the model is well-posed. Moreover,
we finish the chapter presenting a NDT algorithm for detecting delamination using
acoustic waves, based on a LSM adapted precisely to the ATCs model. This NDT can
be regarded as a first step to develop methods to identify delaminations using elastic
waves (e.g. ultrasound), and it is also a preliminary step for NDT using electromag-

netic waves (e.g. microwaves), which is the topic of discussion of Chapter 4.



Due to technical difficulties associated with the reduced ATCs model for elec-
tromagnetic scattering, in Chapter 4 we restrict our discussion to the case of planar
delaminations of constant thickness. For this case, a well-posedness result based in a
Helmholtz decomposition is provided. The last part of Chapter 4 gives the development
of a NDT of planar delaminations by adapting the LSM to this model. Preliminary

numerical results are also presented.

The results in Chapter 3 have been already published in [24], while the results
of Chapter 4 will soon appear in [25] and [26].



Chapter 2

ACTIVE ULTRASONIC SENSING OF INTERFACIAL CRACKS IN
LAYERED ELASTIC MEDIA

2.1 The problem

In this first part of the thesis, the aim is to develop a nondestructive testing
algorithm to detect the location and size of fractures at the interface of two linear
isotropic elastic materials that, in the undamaged or background state, were bonded
together.
To this end, we study the scattering of a linear elastic wave by a bounded, isotropic
penetrable obstacle, Q C R?, with Lipschitz continuous boundary I'y, which is embed-
ded in a homogeneous medium €, := R3 \ﬁ, see Figure 2.1. In the scenario that we
consider, €2 is composed by two layers of different materials, {2 and €2, , which have
also a closed, Lipschitz continuous, common interface I'.
In the damaged configuration, one part of I' has been damaged and a fracture I'y C T’
has appeared (Figure 2.1, Panel b)). In general, Iy is an open surface, and its relative
boundary on I' will be denoted by OT.
All three domains ., €, Q.,; have different material properties, characterized by
their relative density p and the fourth-order elasticity tensor C that defines the lin-
ear constitutive relation between strain and stress. In the context of isotropic elastic

material, is given by [80]:
Cijie = Mgk + (05005 + dirbje), (2.1)

where A and p are the so-called Lamé parameters. It can be shown that pu > 0 is
the shear modulus, while A does not have a direct physical interpretation but satisfies

K=\+ %,u, where K is the bulk modulus of the material. This imposes the natural
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Figure 2.1: Panel (a) Transversal cut of the undamaged, also called background state.
The stratified media consists of two materials 2 and €,. Panel (b)
Transversal cut the damaged configuration. The crack I'y occurs at the
interface of the two layers.

condition that 3\ +2u > 0. However, in this work we will restrict ourselves to the case
A > 0, which is reasonable in most common situations [63].

In the setting we consider, both p, A and p are constant in the exterior domain €2,
with values p = 1, A = Ao, and u = po, while in Q_ and €2, they are known piece-wise

smooth functions, with possible jumps at the interfaces I, 'y, satisfying:

(Aelr = A|e) (sl — p—|r) >0 and  (Ay|r, — Ao) (s |r, — po) >0, (2.2)

where Ay, puy are the Lamé coefficients A, p in €)1, respectively.

Remark 2.1.1. The monotonicity condition (2.2) for the Lamé parameters in trans-
mission problems is necessary in order to have a unique representation of the fields in

terms of single- and double-layer potentials in the context of Lipschitz domains (see

[41])-



Let v be a function defined in 2, and 2_. In the sequel, we denote the jump
of v across Iy by [v] := v'|r, — v |r,. Then if we assume a linear contact law on the

fracture Iy ([77]), the displacement u satisfies:
O;u = KJu], on I'y, (2.3)

where K € L>(T5)%*? is the so-called stiffness matrix, which is assumed to be sym-

metric in order to be consistent with the reciprocity principle, and
Jdju:=v-C:Vu
is the co-normal derivative or “traction”, where v is the unit normal vector on T,
pointing into .
Denote by A* the elastic differential operator, defined by
A'u:=V-(C:Vu) =V-(2ue(u)+ ANV -u)lss), (2.4)
where e(u) := $(Vu + Vu’) is the strain tensor corresponding to u.

Then the scattering of the total elastic field u € H} (R*\ T'y)® in the damaged config-

loc

uration is, in the frequency domain, given by
Au+po*u=0 in R*\T,, (2.5)
Oru = K[u]on Ty, (2.6)
and where in the unbounded domain 2.,; the total field can be decomposed as u =

u®*® + u’, where u’ denotes the incident field, and u*¢ the radiating field that satisfies

the Kupradze radiation conditions (see [59]):

ou? 1 ou’® 1
8_1;“ —ik,u’ = O (;) and 8171" —ik,u® =0 (;) , asr — oo, (2.7)
where r = |x/, the limits are uniform with respect to X = x/|x/|, and where
1 SC
s P
S 1 SC
e TR (A + k2)u* in Q, (2.9)
D s
for
w? w?
2=— and ki=———. 2.10
Ho P Xo 4 2p0 (2.10)



2.2 The well-posedness of the direct problem

The well-posedness of problem (2.5)-(2.7), is proven using the same arguments
given in the case where the background is homogeneous, and already studied in [77].
For the reader’s convenience we provide here the details.
In order to study our problem in a Fredholm operator framework, it is convenient to
consider an equivalent formulation of the problem (2.5)-(2.7) involving only bounded
domains. To this end, let Br C R3 be an arbitrary ball of radius R > 0, such that that
Q C Bg. As usual, multiplying equation (2.5) by a test vector field v and integrating
by parts in Bg, we get the following equivalent variational formulation of our problem

(2.5)-(2.6): Seek u € H*(Bg \ Tp)? such that
Alu,v) = L(v) Vv,u € H'(Br\Ty)?, (2.11)
where

A(u,v) :/ Vv:C:Vu dy—wz/ pv-u dy
Br

Bgr

+ /FO[V] ‘K [u] ds(y) — /SRV -Tru ds(y), (2.12)

L(v) = + / {V Lo - 7}5u’} ds(y),
Sr
and where the Dirichlet-to-Neumann operator Tz : HY/2(Sg)? — H~Y/2(Sg)3 is defined
by

Tro = O up|s,, (2.13)

where u, satsfies
A*uy +w’uy, = 0in R*\ Bp, (2.14)
Uyls, = ¢ on Sk, (2.15)

and the Kupradze conditions (2.7). It is well known that the operator 7 is well defined
and bounded [21].

Define the following Sobolev spaces:
HY2(Ty) = {u|p0 lu e Hl/Q(r)}, (2.16)

HY([y) = {ueHl/Q(FoﬂsuppuCFO}, (2.17)
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where supp u is the essential support of v defined as the largest relatively closed subset
of I' such that u = 0 almost everywhere in I" \ supp u.

Moreover, it is well known (see [63, 21]) that:
H'2(Ty) = {u e HY2(Ty) |7 € HY*(T) ¢ ro}, (2.18)

where u is the extension by zero of u to I'.
Both spaces H'/2(T'y) and H'/2(T'y) can be endowed with the restricted H'/2(I')—inner
product, and in such a case they are Hilbert spaces.

And finally, the associated dual spaces of H'/2(T'y) and H'/2(T'y) are, respectively:

HV2(Ty) = (ﬁm(ro))*, (2.19)
HV2(Ty) = (Hl/Q(ro))*, (2.20)
where
HY2(Ty) = {U|F0\veH—1/2(r)}, (2.21)
HY2(Ty) = {UEH’l/Q(FO)]supvaFO}. (2.22)

The space duality (2.19)-(2.20) are defined precisely in terms of the following natural
duality pairings:

<U:“>H71/2(r0),f11/2(r0) = (0, W) g2y, H12 (D) (2.23)
where on the right-hand-side of (2.23) u is the extension by zero of u to I', and

<U7U>1}—1/2(r0),H1/2(r0) = <’6au>H*1/2(F),H1/2(F)v (2.24)

where v € H~/2(T) is the extension by zero of v.

It is then true that:
HY2(Ty) € HY2(Ty) € LA(Ty) € H™Y2(Iy) € H~Y2(Ty), (2.25)

and all the embeddings are bounded.
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Remark 2.2.1. Observe that for u € H'(Bg \ Ty)?, the jump [u] € HY2(I'y)3. More-
over, if the stiffness matrix K € L>®(T5)**3, then K [u] € H/2(I'y)? (see corollary 8.8
in [58]).

Therefore, on one hand the interfacial condition (2.6) makes mathematical sense, and

the term:
[ 9K asty)
o
appearing in the expression (2.12) is considered in the sense of the duality pairing

(s ") sr-1/2(00)3 1/2(ry)s» and then pivoting with respect to the L?*(T'y)? inner product.

Lemma 2.2.1. The Dirichlet-to-Neumann operator Tr can be decomposed as Tr =
T5 + T8, where TS : HY?(Sg)® — HY2(SR)® is compact and —T5 : HY/*(Sg)® —

H=2(Sg)3 is non-negative and self-adjoint. Moreover,
S(Trd, @)s, > 0 for all ¢ € HV2(SR)?\ {0}. (2.26)
For the proof of this result see Lemma 1 in [77].

Theorem 2.2.1. (Well-posedness of the crack problem) Let K € L>®(T)3*3 such that
S(v-Kwv) <0 for allv € H/*(I'y)%. Then the variational problem (2.11) is well-posed.

Proof. Define

Ap(u,v) = Vv:C:Vu dy+w2/ v-udy
Bgr Bgr
— [ Tpu-¥ ds(y), (2.27)
Sr
B(u,v) = —w2/B (1+pv-udy
+ /FO[V]-K[u] ds(y)—/SRV-ﬁ%u ds(y), (2.28)
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so that A = Ay + B.
Notice that from (2.4) and from Korn’s inequality [63],

Ap(u, )| = / [2ule()P + AV-ul? +?uf’} dy
Br

- /T]gu-ﬁ ds(y) (2.29)
Sk

> [ {ule@P + P} dy (2.30)
Br

2 O||u||§{1(BR\fO)7 (2.31)

where C' > 0 is a constant independent of u, implying that Ay : H'(Bg\I¢)*x H*(Br\
Ty)? — C is coercive.

On the other hand, for all u,v € H*(Bg \ I'¢)?,

1Bu,v)| < W (14 llpllo) l1all o soroys V1255 (2.32)

+ Ko 1]l 2oy 1V 2y + TRl 1720558 1V 17255 (2:33)

and then for all [[v|[ g1 g, \Fys = 1,
BOV) < Collullagary + O I Nl + O [Tl (230)

where Cy = w?(1 + [|p||..), Ci is twice the norm of the trace operator from H'(Bpg \
To)® — L*(T'y)3, and Cy > 0 is the norm of the compact trace operator from H'(Bg \
To)® — HY?(Sg).

Let {u,} be a sequence that converges weakly to 0 in H'(Bg \ To)?, then, from the
compactness of H'(Bg \ T'v)® C L?(Br \ T'y)?, the boundedness of the trace operator
H'(Br \ Ty)® — H'Y?(Br \ Ty)?, together with the compactness of the embedding
HY2(I))® c L2(Ty)3, and the compactness of T : HY2(Sg)3 — H~Y2(Sg)3, we
conclude that B(u,,v) — 0 for all v in H'(Bg \ T'y)?. Hence, B(-,-) is a compact
sesquilinear form. Therefore, A is the sum of a coercive and a compact sequilinear

form, and thus the uniqueness of the solution to the problem is equivalent to its well
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posedness.

To prove uniqueness, suppose that A(u,u) = 0, and take the imaginary part. Then:

0 = /F%(K[u]-[ﬁ]) asty) ~S{ [ Tou-u asty) ) (2.35)

SR

By the properties of T stated in Lemma 2.2.1 (and pivoting with L?(Sg)?),
Im{ Tru - ds(y)} > 0, (2.36)
SR

Since ¥([u] - K [u]) < 0, then necessarily:

%{/S Tru - ds(y)} = 0. (2.37)

Therefore, u = 0 on Sg, and therefore, by the unique continuation principle, u = 0 in

Bpr, which finishes the proof. O

2.3 The inverse problem
2.3.1 Preliminary notation and concepts

For any d € S? and p € R®, we define the pressure plane waves ur (-, d,p) and
the shear plane waves u®*(-, 8, p) with incidence direction d and polarization vector p,

by

u*(x,d,p) = d x (p x &) eiksx'a, and u?(x,d,p) = (p-d)d eik”x'a, (2.38)
where ks and k, are defined by (2.10) These two orthogonal families of plane waves
constitute important analytic solutions to the homogeneous problem Aju+w?u = 0 in
R3, where A} refers to the elastic differential operator (2.4) corresponding to constant
Lamé coeafficients \g and g in R3.

~

The incident plane-wave tensor Wi(-,d) € C*°(R3)3>*3 defined by
Wi(X, a) - eiksx.a(13><3 . a R a> + eikpx-aa ®Q a7

then satisfies

-~ . ~ . ~

W"(-7 d)p =u"’(-,d,p) + u"?(-,d,p) in R3, (2.39)
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for all d € S? and p € R3,
Next we introduce in this section some necessary concepts and notation for our analysis.
In the sequel, u, will be called a total field solution to the background problem due to

the incident field u’, if it satisfies:

w, € H. (R*)? (2.40)
A*uy +w?pu, = 0 in R? (2.41)
u, = ui° + u’ in Qe (2.42)

and where uj¢ satisfies the Kupradze radiation conditions (2.7).

Let d € S? and p € R?, then denote by u(-, 8, p) the total field solution to the back-
ground problem (2.40)-(2.42) when the incident field is precisely the pressure and shear
plane wave combination ui(‘,a,p) = W’(,a)p Since the mapping p — ub(~,a,p)

~ o~

is linear, then there is a second order response tensor Wy (-, d) such that Wy(-,d)p =
ub('a da p)
Given a scattered wave u® that solves A*u* 4 w?u*® = 0 in €4, it can be shown that

it has the asymptotic behavior ([59]):

6ikpr eiksr

1
P,00 (T 5,00 (3>
u?(X) + o —u (X)+0O <_r2> : (2.43)

u¥(x) = ap
”

where, in turn, u?”>°, u®* are the corresponding acoustic far-field patterns of the waves

u® and u” defined by (2.8)-(2.9) (see e.g. [21],[32]), and

1 1

ay=————— and a;= : 2.44
P dm(No + 2u0) 47 1o (2.44)

The elastic far-field pattern of u®*¢ is defined by
u™ = u”> @ u>. (2.45)

Denote by T'y(-, z) the fundamental solution, also called the Kupradze matrix associated

with the Lamé coefficients of \y and pg, that satisfies:

ATy + w?Ty = —0, I3, in R? (2.46)
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where ¢, is the Dirac distribution with support in z.

It is well known that Ty is given ([59]) by

I‘O(Xa Z) = _a5¢ks (X7 Z)I3><3 - Bs(vx & vz)¢ks (Xa Z) - ﬂp(vz ® Vx)¢kp (Xa Z)>

where k; and k, are defined by (2.10), a; is defined by (2.44), g8, = ﬁ, By = L

4mw??

eik|x—z|

and where for any k£ € R, ¢x(x,2) = which is the well-known fundamental

Ix—z|

solution of the Helmholtz operator Au + k*u in R3.

The far-field pattern of the Kupradze matrix is given by
'Y (X,z) =Ty (X,z) ® Ty (X, 2), (2.47)
where
I™(X,2) = ye 5 %%(I5,5 — X ®X) and TH®(X,z) = ye F*2RX @ X, (2.48)

and v = 4i Then, for every fixed X € §?, T'°(X, -) = YW'(-, —X).

P

2.3.2 The mixed reciprocity principle and the scattering operator

The inverse problem we aim to tackle is to identify the part I'y of the interface
I' where the crack is located, from far field measurements corresponding to incident
plane-waves in all possible directions d € S? and polarization vectors p € R3.
It will be proven in the following section that this can indeed be done, using a version
of the Factorization Method, first introduced by A. Kirsch [56].
To this end, we assume that we know the background configuration, that is, the con-
figuration in absence of the defect T'y.
For every z € R3, let Gy(-,2) in H._(R3\ {z})>*3 be the (radiating) Green’s matrix

associated with the background problem, that is,
A*Gy(-,2) +w’pGy(,2) = =0, Izxs in R, (2.49)

and such that Gy(-,z)p satisfies the elastic radiation condition (2.7) for every p € R3.

Then we have the following:
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Theorem 2.3.1 (Mixed reciprocity principle). Let Gi°(-,z) denote the far-field pattern
of Gy(+,2z), then the following relation holds

Gl‘,’o(a, z) = YWy(z, —?1) for allz € R* and d € S.

Proof. Case 1. Let z € €).yy.

By definition, all the columns of G,(+,z) — I'y(-,z) are non-singular radiating solutions
of Aju+ pw*u = 0 in Q. Therefore, after integrating by parts twice using Betti’s
formulas and recalling that both Gy(-,z) — I'o(-,z) and I'y(+,y) satisfy the radiation
conditions (2.7):

€Tz = [ {Tey)€-Toy.2)
— To(x,y)9;, (G~ To)(y,2) } ds(y)
:(L%&mmm@n@m>
— To(x,¥)05,)Gu(y,2)} ds(y (2.50)

for all x € Q..+, and where in the second line we have used Lemma A.0.2, i.e.,

A {To(y,2)9;, To(x,y) = To(x,y)0;, To(y,2)} ds(y) =0.
Then, from (2.50), and from the fact that I'y°(X,z) = YW'(z, —X),
G (x,z) — YW'(z, —X)
=7 Jr, {Gb y.2)0;, Wiy, —X) — 9;, Gi(y,z)W'(y, —ﬁ)} ds(y)  (251)

for all x € Qgu.
On the other hand, the columns of the scattered field associated with the background

problem, W;¢(, —X), are also radiating solutions of A*u + w?pu = 0 in Qy, S0

| {w-cwam, Wit =) -

9;,(To = Go) (v, ) Wity —%) } ds(y) = 0,
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but by the integral representation of W;¢(-, —X) in ., (see [59]), we have that
Wite. %) = [ (o Loy Wiy, -
~ To(y,2)0.) Wiy, %) | ds(y)
= [ s Wity )
— Gy 2)0 ) Witaly, )} ds(y). (2.52)
Additionally, from the transmission conditions of the background problem,
[ {2206l Wl ) = Gula )8y Wiy, R} ds(y)
1
= [ {208 Wiy, %) — Cala.3)2L1 Wos v, R} ()
1
= [ SR Wi ) - AWl )} dy
[ {000 G y) (Wil .~ — Caany) [0 Wil (-0} ds(y)
~ 0. (2.53)
So from (2.52) and (2.53), since w, = u;® + u’, we have that

Wit(s, %)= |

I

And then, from (2.51),

{Gol2,3)05) W'y, =)~ 0, ol y) Wily, —%) } ds(y). (254)

Gy (X,z) = YWy(z, —X).

Case 2. Let z € Q,UQ_. Then Gy(-,z) is a smooth radiating solution of A*u+pw?u =0
in (.., so integrating by parts twice using Betti’s formulas, and using the fact that

both T'y(+,y) and Gy(+, z) radiation condition:
Giixa) = [ (T y)Giy.2)
Iy

— To(x,¥)05(,Guly, 2) fds(y), (2.55)
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for every x € (.., and then

67 (%.2) = [ {00 T &Gy, 2) ~ TF R Calya) | dsy). (256)

Moreover, since the rows of W;¢(-, —X) are all radiating solutions of A*u + pw?*u = 0

in Qe:vtv
/1" {aZ(y)Gb(ya Z)Wi,cewt<Y7 _ﬁ) - Gb(y7 Z)a (y )Wbcea:t( §)} dS(y) = 07 (257)
and then adding (2.56) and ~(2.57),

GrR2) = 7 [ {Giy. 29, Wixy)

I

— 3,Gy.DWy(%y) | ds(y)

= S8 Wiy,

— ALGy. Wiy, D) | dy

= 1 [ {its [or, W] .=

— % Goly2) Wil (v, —%) | ds(y)

= v/mug {—pw2Gb(y7Z)Wb(y7—§)
(09T + ' Coly, 7)) Wiy, %)} dy
= YWy(z, —X).

Finally, by continuity of G, and Wy, we know that the identity G°(X, -) = YW, (-, —X)

holds everywhere in R3. O
Definition 2.3.1. The scattering operator Sy : L*(S?)* — L*(S?)3 is defined by

Sy = I + 2iky|al®F,

where I denotes the identity map, k =k, ® ks, and v = —ﬁ and o = oy, O .

Remark 2.3.1. By similar arguments to those given in [56], it can be proven that the

scattering operator is unitary, that is §,5; = S;S&, = 1.
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The following result describes the role of the scattering operator. The proof
given below follows the proof of Theorem 2.3 in [17], but we include it here for the

reader’s convenience.

Proposition 2.3.1. For every z € Q and X € S?,

W, (z, —X) = S(Wy(z, ) (X). (2.58)
Proof. Let y € Q. and z € €). Choose R > 0 large enough so that the open ball Bgr
satisfies {y} UQ C Bg. Then, the columns of both G,(-,z) — Gy(+,z) and Gy(-,2) —
[y(-,z) are regular solutions to A*u + w?u = 0 in Q.

Using Betti’s formulae in Qg := Q¢ N Bpg,

Gb(Y? Z) - Gb<y7 Z)

_ /S {To(x,3)85 1) (G (x,2) — G, )

= 9 Tox.¥)(Go(x.2) — Gy(x,2)) | ds(x)
[ {ratey)on € x.m) - G )
Os)To(x,¥) (G5 (x,7) — G (x,2)) } ds(x). (2.59)

On the other hand, again as a consequence of Betti’s formulae,

0 = [ {(©xy) - To0x 300500 (Gl 7) - Gl )
— B(Gx,y) — To(x,¥)(Golx,2) ~ Galx, 7)) } ds(x)
— [ {®5 )~ Talox )80 (657 2) - Gk, 2)

v(z)

— 05 (G5"(xy) — To(x,¥)(G5(x,2) — G (x,2)) } ds(x).  (260)
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Thus combining identities (2.60) and (2.60),

Gi(y,z) — Gu(y, 2)
= [ {ebyime @)
— Gil(x.2)) — D Golx, Y)(Golx,2) ~ Gol(x.2) | ds(x)
- [ {sr eyt @ - G )
040G (%, ¥) (G5 (x,2) = G (x,2)) | ds(x), (2.61)

and applying Betti’s formulae in Q for the integral on I'; in (2.61),

Gb(Y7 Z) - Gb(Y? Z)

- /S {Gox,3)0) (Go(x,2) — Gy (x, 7))

010 Go(x,¥) (Go(x,7) — Gy (x,2)) } ds(x)
_ /S [6y(x,9)00) G (.2
+ 95 Go(x,¥)Balx, z)} ds(x), (2.62)

where in the last step we used that both Gy(-,z) and G,(-,y) are smooth in R?* \ By

and radiating. Therefore, taking the limit when R — oo,

Gb(Y: Z) - Gb(Y7 Z)

_ / {yG (x,y) Tl GL R, 7) + 0, Gy ™ (R, y) R, Gy (%, )
S2

— ik, G (x,y),GY (X, 2) — ik Gy (X, y)asGZ’w(ﬁ,z)} ds(X)
= 2@'/ {k:p|ozp|2G€’°°(x, Y)GI X (X, 2) + ks|as* Gy (X, y) Gy ™ (X, z)} ds(X)
S2

— 2ikaf? / {ereyER} ds(R), (2.63)
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where k =k, © ks and o = a;, @ .
On the other hand from the mixed reciprocity principle Theorem 2.3.1 and corollary

A0,

PYWb(Za _§> - PYWb(Za ﬁ)

=/ 05 T5 (X ¥) (G (v, 2) — G (y, 2))

- / TR, y)0%0) (G (v, 2) — Gy, 2))

2ik|af? /S /F | {8,’j(y)I‘8°(§,y) (G,‘j"(ﬁ,y)@f(ﬁ,z))} ds(y) ds(d)

~

— 2ik|af? /S 2 /F 1 {rgO(ﬁ,y)a:(y) (Gg@(a,ymgo(a,z))} ds(y) ds(d), (2.64)

and again using the mixed reciprocity relation Theorem 2.3.1,

"}/Wb(Z, _ﬁ) - ’be(z, ﬁ)

~

= 2¢k7\ay2/s2wb(z,—&){/r az(y)I‘go(ﬁ,y)Ggo(d,y)

~

— TR ¥)95,)Gr(d,y) ds<y>} ds(d)

= 2iby’laf | Wiz, ~Wir(@d %) ds(@)
SZ

o~ ~ ~

= 2iky?|al? /S 2 Wy (z, —d)W;°(d, —X) ds(d)

= 2kl [ Wiln Wi —d) ds(@)

= 2kl [ Wiz W (Rd) ds(d)

2k F Wiz, ) R), (2.65)

which finishes the proof. m
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2.3.3 The factorization method

For later use we define the defective problem as follows. Given h € H~Y/2(I'y)?,
we seek u € H. (R?\ Ty)? such that

A*u+puo*u=0 in R*\TUT, (2.66)

J,u = KJu] — h, on Iy, (2.67)

174

and such that u satisfies the radiation condition (2.7).

Now let g € L?(S?)3. Then g = g* @ gP, where
g"(d) = (d @ d)g and g*(d) = (s - d @ d)g. (2.68)
The elastic Herglotz wave associated with g is defined by ([33])
Vg(x) 1= /S2 gseiksa'x ds(d) + /S2 gpeikpa'x ds(d), for x € R?. (2.69)

Let F : L*(S*)? — L*(S?*)® denote the far-field operator associated with the crack
problem, defined by

Fg=ug,
where ug® is the far field pattern of the scattered field associated with the crack problem
(2.5)-(2.6) when the incident field is precisely the Hergoltz wave vg.

In a similar manner, we denote by F, : L?(S?)3 — L*(S*)? the far-field operator

associated with the background, defined by
fbg = u;?ln

where ug%, is the far field pattern of the scattered field associated with the background
problem (2.40)-(2.42) when the incident field is again the Hergoltz wave vyg.

Finally, we define the far-field operator associated with the defect, Fp := F — Fy.
Notice that Fpg is the far field pattern of the scattered field due to (2.66)-(2.67) when
the source term correspnds to h = J}ug .

The main result of this paper consists of a characterization of the range of Fp, stated
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in Theorem 2.3.3, and which is the basis of the reconstruction algorithm of I'g. This
theorem is a consequence of the abstract result Theorem 3.2 in [18], that for the
reader’s convenience we state as Theorem 2.3.2 below. This abstract result is in turn
an adaptation of Theorem 2.15 in [56] and a particular case of Theorem 2.1 in [61].

Given a Hilbert space Z and a bounded linear operator L : Z — Z, we define

L+ L* L—L*
= —; and Im(L):= 5 (2.70)
Theorem 2.3.2. Let H C U C H* be a Gelfand triple with a Hilbert space U and
a reflexive Banach space H such that the embedding is dense. Moreover, let Y be a
second Hilbert space and let F' 'Y — Y, H:Y — H, andT : H — H* be linear
bounded operators such that we make the following assumptions:

Re(L) :

(A1) H* is compact with dense range.

(A2) Re(T) = C+ K with some compact operator K and some self-adjoint and coercive
operator C : H — H*, i.e, there exists ¢ > 0 with (¢, CP) > |¢|* for all ¢ € H,
and Im(T) is positive on the closure of the range of H.

Then the operator F# = |Re(F)| + Im(F) is positive, and the ranges of H* : H* =Y
and (F#)12 .Y =Y coincide.

In what follows we will prove that a factorization with the properties stated in
Theorem 2.3.2 is satisfied in our case.
Define the Hergoltz operator by 52 : L2(S?)? — H~Y/2(T)? such that /g = 0 ugy.

Then we have the following:

Lemma 2.3.1. Assume that there are no non-trivial background fields ug; such that
Osugplr, = 0. Then the Hergoltz operator € is injective with dense range and its

conjugate transpose operator * + HY2(Tg)3 — L%(S?)3 satisfies:

St = [ 8,6 (ynty) dsty) (2.71)
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Proof. Let n € HY2(T'y)?, then
(g = [ Ougy(y) - n(y)ds(y)

- /r n(y) - /Sz Oy Wiy, d)g(d) ds(d) ds(y)

_ / 8(d)- [ 3G (—d,y)m(y) ds(y) ds(d)

o
= (8 7 N)r2s2)3, (2.72)
thus,
A= | 9GE(—y)n(y)ds(y), (2.73)
o

and from Proposition 2.3.1, it follows immediately identity (2.71). To prove the injec-
tivity of JZ, observe that if g = 0, then from the assumption, ug; = 0, and by the
well posedness of the background problem (2.40)-(2.42), this means that vy = 0, and
hence g = 0.

To prove the denseness of the range of 7, we will show that 7" is injective. From

(2.73),

(#"n)(d) = u>(-d),
where u™ is the far field pattern of

u= | ARG ynly)dsly),
0
which is a generalized double-layer potential. Therefore, we know that u € H} _(R3\
T)? and solves
Au+w?pu = 0inR*\ (I UT), (2.74)
[ul = Monl,. (2.75)

Thus if 7#*n = 0, then u™ = 0, and by Rellich’s lemma (Lemma 2.11 in [32]) u=0
in Q..+, and by continuity of both the displacement and traction on I';, Holmgren’s
theorem implies that u = 0 in an open neighborhood of I';. By the unique continuation

principle, u = 0 in 2, . Again, by Holmgren’s theorem u = 0 in an open neighborhood
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of '\ Ty, and thus by the unique continuation principle, u = 0 in Q_. Therefore

[u] = 0 and then n = 0, which finishes the proof. O

Remark 2.3.2. Therefore, defining 7 : H'/?(Ty)? — f]l/g(Fo)3 by Th = [wy], where
wn € HY(R?\ Tp)? solves (2.66)-(2.67), we get automatically the factorization Fp =
Sp I T I .

Lemma 2.3.2. The operator T defined in Remark 2.5.2, is linear, bounded and there
exist two bounded linear operators Ty, T, : HY2(Tg)? — HY2(Io)® such that T = Ty+T,,
where Ty 1s coercive and self-adjoint, and T, is compact.

Therefore, Re(T) = Ty + Re(T..), and Re(T.) is compact.

Proof. The boundedness of operator 7" is an immediate consequence of the well-posedness

of the problem (2.66)-(2.67).

Define T, : HY/2(I'y)> — HY2(I'y)® by Toh = [ug], where uy € H*(Bg \ Tp)?
satisfies

Ap(ug,v) = /F h-[v] ds(y), forallve H'(Bgr\Ty)® (2.76)

Notice that ug satisfies:

A*UO — Uy = 0 in BR \ (F U Fl); (277)

d,up = —h onl,. (2.78)

Since Ag is coercive and self-adjoint, T} is well defined, bounded and self-adjoint too.

Moreover, from the properties of the trace theorem,

B = 100000z g < C (1AW Bangys + [1C : Vo] 20 )(2.79)
< € (IolBaggys + 11702y ) (2.80)
< GylA(uo, o)) = G / h-Tod ds(y)|. (2.81)
To
and then
18| 1/2py)2 < Cal{Toh, h)], (2.82)
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thus Tj is coercive.
On the other hand, notice that if T, := T — Tp, then, by definition, T,h = [u.], where

u. = u — ug satisfies the variational problem:
Ap(u.,v) = —B(u,v) forallve H(Bg\Tp)?. (2.83)

Since Ag is coercive and B is compact, then the mapping u — u. is compact, and
from the trace theorem together with the well posedness of the problem (2.66)-(2.67)
that u satisfies, the mapping h — [u.], i.e. the operator T, is also compact. The fact
that Re(T,) is compact is therefore an immediate consequence, and then the proof is

complete. O

Lemma 2.3.3. Assume that K € L>®(Ty)? is such that (- Kn) < 0 for allm €

HY2(T'y)3. Then the operator Im(T) = =12 s positive definite, i.e.,
(Im(T)h,h) >0 for allh e H Y2(Ty)3. (2.84)
Proof. From the definition of T, we know that given h € H~/2(T,)?,
/F h-[wy] ds(y) = A(wn, wn), (2.85)
0

where A(-,-) is defined by (2.12

%((Th,h>—(h,Th>) = %(/FOH- (W) ds(y)—/ b - [wy] dS(y))

To

. Therefore for any given h € H=1/2(T)?,

~—

> 0, (2.86)

where in the last line we used the properties of K, together with those of the Dirichlet-

to-Neumann map stated in Lemma 2.2.1. O

For a given open surface L C I" and a density n € HY 2(L)3, we define the test
function ¢ € L*(S?)? by

7 Z/Lﬁ.’i(y)G“(-,Y)n(Y) ds(y) ZV/LE);(y)Wb(%_')"?(}’) ds(y)- (2.87)
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Lemma 2.3.4. The operator G := Sp7*T is such that, ¢7° € Range(¥) for all
RS [ivll/2(L)3 not vanishing identically on any subset of L of positive Lebesque measure,

if and only if L C T'y.

Proof. Observe that, by definition, & : H=/2(I'g)® — L?(S?)? is such that ¥h = w*
where w™ is the far field pattern of the solution w to the defective problem (2.66)-
(2.67).

Assume first that L C T'y. Given n € ]:71/2([/)3, then 7, the extension by zero of 1 to
Ty, is in H'/2(T)3. Thus we know that ¢$° is the far field pattern of the generalized

double-layer potential:

w= / G Yy ds(y), (2.88)
which is in H} (R \ L) and satisfies:

A'w+w?pw = 0 inR*\ (I ul), (2.89)

w| = n only, (2.90)

and w satisfies the Kupradze radiation conditions. Thus, if we define h := Kn — diw
then h € H-Y/2(T)? and ¥h = ¢$°.

Conversely, assume there is n € HY/2(L)? such that n does not vanish in any subset
of L of positive Lebesgue measure, and such that ¢3° in Range(¥), but L ¢ I'y. By
definition of ¢, ¢$° is the far-field pattern of w € H} (R3\ T)? that satisfies the
defective problem (2.66)-(2.67) for some h € H~1/2(T)3.

Therefore , ¢7° is the far field pattern of the two potentials:

PLn:/La:(y)Gb<'vY)"7(Y) ds(y), (2.91)

and

w= [ 05, G, y)W](y) ds(y). (2.92)

o

By Rellich’s lemma and the unique continuation principle, we know that both potentials

are identical in R*\ (LUTy). However, by assumption, there exists x € L and an open
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neighborhood Vj of x such that on Vz; N L C (L \ Ty) where the density i does not
vanish. Hence, the potential P, has a discontinuity on x along the normal direction to

L, whereas w is continuous at the same point, and this is a contradiction. O

The following corollary follows immediately from Lemma 2.3.4, and considering

the properties of the scattering operator.

Corollary 2.3.1. The operator F€* is such that, Sf¢7 € Range(*) for all m €
f[l/z(L)?’ not vanishing identically on any subset of L of positive Lebesgue measure, if

and only if L C T'y.

In summary, we have proved the following theorem, which is the basis for the
NDT algorithm to detect interfacial cracks.

Theorem 2.3.3. Under the assumptions of Lemmas 2.5.1 and 2.3.2, I:;D = S;Fp
satisfies that:

i) The operator F¥ := |Re(Fp)| + Im(Fp) is positive, and the ranges of H*
H'Y2(To)? — L*(S?)? and (FE)V/? - L*(S?)® — L*(S?)? coincide.

it) S; % € Range((FI)V2) for all y € HY2(L)? such that m does not vanish iden-
tically in any subset of L of positive Lebesgue measure, if and only if L C I'y.

Therefore, the reconstruction of I'y can in principle be done by solving the so-

called far-field equation:
(Fi)Vg = o7, (2.93)
where $§ = S;¢7, for all possible open surfaces L C I'.

From Picard’s criterion, Theorem 2.7 in [21], the following result is an immediate

consequence.

Corollary 2.3.2. Let {ue, ¥, }32, be the eigensystem of f[#f, then: L C Ty if and only
of

f: | ¢L a'lubé L2(82)3|

o0, (2.94)
1 |M

where af ‘= S; S and the density n € HY2(L) in the definition (2.87) of ¢5° is

such that n does not vanish identically in any subset of L of positive Lebesgue measure.
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2.4 Numerical examples
The numerical simulations presented in this section were carried on using a
boundary elements method by Fatemeh Pourahmadian, and will published in [34].
For our numerical simulations we let L shrink to a point z € I". More precisely,
let ) in the definition of our test function (2.87) be such that n ~ d,e,, where {e/};_;.

Therefore, the three corresponding test functions are:
ot -C: V., Wy(z,—)e,, foralll=1,23. (2.95)
Define
f,= (o307, 00% " o5sT)T, (2.96)

and let M be the discrete far-field operator Fp, and S* the discrete §;. Then A =
|Re(S*M)| + Im(S*M) is the discretized ﬁ# Let {ie, ,}3M be an eigensystem of
A, then by Corollary 2.3.2, we expect that z € T’y if and only if the discrete Picard

criterion holds:
f
Z' LT (2.97)
|M£

where f; = S*f, and the natural number Ny < 3N is a heuristic truncation level
(see Theorem 2.11 in [21]). This can therefore be used to construct an approximate
indicator function of I'y, by:

1 if G(Z)_l > Ttols
1, =

0
0 otherwise,

for a suitable threshold parameter 7.

2.4.1 Numerical examples

The numerical experiments that we consider are the examples corresponding to
Fig. 2.2, panels (a) and (b).

Motivated by engineering applications where the aim is the detection of fractures at
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interfaces of concrete and the external homogeneous domain, the cracks in our numer-
ical examples are placed at the exterior interface I'; (as opposed to previous sections
where Iy C I'). In this setting, however, the techniques are the same and thus the
examples presented below serve as a proof of principle for our method.
The first example, shown in Fig. 2.2 panel (a), is a configuration where the inho-
mogeneity  is the ellipsoid in R?® whose boundary satisfies the equation:

22 2 L2

)

where a = 4.5, b = 4, ¢ = 6. The interface [ between €2_ and €2, is the ellipsoid with
cannonical equation (2.98) for a = 3, b = 2.5 and ¢ = 2. The material properties in the
exterior domain Q. are p = 1, A\g = 1, and po = 1, whereas py = 0.75, A, = 8/60,
py =02, p_ =15 Ay =6/10, and py = 0.4. The interfacial crack I'y C T’y is the
shaded surface.

Define {71, T2} to be an orthonormal set of vectors that span the tangent plane at a
point on Ty, then the vectors {71, 72,1} are a local basis that is well defined every-

where on I'y. In this local surface basis the stiffness matrix is given by K = diag{1, 1, 1}.

The second example, shown in Fig. 2.2 panel (b), corresponds to an inhomo-
geneity that has three connected components: a cube €., an ellipsoid €2, and a sphere
;. The domain €2, has side length of [ = 1.8, and it is centered at (0, 3, 3), the domain
). obeys the cannonical equation (2.98) for a = 3, b = 2, ¢ = 4, and finally € is a
sphere of radius r = 2 and center (0, —4, —2).

In this case, I' = (), Q_ = 0, i.e., the inhomogeneity has a single layer Q, = Q.UQ, US,.
The three connected components of {2, have the same constant material properties
given by py = 0.5, Ay = 2/15, u = 0.2, whereas the material properties in the exte-
rior domain Q,,; = R*\ Q4 are p =1, \g = 1, and po = 1. Finally, the stiffness matrix

with respect to the local surface coordinates {71, 72, } is given by
diag{0,0,0} inp N (2. U Q)

diag{2,2,2} inlyN Q..
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Qemf,

Figure 2.2: Panel (a) shows a connectd ellipsoidal inhomogeneity that consists of
two layers, and where I'y C I';. Panel (b) shows an inhomogeneity with
three connected components of the same material, a cube €., an ellipsoid
Q. and a sphere €),. The shaded regions on their surfaces are the three
connected components of I'y C I'y.

In this second example I'y C I'; has three different connected components, each of
them is the shaded surface at the boundaries of €2., 2. and €2, respectively.

On both examples, the excitation frequency was chosen as w = 4, and to construct M
as explained in the previous subsection, the far-field pattern of the radiating solutons
associated with 450 incident plane waves (corresponding to 150 incident directions d
and their 3 possible linearly independent polarization vectors p) were computed.

The results of the reconstruction of I'y for the first example are shown in Fig. 2.3,
and the results of the reconstruction of I'y for the second example are shown in Fig.
2.4. In each case, on panel (a) it is shown the computation of the function G defined
by (2.97), whereas on panel (b), the indicator function 1r, as defined in the previous

subsection is plotted.

As we can see, the numerical examples presented in Figs 2.3 and 2.4, show that
the NDT algorithm for interfacial crack detection that derives from Theorem 2.3.3, is
suitable for finding the geometry of the fractures using differential measurements, i.e.

by comparison to a known healthy (background) configuration.
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thresholded
indicator

Figure 2.3: Interfacial crack reconstruction for example 1. Panel (a) shows function
G defined by (2.97) on each of the interfaces I'y and I". Panel (b) shows
the plot of the indicator function 1p,.

I (b)
PO
thresholded

indicator ‘

P e
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Figure 2.4: Interfacial crack reconstruction for example 2. Panel (a) shows function
G defined by (2.97) on the interface I'y. Panel (b) shows the plot of the
indicator function Ir,.
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Remark 2.4.1. The results presented here are true not only in the case of interfacial
cracks; they hold for cracks embedded in an inhomogeneous media {2 with the following

properties:

* (2 is the interior of m, where {Q,}Y, is a collection of connected domains
with Lipschitz continuous boundary.
* The restricted material properties p, := u‘w, A = >\|Qé, and py 1= p}m, are contin-
uous.
« Adjacent domains €, and Q;, such that ey := 9, N 08, # 0, satisfy the mono-

tonicity condition (2.2), which in this context reads:
(el = Nilp, ey, = milp, ) 2 0. (2.99)

Conclusion

The problem of elastic wave scattering in isotropic layered media was shown to
be well-posed. The NDT of interfacial cracks based on an adaptation of the FM and
proposed in this chapter, was successfully proved analitycally, with the auxiliary mixed
reciprocity principle and the definition of the elastic scattering operator. Numerical
experiments show that the method can be used in practice and that it works for the de-
tection and geometrical reconstruction of multiple disconnected cracks at the interface
of two layers of different materials.

The method proposed in this chapter can easily be adapted to a more gen-
eral regime, including not only interfacial cracks, but the case when the crack crosses
transversally the interface between two internal layers, as long as the material proper-
ties satisfy the conditions stated in Remark 2.4.1.

The results presented throughout this chapter will appear in [34].
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Chapter 3

NONDESTRUCTIVE TESTING OF THE DELAMINATED
INTERFACE BETWEEN TWO MATERIALS: THE ACOUSTIC CASE

3.1 The problem

As has already been mentioned in the general introduction of the thesis, the
delamination of two materials occurs when one material becomes partially detached
from the other. This process is common in composite structures [19], concrete [82] and
many other engineering applications (e.g. [83, 44]). In this chapter, we will develop an
inverse scattering approach to the detection of delamination using acoustic waves.
The material presented here, including the figures, has been already published as [24].

In this problem, we consider two materials that should have a coincident bound-
ary (in the undamaged or background state) and we wish to detect if there is a part of
the common boundary where the two materials have separated. In particular we want
to determine the size and position of the delamination.

More precisely, we denote by 2 C R™, m = 2, 3 the support of the inhomogeneity
to be tested which in absence of delamination is composed of two different materials
adjacent to one another. For short, denote py, ny and pu_, n_ the material properties in
Q. and Q)_, respectively. We denote their bounded support by 2_ and {2, respectively,
and the shared interface by I := 0Q_ (i.e. 2 =Q_UQ,). Both the outer boundary
€1, of the domain €2, and the boundary 0€2_ of the simply connected domain 2_ are
assumed to be piece-wise smooth, unless mentioned otherwise, and v denotes the unit
normal always oriented outwards to the region bounded by the curve. For simplicity we
let Qeye = R™\ Q. Furthermore, we assume that along a part of the interface, denoted
here by I'y C I, these two materials have detached (delaminated) and we model this

fact with the appearance of an opening with support {25 and material properties ps,
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ns (see Fig. 3.1). Note that T'g = Qs NT". The material properties (possibly complex
valued) in each of the domains are assumed to be smooth, i.e. u.,n, € CH,),
p_,n_ € CHN_) and us,ns € C*(Qs) (however note that across the interfaces there are

discontinuities in the material properties).

Figure 3.1: Layered media with a thin delamination at the interface of two layers {2_
and €2,. The opening (25, with coefficients s, ns is shown as the white
region.

Assuming now that the incident field and the other fields in the problem are
time harmonic (i.e. the time dependent incident field is of the form R (u’(x)e™*) where

w is the angular frequency), then the total field u®®* = u® + u® in Qey, where u® is the
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scattered field, and the fields u*, v~ and U inside Q,, Q_ and Qs, respectively, satisfy

AUt 4 2t =0 in Qext, (3.1)
1
V- (—Vu*) + Enyut =0 in Q. (3.2)
K+
1
V- (—vu—) +Ekn_u =0 in  Q, (3.3)
U
1
V- (M—VU) + E*nsU = 0 in Qs (3.4)
1

Here the wave number k = w/cext With ¢y denoting the sound speed of the homoge-
neous background. Across the interfaces the fields on either side and their conormal

derivatives are continuous, i.e.

u”' =ut  and @g’ejt = iaai: on I, (3.5)
u"=u"  and iaai: = ui%u_u_ on T\Ty, (3.6)
U=u"  and ig—g = iaai: on Iy, (3.7)
U=u" and ig—g = ML%LV_ on I'_. (3.8)

Of course the scattered field «® satisfies the Sommerfeld radiation condition

lim "7 <(‘;u - ikus> =0 (3.9)

700 T

uniformly in X = x/|x|, where x € R™ and r = |x|. In this chapter we consider plane
waves as incident fields which are given by u'(x) := e*xd where the unit vector d is
the incident direction. Instead of plane waves, it is also possible to consider incident
waves due to point sources located outside €2, in which case the obvious modifications
need to be made in the formulation of the problem.

The goal of the this study is to propose and analyze a Linear Sampling Method
(LSM) type scheme for detecting the delaminated region using remote measurements
of acoustic waves scattered by the structure. In practice, the thickness of the opening

2

is much smaller than both the interrogating wave length in free space A = =% and the
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thickness of the layers of background material. This introduces an essential compu-
tational difficulty in the numerical solution of the forward problem. In the following
section we take advantage of the small scale of the thickness and, using an asymptotic
method from [10, 71], we derive an approximate model of the delaminated structure
where the opening s is replaced by new jump relations for u* and u~ across the
delaminated part I'y that account for the presence of the opening. This is undertaken
in Section 3.2 using formal asymptotic methods. Before analyzing the model further,
we then demonstrate numerically that the asymptotic model predicts correctly the
acoustic field and far field pattern of the scattered field for a particular model scatterer

incorporating a delamination of small positive maximum width.

Remark 3.1.1. In the acoustic scattering case in R™, m = 2,3, each material is
characterized by two parameters, both related to the mass density function, p. In this
case, if p.,; denotes the constant density of the homogeneous exterior domain €2,
then the relative constitutive material properties are the scalar fields p = p/pess and
n = j}t, where c is the speed of sound field, and c..; is the speed of sound in the
exterior domain ...

In the case m = 2, the model that we present here corresponds also to the scattering of
spatially polarized electromagnetic waves when the obstacle is an infinite cylinder (see
[32]). In such a case, i and n correspond to the so called relative magnetic permeability

and relative electric permitivity parameters. In this setting, n is a complex scalar field,

where the imaginary part is related to the conductivity of the material.

Although there has been considerable work on the asymptotics of scattering from
thin films (see for example [8, 5, 6, 7, 9, 49, 35, 10, 71]), the novelty of our reduced
problem is that the delamination covers only a portion of the interface. The thickness
of the delamination vanishes at its boundary and this introduces potential singularities
into the asymptotic model. Therefore in Section 3.3 we analyze the forward reduced

problem using an appropriate variational formulation and show that under reasonable
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Figure 3.2: Zoom of the thin delamination €25, and the parametrization of the bound-
aries I'_ and I';.. Here § scales the width of the delamination and is as-
sumed small compared to other characteristic dimensions of the problem.

conditions on the constitutive parameters and on the shape of the delamination the
forward asymptotic model has a solution (indeed it is this variational scheme that
was used to generate the finite element solution used in Section 3.2). Of course a
thorough understanding of the forward model is also needed in our analysis of the
inverse problem.

The inverse problem under study is precisely formulated in Section 3.4. We
assume that the background or undamaged state is known, and then seek to determine
the delaminated region I'y using remote (far field) acoustic measurements. In prepa-
ration for the analysis of our scheme and to allow a simple calculation of the right
hand side of the far field equation we then prove a new mixed reciprocity result for
layered media. Next in Section 3.4.2 we give details of the LSM: in particular we seek
to determine whether small artificial test arcs on the interface are within the delam-
ination or in the undamaged region. This requires a suitable testing function for the
LSM adapted to the delamination problem. We then prove the usual theorem for the
LSM suggesting that an approximate solution of the far field equation can be used as
an indicator function for the delamination.

Finally in Section 3.5 we test the inversion scheme on synthetic data for a special
choice of the testing function from Section 3.4.2. In particular we show that our LSM
can detect delamination even in the presence of noise on the data, and that multiple

delaminated regions can be detected.
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3.2 An approximate asymptotic model

In this section we assume m = 2 and, focusing our attention on a neighborhood
of the opening (), use formal asymptotic analysis to derive an approximate model that
takes into account the thin opening €25. To this end, we start by assuming that the

portion I'y of the boundary can be written in the form
Lo == {xr(s), s€[0,L]},

where xr € C![0, L] is the counter-clockwise arc-length parametrization of T'y. If the
curve Iy is regular and ¢(s) denotes its curvature at xr(s), then 0 < ¢, := max{|c(s)| :
s € [0, L]} is finite. Hence, in the neighborhood of T'y, one can define the curvilinear
coordinates (s,n) € [0, L] x (—=X,-L) by

x =xr(s) +nv(s),

where we recall that v is the unit normal vector on I'y oriented outward to €2_ (and
taking é = o0 if ¢, = 0). Therefore, if the curvature of I'y is small enough, both the
outer and inner boundaries of {25, denoted here by I', and I'_, can be written in this

coordinate system as
Iy = {xr,(s) :=xr(s) + 6T (s)v(s), se€]0,L]}

and

I'_ = {xr_(s) ==xr(s) =6/ (s)v(s), sel0,L]}.
Note that the function §(f™ + f7)(s) defined on T'y describes the thickness of the
delamination. Here ¢ is a small parameter (compared to both the wave length and the
size of the domains involved), and maxgep 1) f=(s) = 1 (see Figure 3.2).

In an open neighborhood of 5, we can now express the fields U, u~, and u™
in terms of the curvilinear variables (s,7n). Ignoring small neighborhoods of the tip
points s = 0 and s = L, since €5 plays here the role of a boundary layer, in order to
transfer the small parameter § from the geometry to the expression of the fields we

make a stretching change of variables inside (25 defined by ¢ = 1. Hence, ( = 1 and s
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are now the new coordinates inside 5. Next, following [10] and [71], we formally make

the following ansatz for the fields U and «* in an open neighborhood of €25
=Y FU(s,0) (3.10)
j=0

and
= Z5juj:(s,77), (3.11)
=0

where neither 1ﬁE nor U; depend on 4 any longer. Furthermore, we expand each of
the terms u; £(s,m) in a power series with respect to the normal direction coordinate n

around zero, i.e.

2 92

0 n° 0
ui(s,m) = u(s,0) +778 uy (s,0) + 2 a2l 7 (5,0) +

and after plugging in (3.11) we finally obtain the following expression for u*(s,n),

0o 00 k Ak
n® o0
E JEWUJ S, O) (312)

=0 k=0
Now based on the ansatz (3.10) and (3.12), and using the equations along with the
transmission conditions, we can formally obtain an approximate model for the field
in the opening (2s. For detailed calculations we refer the reader to Appendix B (see
also [71]) and in the following we simply sketch the steps that lead to our approximate

model.

3.2.1 The approximate transmission conditions
First we consider the expressions (3.10) and (3.12) which we substitute in (3.6),
(3.7) and (3.8). To this end, starting with the Dirichlet part of the transmission con-

ditions on 'y, we can write

e}

U(s, £%) = Y 0'Uj(s, =),
J

and

00 J
) fETE o
(5, £6fF) 25] — ) o kuf(s,()).
7=0 0
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Then the Dirichlet part of the transmission condition can be directly computed by

equating terms with the same powers of §. Doing so leads to

J J—k(fE\i—k Hi—k
Z(:I:l) (S 0" wf(s,0)  forall j=0,1,2,.. (3.13)

Uj(s, £f%) = : —
— j— k! onl

Next we deal with the Neumann part of the transmission conditions on I'y. Unlike
the Dirichlet part, the Neumann part of the transmission conditions is more delicate,
because in order to compute the co-normal derivatives at I'y, one has to take into

account the expression in curvilinear coordinates of the normal vectors to those curves.

+

To this end, as discussed in [10], the normal vectors v* on I'* have the following

expressions
+ 1 + df*
v :| e (1£6f )1/:|:5d—~r ,

where v and 7 are the outer unit normal vector and the unit tangential vector defined

on Iy, respectively, whereas the tangent vectors 7%(s) := Lxrx(s) to I'y are not unit

vectors. Next, in curvilinear coordinates the gradient operator takes the form

1 Ou ou
\Y = — —
u(x) 1+nc@sT+8nV
where ¢ := c¢(s) denotes the curvature function of I'y. Thus we now have all the

ingredients to compute the Neumann part of the transmission conditions, and after
straightforward but long calculations (see Appendix B), the Neumann transmission
conditions

*. V’Ui|[‘:t = I/:t : VU|F:E,

imply the following expression:

df* ou 1i1;k1 tyi—k—1 gi—kyE
:I:% (Jd Wi (s, + %) — Nli Z] ) k(fl))' ST fas(s,O))
U, 41)i—k(fEYi—k gi—k+1,E
= (A% ) - T ¢ )(j O (5,0)) (3.14)

k=1 f)i—k—1 gi—ky i

oU; i=
+2f*c <,}5 L(s, £f7) _,Tizj o £ (—k—1)! ani—k (S’O))

k=2 (f)j—k—2 gi—k-1 +

U1 2 (£1)7—
) (255 o2 5) = g T S St (5,0))
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for j = —1,0,1,2, ..., for all s € [0, L] and with the convention that U; = 0 and u; = 0
for [ < 0.
Next, we consider the partial differential equation satisfied by U;. To this end,

we write the differential operators in curvilinear coordinates and obtain

o (le)o L (11 a1 0 (e
1 ~ (1+mnc)os \ (1 +mnc) Os (1+nc) on w o o)

Therefore, the equation satisfied by the field U inside {25 in the new curvilinear coor-

dinates is given by

ot o911 9Uy 1 1 0 ((1+C)oU
(1+5gc)as<M(1+5gc)as)+5(1+5gc)ag( o aC

Now substituting the ansatz (3.10) and collecting the terms corresponding to same

) + k:2n5U =0.

powers of §, we obtain

F)
C2
(a@ 5%) +3¢2 % (iéﬁ + 20y k2n5> Uj_a+ (3.15)
(18 (108 3¢ o ¢ d
(CC& <E§) -+ C3638_( <ﬁ3_4) -+ e 9C T i s + 3Cck’2n5) Uj73+
+3§2c2k‘2n5U]~_4 + CBCSszn(sUj_g, = 0,

for j = 0,1,2..., and where again ¢ := ¢(s) is the curvature of I'y and conveying that
U, = 0 for negative I.

The recursive relations for the transmission conditions (3.13) and (3.14), and
the partial differential equation (3.15) of the three lowest order terms Uy, Uy, Uy allow
us to derive relations between the jumps and mean values of the outer fields uy and
uy and their co-normal derivatives across I'y. In the following we summarize these

relations (we refer the reader to Appendix B and [71] for details):

[i%} —0, (3.16)



Here [u;] := u; (s,0) — u; (s,0) and (u;) := (u](s,0) + u; (s,0))/2, i = 0,1, are the
point wise jump and average values of the outer fields on I'g. Analogously we use the
symbols [%8&] and <l%> for the jump and average values of the co-normal deriva-

ov n ov

tive on I'g, and similar definitions for the average values (f (n — ns)), < f <i - M%) >,
and (f(us — u)). Therefore, noting that u* = uf + sui + O(4?), after dropping the
O(6%)—terms, we finally obtain the Approzimate Transmission Conditions (ATCs) of

the second order

W = a <%§—Z> on T, (3.17)
Eg—lﬂ _ (—% (B1) % +7> (u) on Ty, (3.18)

where
a=2 (- B =2 (0] =2 ). (319)

It is worthwhile noticing that all the three coefficients involved in the expression
of the ATCs depend on the thickness and the shape of the defect ()5, as well as on
the contrasts between material properties of the two delaminated layers €2 and the

original thin delamination (2.

Remark 3.2.1. We remark that our asymptotic expressions along with the derivation
of the ATCs are merely formal. Although not needed to write down the final asymptotic
model, in our derivation process we have used the assumption that the functions f*
are reqular at the end points of Ty meaning in particular that f£(0) = f*(L) = 0.
In the case of reqular f*, a rigorous justification of the asymptotic model can be done

following the approach in [37, 35] for periodic interfaces with constant width.

3.2.2 Formulation of the approximate model
We can now replace the original problem (3.1)-(3.4), (3.5)-(3.8) and (3.9) by
an approximate problem, here referred to as the crack problem, where the opening

()s is replaced by the portion I'y of I' where the fields satisfy the jump conditions

44



derived above. In an abuse of notation, from now on u* will refer to the solution of
the approximate problem. We define then the forward approximate scattering problem
(i.e. the crack problem): given the plane wave incident field u'(x) := e*xd find the

total fields u®** = u® + u’, u™ and u~ satisfying

Aut 4 Pyt =0 in Qe (3.20)

1
V- (—Vu*) + Enyut =0 in Oy, (3.21)

K

1
V- (—Vu) +En_u =0 in  Q, (3.22)

e

and

u =yt and %’5“ ﬁgﬁfr on I';, (3.23)
[u] =0 and [ig—:ﬁ] =0 on I'\Ty(3.24)
W=a(io) and [12] = (-2(8)2+7)(w)  on Ty (325)

along with the Sommerfeld radiation condition (3.9) for the scattered field u® (see
Figure 3.3), where we recall [w] = w' — w— and (w) = (w* +w™)/2, and a, 5%, and
v are given by (3.19). We remark that although our formal asymptotic calculations
are performed only in the two-dimensional case, for the analysis in the following will
assume that the approximate model (3.20)-(3.22), (3.23)-(3.25) and (3.9) is valid in
the three-dimensional case also. Of course in the three-dimensional case the boundary
differential operator 0/0s (8 f) 0/0s is replaced by the Laplace-Beltrami operator in
the divergence form Vr - (5f) Vr, i.e. (3.25) is replaced by

1 0u

[u]:a<;8—u> and [%2—31:(—Vr~(ﬁf>Vp—l—’y)<u> on Ty (3.26)

where V- and Vr are the surface divergence and the surface gradient on I', respectively.

3.2.3 Numerical validation of the approximate model
We end this section with a numerical study of the convergence of the approx-

imate crack problem to the original problem as 6 — 0 in the two-dimensional case.
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=1

Figure 3.3: The configuration of the crack problem.

Again ignoring the effect of the end points of I'y on the asymptotic expansions, heuris-
tically it is expected that the order of convergence is 62. To validate the ATCs, we
carried numerical experiments implemented in the finite element library FreeFem+-+
[51].
In our experiments, we compare the solution of the scattering problem by a finite
element method based on directly meshing the opening s (i.e. solving (3.1)-(3.4),
(3.5)-(3.8) and (3.9) by a finite element method) to the solution of the crack problem
(i.e. (3.20)-(3.22), (3.23)-(3.25) and (3.9) by a finite element based on the variational
problem (3.36)). Both problems are solved using a FEM code in FreeFem—++ [51],
where the unbounded domain is truncated and the exact boundary condition in terms
of Dirichlet-to-Neumann operator (which is explained in more detail in the following
section) is imposed on a circular artificial boundary.

For our numerical example we consider a circular inhomogeneity of radius one

with an opening )5 given by (see Figure 3.4)

f(s)=0, fT(s):=—1"2(s+1)(s —1);for s € (—1,1), with [ = 0.2,
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on the interface »r = 1. The material properties are chosen to be n_ = 1,u_ = 1 in
Q ,ny=1pu"=1inQ, ns=0.2,us = 0.9 in Qs, and the wave number k = 3, so in

this case the wavelength is A = 27 /k ~ 2. For fixed § = 0.04\ ~ 0.083, and different

Qext

Figure 3.4: The configuration of the delaminated structure used in the numerical
experiments

~

incident directions d = (cos(f),sin(#)), in Figure 3.5 panel (a) we plot the H' relative

error ~ -
P . R O PP
[ueet (-, A)|| i1 (B\@)
where u$** and u®* correspond to the exact scattering problem (3.1)-(3.4), (3.5)-(3.8),
(3.9)) and to the approximate scattering problem (3.20)-(3.22), (3.23)-(3.25), (3.9)),

respectively, and By is a large ball of radius R > 0 containing €2 = €2, U)_. We observe
that the maximum error is, as expected, attained for the incident direction d= (1,0),
i.e. for the incident plane wave u'(x,y) = e**¥ which hits the opening 2 in the
middle in the perpendicular direction. Figure 3.5 panel (b) shows the H' relative error
e(d, 8) as a function of the small parameter § corresponding to the incident direction
d = (1,0). The plot shows that the numerical convergence rate is close to O(§'7)
which approximately corresponds to the expected theoretical rate of convergence rate
O(6?) for the second order ATCs model. Since for the solution of inverse problem we
use far field data, which is defined in Section 3.4, in Figure 3.6 we show numerical
results where we compare the far fields of the exact model and the approximate model
for the same shape as above. In Figure 3.6 panel (a) is shown the absolute value of

the far fields u§°(-, 8) and u™(-, 8) corresponding to the scattered waves for the ATCs
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Figure 3.5: Panel (a) shows the H' relative error of total fields resulting from different
incident direction, whereas panel (b) the H' relative error for different
values of §. The approximated rate of convergence is O(67).

model and the exact model, respectively, again for d= (1,0). In Figure 3.6 panel (b)
we show the relative L? error of these far fields

oo ) o 16D = Dl
Ju<(-,d)||L2(st)

for different values of § and d = (1,0). The plot shows that the numerical convergence
rate of the far fields in approximately O(6'). And we suggest that this drop of conver-
gence (for O(6%)) is due to singularities at the edges of the crack (see Remark 3.2.1).

3.3 The well-posedness of the approximate model

Now we turn our attention to the study of the well-posedness of the approximate
crack problem (3.20)-(3.22), (3.23)-(3.25) and (3.9). Although our formal asymptotic
calculations are performed only in the two-dimensional case, for the analysis we shall
assume that this approximate model is also valid in the three-dimensional case. To
study the problem we employ a variational method which provides also the analytical

framework for a finite element method to numerically compute the solution. The first
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Figure 3.6: Panel (a) shows the plot of the modulus of the far field for both models
for 6 = 0.05. Panel (b) shows the far field L? relative error e>(4,d), for
different values of §. The approximated rate of convergence is O(d").

step is to formulate the problem in a bounded domain and to this end we introduce
a large ball By of radius R > 0 containing Q and let Sy denote the boundary of Bp.
The exterior Dirichlet-to-Neumann operator Ty, : H'/?(Sg) — H~/?(Sg) is defined by

Tk:aH@ on Sk
ov

where v € H} (R™ \ Bp) solves

Av+k*v =0 in  R™\ Bg,
V=« on Skr,
im 27 (2% ) = o,
r—o00 or

It is well-known that the exterior Dirichlet-to-Neumann operator T : HY/2(Sg) —

H~'/2(8Sy) satisfies (see e.g [22])

& (/SR (Tiu) ﬂds) >0 and —R </SR (Tru) Eds) > 0. (3.27)
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It is standard to show (see e.g. [21] and [22]) that (3.20)-(3.22), (3.23)-(3.25) and (3.9)

is equivalent to the problem of finding u®**, u*, u~ satisfying

Au + Put = in  Bg\%Q, (3.28)
1
V- (—Vu+) + E*njut =0 in Q. (3.29)
Mt
1
% (,U_VU_> +kn_u =0 in Q_, (3.30)
a uewt —u; )
% = Tp(u™" — u') on Sr, (3.31)
ueTt — ot and ag_*;zt = i% on Iy, (3.32)
[u] =0 and [%g—ﬁ] =0 on T\I'(3.33)

[u] =« <ﬁg—5> and [ig_ﬂ = (=Vr-(B8f)Vr+7) (u) on T (3.34)

In R? the boundary differential operator simplifies to

Ve (5) Vew = 2 (3f) S

We recall that Q = Q, UQ_ and the coefficients «, (§f) and -, which are bounded
functions defined on I'y, are given by (3.19). In order to study the well-posedeness
of the above problem, we notice that while the energy space H! suffices to rigorously
define the solution of the differential equations in Q. and Bg\Q, it is not enough to
define the boundary differential operator on I'y that appears in (3.34). To handle the

boundary differential operator on I'y we define the space
M= {u € HY(Bp\To) such that \/f= Vr (u) € LQ(FO)} , (3.35)

endowed with the norm

2

Il = el g + [ VI ¥ (@)

s * VI ¥

Obviously H is a Hilbert space since the weights f* € L>°(Ty) are non-negative (note

L2(To) |

that f* = 0 at the boundary of I'y on I'). Now, multiplying all three equations with

v € H, integrating by parts, using the continuity of transmission conditions across
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I'\Ty, the boundary condition on Sg, and the approximate transmission condition on
[y, we arrive at the following equivalent variational formulation of (3.28)-(3.34): find

u € H such that

A(u,v) = L(v) for allv € H (3.36)
where
1 — S
A(u,v) = ~Vu- Vv — k*nuv dz + / (Bf) Vr (u) Vr(v)ds
BR lu o
_ 1
+ / o () T ds + / Ll das— / T ds (3.37)
Ty 1) o SR
and
L)y =— [ (71 LAY (3.38)
v) = . W' = 5T | ds. :
Here ulo, = u*, ulo. =™ and ulp, g = v, and

pi=1,n:=1in BR\Q, p:=p,n:=n,in Qy, p:=p_,n:=n_in Q_. (3.39)
We decompose the bounded sesquilinear form A : H x H — C defined by (3.43) as
A(u,v) = Ag(u,v) + B(u,v), (3.40)
where

Ap(u,v) = /B %Vu-%—l—u@dx—i—/r (6f>Vp<u>meds—/S Truvds

and

B(u,v) = —/BR(kQTH—l)uﬁdij/ 7(u>mds+/rol[u]mds.

To o
Let Ay : H — H and B : H — H be the linear operators defined from the sesquilinear

forms Ay(-,-) and B(-,-) by means of the Riesz representation theorem

(Agu, v)y, = Ao(u,v) and (Bu,v),, = B(u,v), for all u,v € H.
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At this point let us assume that there exist constants ¢; > 0 and e, > 0 such that

R (%) > ¢, and R (l — ﬁ) > ¢, (which implies that R(8%) > 2de;). Then we have

1
that

Rtn) — [ (# (5 )19+ ) ao s [ e e s
- §R< /S R(Tku)ﬂds) (3.41)
N

> Ollul?
oy > Clul

> min(ey, 1)”“”%{1(9) + o€

L2(To)
2

+ CSEQH\/f_—vF (u)‘

for some positive constant C' > 0, which proves that Ay(,-) is coercive. The bound-
edness of Ay(-,-) is obvious given the assumptions on the coefficients and the fact that
T} is bounded. Thus, Ay : H — H is invertible operator with bounded inverse.

Due to the fact that o := 29 (f(us — p)) is zero at the boundary of Iy in I, the
operator B is not bounded in general. We need to impose some restriction on the rate

that f* approaches zero at boundary of I'y. Indeed we can prove the following result:

Lemma 3.3.1. Assume 1/a € L'(Ty) fort =1+ ¢ inR? andt = 7/4+ € in R3 for

arbitrary small € > 0. Then B : H — H is a compact bounded linear operator.

Proof. We check all three terms of the operator B, i.e.

(Bru,v)y = —/B (K*n + 1)uv du, (Bou,v)y = /F v (u) (v) ds

R

and (Bsu, v),, = / — [u] [v] ds.
Iy @
Noting that n € L*(Bg), the compactness of B; follows from the fact that H'(Bg)

(and consequently H) is compactly embedded in L?(Bpr) and that

|Biu|ly = sup

s < Cllull 2y
V||ly=

—/ (k*n + 1)uvdx
Br
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Next, since v € L*(I'y), we have that

ok = s | [ (@) ds| <C sup 10} sl 0} 2
lvll=11JT lollp=1
< C sup | {u) [zl (0) 52y

llvll2=1

< © s 1w iz el < €1 ) o,
v H=

for some positive constant C' > 0, where we have used the continuity of the trace
operator from H'(Bg) to H'/?(T'). Now the compactness of By follows from the the
boundedness of the trace operator and compactly embedding of H/?(T") into L?(T).
Due to the fact that o := 26 (f(us — p)) is zero at the boundary of I'g in T, the
analysis of B3 is more delicate and we need to appeal to Rellich-Kondrachov embedding
theorems for W™P spaces (see e.g. [1]). To this end we first recall that from Theorem
5.3 of [1], we have that for a bounded domain O with C!'-boundary 9O, the trace
operator v : H'(O) — L1(90) is a continuous embedding if 2 < ¢ < oo for O C R?,
and 2 < ¢ < 4 for O C R3. Hence assuming that Iy is smooth and using this embedding

result, for ¢ as in the assumptions of the lemma we have that

|
Badn = s | [ pias| < s |2l
l[o]l=1 |JTg & [ollz=1 1l ¥l Lt (rg)
1
< ¢ s |t ||v||H||[u]||Lq<r0>scH— 1l 2ecrey. (3.42)
ol =1 Lt(T) ALt (ry)

where we have used that there is a constant C' > 0, such that ||[v]||zs@r,) < C||v||2.
Note that for arbitrary small €, p and ¢ are chosen arbitrarily large in R? and arbitrarily
close to 4 in R?, in both cases such that 1/t +1/p+ 1/q = 1. We also remark that for
u € ‘H we have that [u] = 0 in '\ T'y. Now, we use the Rellich-Kondrachov compact
embedding theorem (see Theorem 6.3, Part I'in [1]). Applying this theorem for Q := I’y
which is a 2-d smooth manifold in the case of R? or 1-d smooth manifold in the case
of R? (inourcasem =1/2,p=2,j=0,k=n=2inR3or k =n = 1 in R?), implies
that the embedding
HY*(Ty) — LY(Ty)
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is compact if 1 < ¢ < 4in R3 or if 1 < ¢ < oo in R?. Combining this with the fact
that embedding H < H'/2(I'y) is bounded, from (3.42) we deduce that B is compact,
and this concludes the proof of the lemma. We remark that here Theorem 6.3, [1] is
adapted to the compact manifold I'y covered by a finite number of charts, each with
Riemannian metric bounded below and above by the Euclidean metric, by applying

standard arguments based on the partition of unity. ]

Lemma 3.3.2. Assume that 0 < J(n*) < S(ns) and 0 < S(pF) < S(us). Then

problem (3.28)-(3.34) has a unique solution.

Proof. Take u* = 0 in (3.28)-(3.34), and let u be a solution to the homogenous problem.

Taking the imaginary part of (3.43) for v = u we have

0 = /BR% (%) |Vu| — E°S(n)|ul? dx+/FOS(,6f> Ve (u)]* ds

T /Fog(ymuﬂ? ds+/F0%(é) [l ? ds—%(/SRTkuE ds) (3.43)

Now, since from the assumptions on the material properties we have that < <u%) <0,

S(nt) >0, SBf)) <0, S(a) > 0 and I(7y) < 0, the above equation implies

R (/ Teuu ds) < 0.
Sgr

But (3.27) now implies that indeed

& (/ Truu ds) =0.
Skr

The definition of the Dirichet-to-Neumann operator and Rellich’s lemma (see [21] and
[32]) now imply that « = 0 and du/0v = 0 on Sg. Finally, from Holmgren’s theorem
together with the unique continuation principle (which under our geometrical and
physical assumptions holds true, see e.g. Theorem 17.2.6 in [52]), we can conclude that

u = 0 which proves the uniqueness of (3.28)-(3.34). O

In summary, combining Lemma 3.3.1 and Lemma 3.3.2 with the coercivity result

(3.41) we obtain the main result of this section.
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Theorem 3.3.1 (Well-posedness). In addition to the geometrical and physical assump-
tions stated in the Introduction, assume that:

1. R <i> > €1, and R <% — M%) > €y for some constants €, > 0 and e > 0
2. 0 < S(n*) < S(ngs) and 0 < () < S(us) and

3. the profile f£ go to zero at the boundary of Ty in T such that 1/a € LY(Ty)
fort =1+¢€inR? and t = 7/4 + € in R? for arbitrary small € > 0, where

a = (f(us — p))-

Then problem (3.28)-(3.34) has a unique solution u € H which depends continuously

on the incident wave u' with respect to the H-norm.

Remark 3.3.1. Since any solution of (3.28)-(5.34) can be extended to a solution of
the scattering problem (3.20)-(3.22), (3.23)-(3.25) and (3.9) and vise-versa, Theorem

(8.3.1) provides a well-posedness result for the approximate crack problem.

For later use we need to consider the above scattering problem in the following

form: Find w € H N H. .(R™\ T'y) such that

v (iwj) Y Rnw=0 in R™\T, (3.44)
[w] =« <ig—‘;’> +ah; on Ty, (3.45)
[10] = (Ve BN Vet ) the o T, (3.4
lim, oo 77 (22 — ikw) = 0, (3.47)
where h; and hsy are
( 1 0v 1
=)~ 2
(3.48)

1@}

ha := (=Vr - (Bf) Vr +7) {v) — {; ov

\
for some v € H with V - ((1/u)Vv) € L?*(Bg \ T'y). For the later use we define the

following trace space on I'y of function v € H,

H (Ty) == {u € HY2(T'y) such that \/fEVru € LQ(FO)} (3.49)
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and its dual H~! (T'y) with respect to the following duality pairing

. +
(4, ) 3gro) 1) = (V) g2y 1720y + (FF V0, VFU)L2(FO)7L2(FO) . (3.50)

Here H'Y/2(T'y) and H~Y2(Ty) consist of functions in HY2(Ty) and HY/2(T,) that
can be extended by zero in the entire I' as H'/? and H~'/? functions, respectively.
They are duals of H~'/2(T'y) and H'Y2 (Ty), respectively. Hence hy € H~'/2(Iy) and
hy € H™Y(Ty).

3.4 The inverse problem of reconstructing the delaminated part I';

In this section we turn our attention to the main goal of this study, which is
the reconstruction of the delaminated portion I'y of the interface I' between two ma-
terials from measured scattering data. Our reconstruction method is a modified linear
sampling method, adapted to our problem where we already know the interface I' and
only look for the delaminated part I'g. The linear sampling method and factorization
method have been used to reconstruct cracks or screens with various types of bound-
ary conditions [13], [18], [20], [57] and [87] (see also the monographs [21] and [23]).
Although numerically both the linear sampling method and factorization method pro-
vide similar reconstruction results, the factorization method is mathematically more
satisfactory. Here we develop the linear sampling method since our complicated jump
conditions modeling the delaminated part I'y fail to satisfy the standard assumptions
under which the factorization method works (see [28]). For other inversion methods
applied to similar types of inverse problems in acoustic and elasticity we refer the reader
to [5, 6, 9].

We assume that the interrogating incident fields are plane waves given by
u'(x, 8) — ¢*d% where the unit vector d is the incident direction. The corresponding
scattered field u*(x, d), i.e. the solution of (3.20)-(3.22), (3.23)-(3.25) and (3.9) with

u' = e*dx gatisfies (see [32] and [21])
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where

67571'/4
ifm=2 and

1
Tm = /_871']6 Tm = E

The function u>(x, 8) which is an analytic function of X on the unit sphere S™~! :=

if m=3. (3.51)

{x € R™, |x| =1}, is referred to as the far field pattern of the scattered field u*(x, 8)

The inverse problem we consider here is to determine the delaminated portion I'g
of the boundary T from a knowledge of u*(x,d) for X and d on the unit sphere S™~1.
Although in applications to nondestructive testing it is possible to have measurements
all around, we remark that the inversion algorithm that we shall develop next can also
be justified and implemented for limited aperture data (see Section 4.5 in [21]) as well
as for near field data. However, the quality of the reconstruction is likely to be poor
for small apertures which is usually the case for qualitative methods [46]. We also
remark that for many problems in nondestructive testing, it is reasonable to assume
that the background medium is known as we do here, since the background corresponds
to the healthy object to be tested. In the cases when the background is not know and
for simple defects, qualitative methods could be used to determine interfaces between
homogeneous regions of the background media along with the defect (see [85] and some

references therein).

3.4.1 A mixed reciprocity principle
We start by proving a mixed reciprocity result in order to deal with the non-
homogeneous background. This generalizes similar results first used in [75], and later
developped also in [46], [17] and [27] (see also [7] for a similar type of calculations).
To this end we let ub(-,a) be the total field due to the background, i.e. in
absence of the delamination Iy, corresponding to the incident plain wave u‘(-, d). More

o~

precisely, uy(+, d) is the unique solution in H} (R™) of

V- </%Vub> + k?nuy =0 in R™,
wp = u + u', (3.52)

. m=1 [ Qu; .
lim, oo 7 2 <6—: — zkui) =0,
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where p and n, both in L>(2), are defined by (3.39). Note that the continuity of
the field and co-normal derivatives across I'; and I' are implicit in this formulation.
Next let Gy(+,-) be the Green’s function associated with the background media, i.e

Gy(-,z) € HL (R™\ {z}) satisfying

V~(iVny@)+%%thJ):—6(—z) in R™\ {2},

i, o0 17" (%() — kG, z)) —0, (3.53)

where again the continuity of the field and co-normal derivatives across I'y and IT' is
understood. We denote by G{°(-,z) € L*(S™!) the far-field pattern of the radiating
field Gy(-, z).

Theorem 3.4.1 (Mixed Reciprocity principle). The following relation holds
G°(X,2) = Ymuy(z, —X) for all z € R™ and X € S™ 1,
where v, is defined by (3.51).

Proof. Let us first consider z € Qu := R™\ Q. Let ®(-,z) denote the fundamental

solution of the Helmholtz equation Au + k?u = 0 given by

.
iﬂ@@k—zb in R?,
d(x,z) =
1 ik|x—z|
= in R3.
47 |x — zZ|

Since Gy(+,z) — ®(-,z) is a non-singular radiating solution to Au + k*u = 0 in Qe an
application of Green’s second identity together with the Sommerfeld radiation condition

implies that for all x € Qe

G-xa) = [ {@G-0mag ) - sy o)} )
- [ {sag ey oy e} ast. @5
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where we have used the fact that, since z € gy,

/Fl {@(y,z)%}(x, y) - @(y,z)a%b(x, y)} ds(y) = 0.

Yy Yy
Then, from (3.54), and using the fact that ®>(X,z) = Y,u'(z, —X) = Ve %7 we

obtain for all x € Qe

A~

G?(g) Z) - ’Ymui(zv _X) =
8ui ~ i ~ 8Gb
[ {Gly 2, 00 -y,

vy

(y, z)} ds(y). (3.55)

On the other hand, the scattered field due to the background uj(-, —X) is also a radiating
solution of Au + k*u = 0 in Q. hence we have that

(P — Gy)

ov,

/Fl {(CD — Gy)(y, Z)gzi (y, —X) — ui(y, —X) (y, Z)} ds(y) = 0.

Now the integral representation formula for u;(-, —X) in Qe (see [21]) yields

i) = [ (iR v -0 ) @0
- [ {053, 00— ey Y sty

In addition, using the transmission conditions across the interfaces I'y and the equations

for u, and Gy(-, -) we obtain

Jr, {1y ~R) 522 (2.y) = Golz,y) 255 | ds(y)
= Jo {5 R0 (5 y) — G (2, y) 5 2R dsly) (357)
= Jo{w(y. RV - (AVG.) (2.y) ~ Colz.y)V - (2Vw) (v, D)} ds(y) =0

Thus from (3.56) and (3.57), since w, = u§ + u' we have that
N o'y, —x) Gy,
Wz, —X) = G — ds(y). 3.58
up(2, —X) /n { b(2,y) v, u'(y, =X)5— v, (2, Y)} s(y) (3.58)

Finally (3.55) provides

Ggo(§7z) = ’7mub(za_§)’
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Next let z € Q. UQ_. Then Gy(+,z) is a smooth radiating solution of Au + k?u = 0 in

Qext, and hence Green’s representation formula implies

0P G,
Gb(xv Z) - /1_‘1 {Gb(ya Z)a_uy(X7Y> - (I)k(xv y)a_Vy(Y7 Z)} dS(y) (359)
Evaluating the far field pattern yields
00 (3 ae—ik’§~y —ikXy aGb(Y? Z)
GE(R.2) = 7 /F | {Gb(y, 9 a—uy} ds(y). (3.60)

Moreover, since uj(-, —X) is also a radiating solution to the Helmholtz equation in Qeyt,

we have that

| | {Gb<y,z>m iy, _@M} ds(y) =0,  (361)

ov, ov,
Hence adding (3.60) and (3.61), recalling that u,(y, —X) = u;(y, —X) + e"**¥ and
applying Green’s second identity and the transmission conditions across I'y and T’

proves that

867ik§-y

~ —ikX- aGb(sz)
Gy (x,2) = m/ Gy, z — ety Z 20T
O R e

v,
= Ym /Q+UQ {Gb(y,Z)V- (%Wb) (v, —%)
~ wly,—-R)V - (%VGQ (v.2) by

# 0 [{Gm [ orts] %0 - w2 |10 )} astr)

b dsy)

Now we use the continuity of lgﬂ and l% across I' and the fact that u, and Gy
HOVy HOVy

satisfy the same equation in (4 UQ_)\ B.(z), where B.(z) is a small ball of radius e

centered at z and included either in €2, or €)_, to obtain

6r2) = [ {GyaV (iw) (y.—%) —uly, —R)V- (%vab) (v.2) dy.

Be(z)

Letting € tend to zero and using the equation for u;, and the first equation in (3.53) for
x € B(z) finally implies

G (X, 2) = Ym us(2, —X)
where we have used (3.56). Finally, by the continuity of G, across I'y and T', we can

now conclude that G°(X, ) = v, up(+, —X) holds everywhere in R™. O
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3.4.2 The linear sampling method
We now propose and analyze a version of the Linear Sampling Method (LSM)
to detect the delaminated part 'y on the known interface I'. As mentioned earlier,
the data needed for our inversion scheme is the multistatic far field pattern u™(x, a),
f(,a € S™ 1. This far field data allows us to define the standard far field operator
F: LA(S™') — L*(S™1) given by
(Fog) (X) = / u™(x,d)g(d) ds(d). (3.62)

Sm—1
By linearity Fg is the far field pattern of the scattered field u® satisfying the scattering
problem (3.20)-(3.22), (3.23)-(3.25) and (3.9) with u’ := v,, where v, is the so-called

Herglotz wave function defined by

vy (x) = /S (@ as() (3.63)

On the other hand the far field pattern u°(X, 8) of the scattered field due to the
background, i.e. the solution u; (-, d) of (3.52), defines the background far field operator
Fy: L2(S™ 1) — L2(S™ 1)

Fig) ) = [ uex@)g(d) ds(@) (3.64)

§m—1

Note that F,g can be computed since it is assume that the undamaged configuration
of the scatterer is known a priori. Similarly, by linearity Fg is the far field pattern of
the solution uj with u’ := v,. Also by linearity, the total field uy, , corresponding to the
scattering by the background media due to v, as incident field, i.e solution of (3.52)

with u’ := v,, can be written as

~ -~

wpg(x) = /S w(x d)g(d) ds(d). (3.65)

Finally, we define the far field operator solely due to the delamination Fp : L*(S™!) —
L2(S™ 1) which is given by
Fpg=Fg— Fpg. (3.66)
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Obviously Fpg can be seen as the far field pattern of the scattered field due to the defect
Iy when the incident field is w4 given by (3.65). From this point we assume that we
know Fp, and we will use it to develop the linear sampling method to reconstruct I'y. To
this end, we define the bounded linear operator 7 : L2(S™1) — H~1/2(Dy) x H™ (Ty)
by

Hg = (alaub’g

yKupg |, (3.67)
To

where K : H (Ty) — H ™' (Ty) corresponds to one part of the boundary data on T’y and
is given by (see (3.48) and (3.50))

(K6, V) = [ {(B1) V0 Ved -+ 00} s,

The conjugate transpose operator K* : H (Tg) — H ™' (T) is defined by

(K6,0) = | {(BF) Vro - Vi + 700} ds == (K, 0) .

Note that g maps uy, to the corresponding transmission conditions given by (3.48),
since both the field w; , and its co-normal derivative are continuous on I'y (so the terms

in (3.48) with jumps disappear) and we simply write the average by the common value

+
; ; ; 19upg \ _ 1 Ouy 4
on either side of the curve, i.e <# e > = =

and (upg) = uffg. We remark that
for smooth I'y and smooth coefficients p* and n*, we can assume by the regularity of
the solution of the transmission problem that u;, € H and hence its trace on I'y is in

H (To).

Lemma 3.4.1. The operator # : L*(S™') — H~'/2(I'y) x H~' (T'y) has dense range.
Assume in addition to the assumptions of Theorem 3.3.1 that R(n — ns) > 0 (or more

generally that there is no non-trivial w4 such that Kuy, g = 0), then J is injective.

Proof. We first check the injectivity. Let g € L*(S™™1) such that #g = 0. Then both

l Bub,g
n ov

the fact that R((8f)) > 0 and R(y) > 0. Then, by Holmgren’s theorem we conclude

Ir, and wup4lr, = 0. The latter follows by taking the real part of Ku,, = 0 and

that u, 4 = 0 in a region extending on both sides of I'y, and by analytic continuation we
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obtain that wu, ;, = 0 vanishes identically. Since w4 is sum of radiating scattering wave
and the Herglotz wave function v, which is an entire solution to Helmholtz equation,
the latter implies v, = 0 yielding ¢ = 0. Next, to show that Z has dense range it
suffices to prove that #* is injective, where 2% : HY/2(I'y) x H (Ty) — L2(S™1) is
the transpose-conjugate operator associated with J#. To this end, suppose that (¢, n)
in H'/2 (T'y) x H (T'). Then

(Hg,(Cm) = (aa“bg,c) <Kub,g,n>=(ga“b’g,c)wub,g,m)

uw o i ov
= /F 0{%%?;gz+ub,gl(ﬁ s, | (3.68)
- [ {Zg%jf) b Ky, %)} ds, dss
= (9,207 (C,n))-
Thus
2 (C,n) _/FO{O‘:;%HW,( )Kn} ds,. (3.69)

From the mixed reciprocity relation Theorem 3.4.1, we have that that * ({,n) is the
far field pattern associated with the scattered wave

wi(x) = /FO {C%%%Izy) + KnGy(x, y)} ds,
where 7, is defined in (3.51). Moreover, since the singularity of the free space Green’s
function Gy(-, -) is of the same order as the fundamental solution ®(-,-), w® is given by
the following representation formula (see e.g. [63])

wi) = [ {28 Gy} as,

and thus
1 ow?®
w ov

} — 7 K. (3.70)

Therefore, if 77*((,n) = 0, then by Rellich’s lemma together with the unique continua-

tion principle and Holmgren’s theorem, w*® = 0 in R™\Iy, so [w?®] = 0 and [1 w” } =0,
implying that ( =n = 0. [
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Next, define the bounded linear operator ¢ : H='/2(Ty) x H~Y(['y) — L*(S™1)

9 . (hl,hg) — w™

where w™ is the far field pattern of the corresponding radiating solution w to (3.44)-
(3.47). Notice here that the the well-posedness of the problem guarantees that the
operator ¢ is well defined and bounded, since in the variational formulation the source
terms hq, hy always define a bounded linear functional in the space H. It is clear from
the definition of J# and ¢ that we have the factorization Fp = 4.

Since for our inverse problem we know the interface I' and are looking for the
delaminated part 'y, we define the test function as follows: for any L C T', given

(ar, ) € LA(L) x HY(L) we define

{amy)ub(y,—ﬁ)m(y)lw} dsty)  (371)

LX) = 7’"/ po ov(y)

L

where X = x/|x|. Then, we can prove the following

Lemma 3.4.2. Let L C T and (ar,B;) € L2(L) x H'(L), not simultaneously zero.
Then L C Ty if and only if $5° € Range(¥).

Proof. Let’s first assume that L C I'y. Then the corresponding extensions by zero in

To, (Gr, A1), are in L%(Ty) x H' (), and the potential

= a x T (v L 9Gu(x.y) s
do(x) = /FO{ L(y)Ga( 7Y)+5L(Y)Iu ) } ds(y)

belongs to H} (R™\I'y) and satisfies

[6o] = B, l%%} =—a;, on T (3.72)

Let’s now denote by Sp, and K, the restriction to I'y of the generalized single and

double layer potentials, defined by

(Srow)(x) = . w(y)Gb(XvY> dS(Y)a x €l

64



and

K)o = [ 03) s Gulxy) ds(y). x €T

In [21], it is shown that Sy, : H=27(Iy) — H25(Iy) and K, : H2T(Iy) — H25(Ty)
are continuous for every —1 < s < 1 (here H "(I'p) denotes the space of functions
that can be extended by zero to the whole I' as functions in H"(I')). Since, by the
transmission conditions (3.72), we know that [i%} e L2(Ty) and [pg] € H(Ty),
together with the fact that (¢9) = —Sr, [1 %] +Kr, [¢o], we have that (¢g) € H'(Ty)

W ov
and hence the potential ¢y belongs to H. Therefore, ¢, satisfies (3.44)-(3.47) with
hy and hy defined by (3.48) for v = —¢y € H, implying that ¥ (hy, hy) = ¢3°. To
prove the converse, let’s suppose that L ¢ T’y but that there exists a pair (ay,51) €
L2(L) x H'(L), not simultaneously zero, such that ¢ € Range(¥). By definition of
¢ there exists (hy, hy) in H~'/2(T'y) x H(Iy) such that ¢3° = w*>, where w satisfies
(3.44)-(3.47). Therefore, ¢p3° is the far field pattern of the two potentials:

oulx) =7 |

L

1 8Gb<X, y)
{OéL(Y)Gb(Xa y)+ BL(Y)EaV—(y)} ds(y)

and

w6 = [ { | 5oms| 098xy) + L) DI asty),

By Rellich’s lemma, unique continuation, and Holmgren’s theorem, w = ¢, identically
in R™\[y U L. However this is a contradiction, because given any point zo € L\,

both w and the co-normal derivative i% are continuous at xy, whereas either ¢,

1041

o have a jump across L at xo (since either ay or ff

or the co-normal derivative

doesn’t vanish at that point). O

Lemma 3.4.3. Assume in addition to the assumptions of Theorem 3.3.1 that R(n —
ns) > 0 (or more generally there is no non-trivial u,, such that Ku,y, = 0). Then

Fp: LA(S™ 1) — L%(S™') is injective and has dense range.

Proof. Since Fp = ¥, the injectivity follows from Lemma 3.4.1 and the fact that

the operator ¢ is injective due to the well-posedness of (3.44)-(3.47). Next, since the
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range of J# is dense in H~/2 (Ty) x H~' (I'y) it suffices to show that the range of ¢ is

dense. From Lemma 3.4.2, in particular we have that functions P of the form

(PY)(R) := / By )unly, —R) dy = 77! / by)GER,y) dy

are in the range of ¢ for all » € L*(Ty). The set { P for alleh € L*(Tg)} is dense in
L2(S™1). Indeed, let us consider P : L*(Ty) — L*(S™™1). Its adjoint P* : L*(S™1) —
L3(Ty) is given by

P = [ al@uly. =i = ()

where h(X) := g(—X) and up), is given by (3.65). Now the total field due to the
background medium wy ), corresponding to the Herglotz wave function v, as incident
wave can not be zero unless h = 0, since the background problem is well posed under
the assumptions of Theorem 3.3.1. This implies that P* is injective which finishes the
proof. O]

Now we are ready to characterize I'g in terms of the behavior of the approximate

solution to the far-field equation
Fpg = o7 -

The following main theorem is a summary of the all the above results.

Theorem 3.4.2 (Linear Sampling Method). Let Fp : L*(S™1) — L*(S™') be the
far field operator corresponding given by (3.66). Then:

1. For an arbitrary arc L C Ty and € > 0, there exists a function g5 € L*(S™!)
such that

| Fpgz — ¢£OHL2(Sm71) <€,
and, as € — 0, the corresponding solution wyg: to the background problem (5.52)
converges in H to the unique solution uy, of (3.44)-(5.47) with hy = « <iag;?>
and hy = K (¢3°) on Ty.
2. For L ¢ Ty and € > 0, every function g5 € L*(S™1) such that

| Fpgy — %l r2@m—1y <e,

is such that the corresponding solution uy g to the background problem (3.52)
satisfies

lii% [woge || = 00 and 15% 9% | L2@gm-1) = 0.
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This theorem constitutes the foundation of the linear sampling method which

we will implement in the next section.

3.5 Numerical examples for the inverse problem

In this section we show how the linear sampling method that we have just devel-
oped can be applied numerically, and show its viability by some numerical examples.
From the statement of Theorem 3.4.2, we know that the approximate solution of the
far-field equation Fpgr = ¢7° can be used to detect the delaminated part I'g. Unfor-
tunately, the far field equation is ill-posed since the far-field operator Fp is compact,
and of course the discrete counterpart, Ag;, = fr, will inherit the ill-posedness as
ill-conditioning. Therefore, it has to be solved by means of a regularization method.

Let us first discuss the construction of the discrete far-field operator A and the
right hand side fr. In all the numerical examples that we present in this section, the
discrete counterpart of the far-field operator is the matrix A € C**4% such that A;; =
u™(X;, aj) — up®(X;, aj), where u>(-, aj) and u°(-, aj) are the the far-field pattern of
the scattering problem with and without delamination, respectively, when the incident
one is u"*(x,d;) = e**di Here we take d; = (cos(2mj/40),sin(2r/40)), and X; =
(cos(2mi/40), sin(27i/40)), for i,5 = 0,1, ..., 39.

The far-field patterns for the approximate model given by (3.20)-(3.22), (3.23)-
(3.25) and (3.9), are computed using a finite element based on the variational problem
(3.36) implemented in FreeFem++ [51]. In all our simulations P, elements were used.
The mesh refinement in FreeFem-++ is imposed by specifying the number of nodes
on the boundaries involved. In our examples, the number of nodes on the exterior
boundary Sr was set as pe,; = 40mR/\, in the boundary of the homogeneity I'y as
Nr, = 127r1/d,, and on the interface I' as Ny = 57ry/d,, where A = 2?” is the wave-
length, d, = A/20 and r is the charachteristic length of the inner layer €)_.

The Dirichlet-to-Neumann (DtN) map on the exterior boundary Sr was im-

plemented by Nicolas Chaulet [29]. Both for the DtN and the far-field calculation, a

truncated expression of their expansion in terms the first 2N +1 Fourier basis elements

67



{emIIN__ . were considered, where N = py/10.

In order to investigate the stability of the reconstruction method with respect to noise,
we added some random noise to the computed far field for the approximate crack
problem, so we actually consider ﬁij = A;;(1 + €G;;), where {(;;} is a collection of
independent random variables with uniform distribution over the interval [—0.5,0.5],
and € > 0 is a constant chosen so that the relative noise p := ||A — Al|o/||A||2 attains
the desired value. In each example p is computed and specified.

Since fr, is the discrete version of the right hand side of equation (3.73) and we
have some freedom to choose the densities oy, and Sy, we decided to consider «y, as an
approximation of §, (where d, is the Dirac delta located on z € I") and 5, = 0. Then,
for a given finite set of sample points {z;} C I', our discrete right hand side simplifies

to
(f2,)r = us(25, —dy).

Since I is already known there are many other possibilities for choosing the sampling
arc L and test functions ay, [ but we have not tried them here. Nevertheless, as
the numerical examples show, our choice give reasonable reconstructions. In all the
numerical examples that we present, we chose a collection of equally distributed points
along the interface ', {z;}%2,. In order to “solve” each of the 64 ill-conditioned linear

equations

Apgk’ = fzkv
we use the well-known Tikhonov regularization method, that consists in solving the
following minimization problems instead

g = argmingeco{[[Apg — full* + X[lg]*},

where the regularization parameter was arbitrarily chosen as \* = 1071°. The solution
of these problems was made using the free Matlab package regtools (see [50]).
As stated in Theorem (3.4.2), the value of ||g} || 7! is large if zj, is in the crack

support I'g, and small otherwise. Therefore, it can be used to identify the location
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of I'y. In the reconstructions that we present, we show results for four different noise
levels p, in three different settings (a circle with one single crack, a kite with one single
crack, and a kite with two cracks). For visualization purposes, in our reconstructions

—1
)

the separation of the dotted lines I'y is chosen to be proportional to ©(z;) = ||g}"

with the parametrization:
Xz, (t) = xp(t) £ n.0(xr(t))v (1),

where xr is the parametrization of I', and we arbitrarily set n, = 0.04 as a constant
that modulates the size of © for pure visualization purposes. The openings of the
dotted lines fi correspond, therefore, to the predicted location of the cracks by the
linear sampling method just developed in section 3.4. All the numerical experiments
presented here were made for layered obstacles with parameters n_. = 4, n, = 2,

P = py =1, us = 0.9,n5 = 0.2, and wave number £k = 3. Numerical examples

p=0 p=0.0181

Figure 3.7: Reconstruction of a single crack I'y in a circular interface, for four levels
of noise p. The solid line at the circular interface is the exact location of
the crack, and the opening between the dotted lines x, is the predicted
location of I'y. The outer lighter coloured curve is I'y.

are presented in Figure 3.7, Figure 3.8 and Figure 3.9 indicate that our reconstruction

method provides reasonable reconstructions of I'y even in the presence of noise.
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p=0 p=0.01

Figure 3.8: Reconstruction of a single crack I'y in a kite-shaped interface of a two-
layered media, for four levels of noise p. The solid line at the kite-shaped
interface is the exact location of the crack, and the opening between the
dotted lines x, is the predicted location of I'. The outer lighter colored
curve is I'y.

Conclusion

We have derived a asymptotic model for the delamination of a two materials that
successfully approximates scattering from thin delaminated regions. This model was
shown to be well-posed and was then used to derive a new inverse scattering technique
based on a modified linear sampling method that we showed can detect delamination
in model problems. The extension of these ideas to the 3D electromagnetic problem

are considered in the next chapter.
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p=0.0153

Figure 3.9: Reconstruction of two cracks I'§ UT3 in a kite-shaped interface of a two-
layered media for four levels of noise p. The solid line at the kite-shaped
interface is the exact location of the crack, and the opening between the
dotted lines x, is the predicted location of I'. The outer lighter colored
curve is I'y.
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Chapter 4

NONDESTRUCTIVE TESTING OF THE DELAMINATED
INTERFACE BETWEEN TWO MATERIALS: THE
ELECTROMAGNETIC CASE

4.1 The problem

In this fourth chapter, we will turn our attention to the problem of detection
of delamination, but in the context of electromagnetic inverse scattering (e.g. mi-
crowaves). The applications of this method would include, for example, the detection
of debonding in integrated electric circuits [39, 53], and could potentially be used for
the identification of thin biological tissues connected to early stages of cancer devel-
opement [43, 84].

The inherent technical difficulties associated with the analysis of Maxwell’s equations
have forced us to restrict ourselves to the specific case of the detection of planar de-
laminations of constant thickness.

We will study the scattering of an electromagnetic wave by a layered isotropic
penetrable obstacle, Q C R3, that is schematically depicted in Figure 4.1. Being
consistent with the notation of previous chapters, we denote by I'; = 9€) the boundary
of ©, and by Qy := R? \ﬁ the exterior domain. In what follows we assume that I" is
a smooth surface.

In the undamaged or background state, we consider €2 to be composed by two
layers of different materials, Q° and QZ_’H where Q° is simply connected and Qi is just
connected. The boundary of ©°, denoted by I', is the common interface of the two
layers Q° and Q% , and it is an orientable C? regular surface (see panel (a) in Fig. 4.1).

In the damaged or defective state, the two layers have separated, and the thin

delamination €25 has appeared. The section I'y := I'N€)s is precisely where the original
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layers have separated. In this defective configuration = int(Q, UQ_ U ().

We will assume throughout this chapter that ['y is an open surface with Lipschitz
continuous relative boundary 0I'y. It will also be assumed that I'y is part of a planar
section of I'; and that s is of constant thickness (see panel (b) in Fig. 4.1 and Fig.
4.2). In practice, this is unlikely to happen, because actually delaminations usually
occur at bending interfaces, but it will constitute a first approach to the problem that
we expect to generalize in future work.

Under these geometrical assumptions, €25 has a cylindrical shape and its boundary,
0f)s, can be split into three components: the top and bottom surfaces I'y and I'_

parallel to Iy, and the side .7 (see Figs. 4.2 and 4.3). The four different domains,

QEXt Qext

Figure 4.1: Panel (a) Cross section of the undamaged state. Panel (b) Cross section
of the damaged or defective obstacle. The thin layer {25 represents the
delamination.

Qeat, 4, Q_ and s, have different physical properties characterized by their electric
permittivity and magnetic permeability. After normalizing with respect to the material
properties of the homogeneous medium (2., these material properties are expressed
in terms of the relative magnetic permeability p and the relative electric permittivity

€, so that e = =1 in Q.4, and are assumed to be piece-wise continuous scalar fields
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in the other sub-domains, 2, {_ and €25, which will respectively be denoted by:

jy in Q+ €4 in Q+
p=< p_ in Q_ and €=4q e in Q_
s in Qs €& n Qs

Assumption 4.1.1. Throughout this chapter we will asume the following properties:
« The functions pn : R — R and € : R* — C are piece-wise smooth functions in R3.
Moreover, R(e) > 0, S(e) >0, and 0 < u=' < C for some constant C' > 0.

» The material properties in the thin layer, us and €5, are constant.

 There is an open neighborhood N of Qs where the functions p+ and e+, are constant.

Being consistent with the notation of the previous chapters, we denote by v the

unit normal vector on I'; pointing towards (e, and on I'\ Ty towards Q.

Figure 4.2: Zoom on the planar delamination. Panel (b) Normal vectors on the
boundary of the delamination.

The equations that model the scattering of the total electromagnetic fields

(E,H) in the frequency domain are given by

VxH+ikkE=0 in QUQ UQ_UQu, (4.1)

VXE—ikpkH=0 in Q,UQsUQ_UQeu, (4.2)
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Figure 4.3: Normal vectors on the boundary of the delamination.

where both v x H and v x E are continuous across the interfaces 'y, 'y .7, and (I'\Tp)
. In the unbounded domain €2.,; the total fields can be decomposed as E = E* + E¢
and H = H* + H', where (E‘, H") denotes the incident fields, and (E*, H®) are the
radiating fields that satisfy the Silver-Miiller radiation condition:

lim r (H° x X — E*) =0, (4.3)
r—00
where X = %, r = |x|, and the convergence is uniform in all directions X € SZ.

x|

Existence of a unique solution for the full model is well known (cf. [65]).

4.2 The asymptotic model

Following the same ideas as in Chapter 3, we will substitute the full model
(4.1)-(4.3), by an ATCs model, to avoid solving a differential equation in 2.
However, as opposed to Chapter 3, the second order ATCs crack-type model for electro-
magnetic scattering (Model I in Appendix 3) is unstable, as already discussed by Chun
et al. in [30] for the time domain. This is reflected in the fact that in the frequency
domain, the signs of the coefficients appearing in the corresponding ATCs model, are
not compatible with the main operators.
Therefore, the ATCs model that we use in this analysis differs from the one presented

in Chapter 3, in the fact that the jumps and average values of the fields are taken with
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respect to traces of the fields on the two different surfaces I'_ and I'y. This model
corresponds to the set of ATCs in Corollary C.3.1. This set of ATCs are called some-
times Chun’s-type ATCs [30, 40] and were derived in a much more general setting in
Proposition C.3.1, and are similar to the models analyzed in [30] and in [38].

Although the fully detailed derivation of the ATCs model is in Appendix C, we sketch

here the main ideas for the reader’s convenience.

4.2.1 Elements of Differential Geometry

In order to establish the asymptotic model, we introduce some notation and
concepts from basic differential geometry. The notation is consistent with the more
general configuration explained in detail in Appendix C, and is based on [47].
As mentioned before, v denotes the constant unit normal vector defined on the smooth
surface I', pointing into Qi For each xp € T' there exists a local parametrization
& = (&,&) — xp which without loss of generality we assume induces a positive
orientation of I', consistent with v.

Let 0 < 1, be a real number such that in the open neighborhood of I' given by
N = {x € R’| min |x — y| < n.}, (4.4)
yel'
the mapping
(xr,n) = x = xr + nv(xr), (4.5)
is an isomorphism. Moreover, define the vector field  in N/ by
v(xr + sv) = v(xr), for all xp € I' and |n| < n.,

then the curvature tensor defined by Cx. := Vr@(xr) is identically zero for all xr on
[p. The tangential vectors {7, := O, Xr}a=12 are called the covariant basis of the
tangent plane T, to I' at xr.

Let v is a C>(Ty)? vector field, then we define the tangential and normal pro-

jection of v, respectively, by:

[jv=vx(vxv) and Ilyv=v-v. (4.6)
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Using compact notation, the tangential and normal projections on I'y will be denoted
by vy := (v X V) xv and vy := v-v, respectively. Analogously, for the parallel surfaces
[+ to T, if vF are in C>(I'+)3, then we write for short their respective tangential and

normal projections on I'y as: v := (v x v¥) x v and v}, := v - vE.

Remark 4.2.1. It is well known that the projections I and ly defined by (4.6) have
continuous extensions vz : H(curl, N'N QL) — HY2(curly,Ty) and 73 - H(div, N' N
QL) — HY2(Ty), respectively (see [65]).

Surface differential operators.
1. Given a scalar field u defined on I'g, one can compute its surface gradient
defined by
Vru(xr) := Va(xr),

where the scalar field @ : NV — C is defined by 4(xr + nv(xr)) := u(xr). In terms of
the covariant basis {7,}, it can be written as Vi = (9¢, )71 + (g, ) T2.

2. By definition, the adjoint operator of Vr is —divr, which for all smooth
vector fields v defined on I'y satisfies divpv = Og, (V- T1) + Og, (v - T2).

3. Important surface differential operators for the upcoming analysis, will be
the scalar and vectorial surface curl operators, respectively denoted by curlr and CU—>7"l[‘,
defined as follows: given a smooth tangential vector n = m71 + o732 € (C®(T))? and

a smooth scalar field p € C*(Ty),
s
curlpm == O1mg — Oomy  and  curlpp := OypT1 — O1pT2. (4.7)

4. In [47] it is shown that if v is a smooth enough vector field in R? the
differential operator curl can be expressed in terms of the curvilinear coordinates (xr, 1)

on the planar surface as

Vxv = (curlpvr)v + cu—r}va +v X Oyv. (4.8)
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Figure 4.4: The reference coordinates xr defined on I'.

4.2.1.1 The formal asymptotic analysis

In order to establish the setting for the asymptotic analysis, we will assume that
the delamination is thin enough so that Q5 C A" (where N is defined by (4.4)), then, as
shown in Fig. 4.2, the two boundaries 'y of €25 can be written in our new curvilinear

coordinates as follows:
F:t = {X]_‘*i = Xr + (Sf:tl/ D Xr € Fo}, (49)

where 0 < 0 < 1 is the thickness of the delamination and f*, f~ > 0 are constants
such that f*+ f~ = 1.

4.2.1.2 The ansatz for the outer and inner fields
If the parameter ¢ is small enough, then we formally assume that the following

asymptotic expansions of the fields are valid in a neighborhood Nj of €5 such that
No CN:

(Ei(xr,ﬁ% Hi<XF777)) = Z(Sl(Eli(XD 77)7 Hli(xf‘»n)) in Qia (4'10)

where each term (Ef(xr,n), Hi(xr,7)) in the asymptotic expansion is assumed to be
analytic and independent of §, for all [ > 0.

The ansatz for the asymptotic expansion inside the delamination s is slightly
different because here €25 plays the role of a boundary layer and we expect rapid changes

on the fields. Thus we will regularize the singular asymptotic problem by considering
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the usual stretching of the normal variable ( = % (see for example [10},[47],[71]), and

this leads to
(E(SaHé)(XF7§) = Zal(El(XIWC)le(XFaC)) n Q(sa (411)
1=0
where, again, none of the terms (E;, H;), { > 0, depend on §.

4.2.1.3 The approximate transmission conditions (ATCs)

In order to state the new model we need to introduce some more notation. Given
a function w (either scalar or vectorial), such that u = ™ in Q, and v = u_ in Q_,
whose traces are well-defined on I'; and I'_, then we denote the jump and average

value of u by:
+ - Lo -
[u] = u7lr, —w7lr and (u) = 5 (e, +u7lr). (4.12)

Using this notation, from the asymptotic expansion (4.10) the tangential traces of our

fields satisfy (at least formally) the following ezact transmission conditions:

[v x E](xp) = Zaﬂ‘ [v x E,](xr), (4.13)
[v x H](xp) = Z(sj [v x H;] (xr), (4.14)

for all xr € T'y.
For any n > 0, the n-th order ATCs associated with this problem are defined
by the transmission conditions that we obtain after dropping the O(6"™!) terms (see

[71],[49]):

[v x E](xp) = Zaﬂ‘ [v x E;](xr), (4.15)
[v x H](xp) = Z(sﬂ‘ [v x H;](xr), (4.16)
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for all xp € I'y. In the problem setting that we are currently analyzing, it can be shown
after some calculations (see Proposition C.3.1), that under the hypothesis of a planar

delamination of constant thickness, the second order ATCs are:

[vx E] = Aj(Hy) and [v x H] = A(Ep), (4.17)

where
A(HY) = 6ay(He) + ficurly (curle(Hr)) on Ty, (4.18)
AAEr) = 6ay(Er) + 6Bscuriy (curle(Er)) on To, (4.19)

and oy = 2ikus, ag = —2ikes, 51 = %, and 52 =~
Therefore the second order ATCs model that we will study in this chapter consists of
equations (4.1) and (4.2) in the domains U U.,;, and the transmission conditions
defined by (4.17).

In terms of only the electric field E, by equation (4.1), the ATCs model gives rise to

the problem: Seek the field E € H(curl, R?\ Q5) that satisfies

Vx (p'VXE)—keE=0 in Q UQ UQy, (4.20)
[v x E] = dan((1'V X E) ) — Seurlreurly (1Y x E),.) on I'o,(4.21)
[v x (17'V x E)] = 60 (Br)) — 6Bacurly curly (B on T, (4.22)
nx (p'VxE)=0on.7, (4.23)

where the coefficients appearing in the transmission conditions have the expressions
ar = 2us, o = 2k%es, B = ki and 3, = %, and where, in Q.,;, E = E* + E is the

2667

total field, E is an incident field, and E* satisfies the Silver-Miiller radiation condition:

lim r ((V x E*) x X — ikE*) = 0, (4.24)

7—00

where X = g and r = |x|.
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4.3 The variational formulation
4.3.1 The boundary operators

As usual, in order to place our problem within a Fredholm operator framework,
we will work in a bounded domain. Let By be an arbitrary ball of radius R > 0 that
contains the obstacle Q, and denote by Sz its boundary. Then, muliplying equation

(4.20) by a test function v € C°(R3) and integrating by parts in Bp, we get the

following expression:

/ LIV XE-VXxV—EeE-v dy
Br

4 / (' xE) ) - o x ] ds(y) — [ v x (5°'V x E)]- {v)p ds(y)

o

b k(GR X B), vr)sy = — / & x EY) -7 ds(y)

+ ik(Ge(X x E'), vr)s,, (4.25)

where (-, ), is the duality pairing between H™'/2(divs,,, Sg) and H™Y/%(curls,, Sg)
(and that, by pivoting with LZ(Sg), can be substituted by the usual L?(Sg)-inner
product), and G. : H™Y2(divs,,, Sg) — H™Y?(divs,, Sg) is the well-known exterior
electric-to-magnetic Calderén operator (see [65],[32]), defined by G.(A) = X x H?,
where (E*, H®) satisfy

ikE*+V xH* = 0 inR*\ By,

ikH* —V xE* = 0 inR®\ Bp,

xxE° = X on Sg,
lim r(H° x X —E°) = 0, (4.26)
T—00
where again X = % and r = |x].

x|

4.3.2 The ATCs operators
In order to use the ATCs (4.21)-(4.22) in (4.25), we have to, first of all, invert

the transmission condition (4.21) on I'y. To this end, it will be useful to prove Lemma
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4.3.1 and to recall Lemma 4.3.2, whose proof can be found in [3].
Denote by n the unit normal vector defined on 9s, and pointing to the exterior of .

Therefore (see Figure 4.3):

(
v onl,,
n=<n on.”,
—v onl_.
\
Define in addition
H2(T,) = {v e HVA(T,) v € H™V2(090),

where v = v in 'y,
and vV = 0 in 99 \K}, (4.27)
endowed with the H~'/2(I"s) norm.
Analogously, we define H=/2(I'y) (see also Appendix D), as follows:
HV2(Ty) = {v e HV2(Ty) | € HV2(D),
where v = v in Iy,
and ¥ =0in T\ P_O}, (4.28)
endowed with the H~/2(I'y) norm.
Using this notation we have the following result.
Lemma 4.3.1. Let u € H(curl,Q\ Qs). Then,
1. 0-V X u|pg, = curlpg,(n x (u x n)) in H-Y2(09;).
2. Ifu is such that n x (u='V x u)|» = 0, then
v-V xulr, = curlpulp, € HV?(Iy),

and therefore curly{(u), € H=Y2(Ty).

Proof. To see 1., notice that V x u € H(div, 2\ Q) and thus 1i- V x u € H™Y/2(98;).

Thus given & € H'(€s5) whose support does not intersect I'y, using Green’s identities,

-V xu Qu-ram ey = VX, VX)) y-12005), 1200,  (4:29)
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where 9 € H, 8/ 2(R3 \ Qs) is a lifting of ¢, and y € C* is a cut-off function such that

loc

x = 1 is a neighborhood of {25 and its support is compact.

Thus, pivoting with L?(Q\ Qs)? and using Stokes formulas,
(n-V xu, £>H*1(Q\§5),H1(Q\§5) = (nxu, V396£>L2(896)3 (4.30)

= <11, Vagaf X ﬁ>L2(@Qé)3, (431)

and since Vyo,& X n = Mm&& on , we get that n -V x u = curlypg, (0 x (u x n)) in
H~1/2(0%;).

To see 2., suppose that in addition n X (47'V x u)|» = 0. This in particular implies
that v (which is normal to the planar faces I'y) satisfies v -V x u|s = 0.

Therefore v x (V x u) € H™1/2(9Q5)) is well defined and its restrictions to the pla-
nar sides satisfy curlpo,ulr, = +eurlp,u € HY*(T'L). Moreover, curlp(u), €

H=Y2(Iy). O

Given the surface differential operator Dr, = curly, or Dr, = divr,, we define

the spaces
H YDy, Ty) = {u e V%) | Dr,u e ﬁ‘l/Q(Fi)}, (4.32)
endowed with the graph norm
Il 2o, ey = 1G22 + [ Preulo e, (4.33)
The following result is an immediate consequence of Lemma 2.2 in [3]:

Lemma 4.3.2. Let E be a solution to (4.20)-(4.23). Then

(uz'V x E)r|r, € IfI_l/Q(curlpi,Fi) and

v x (u5'V x E)|r, € H?(divp, , Ty). (4.34)
For our analysis, define the space

Ho(To) := H?(curly, To) N H(curly, T), (4.35)
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with the norm

2 2 2
e eurtr ro) = Mllz2qrgy + llewrteall gy - (4.36)

Remark 4.3.1. It is immediate that (Ho(Lo), [|[l5,(r,)) is @ Hilbert space, with [|||,;

corresponds to the graph norm:

/
2 2 2 2
Hu”HO(FO) = (||u||H71/2(r0) + ||CU7”ZFU||H71/2(FO) + ||u||L2(F0) + HCUHFUHB(FO)) :
But since for every u € Ho(T),
2 2 2 2
HuHH*l/?(FO) + ||CU7"ZFU||H*1/2(FO) + Hu||L2(FO) + ||CUTlFu||L2(FO)
2 2
< (C+ D(lullzzr,) + llewrtoul[p g ),

where C' > 0 is the norm of the embedding L?(I'y) ¢ H~'/2(Ty), we know also that
(Ho(To): Il x(curty roy) 18 @ Hilbert space.

Moreover, denote by Ho(Tg)" the dual space of Ho(I'y) with respect to the pivot
space L?(T'y)?. Then since the embedding H(Ty) C ﬁ_l/z(curlp,Fo) is bounded,
H~/2(divr,T'y) € Ho(To)" is bounded as well.

Define A; : Ho(To) — Ho(To)™ by
Au = ou — ﬁicu—r?pcurlpu. (4.37)

Observe that pivoting with LZ(Ty),

Aiu,v> = / au-v ds(y) — scurlru curlpv ds(y),(4.38
< Ho(T0)* Ho(To) Iy () Foﬁ r rv ds(y),(4.38)

for all u, v.€ Ho(I'y). The analysis of the invertibility of (4.21) will be based on
variational techniques and a Helmholtz decomposition of H(I'g) will be used. Inspired

by the sesquilinear form (4.38) first define the Hilbert space:

Sp = {p € H\(Ty) /Fop ds(y) = 0}, (4.39)

equipped with the norm
[Ipllse = [[VrpllLzm,)- (4.40)
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Lemma 4.3.3. Let u € Hy(T'y), then the problem of finding p € Sr such that

/ a,Vrp - Vrq ds(y) = / u-Vrq ds(y) forall g € S, (4.41)
To

To

18 well posed.

Proof. The sesquilinear form 3 : VSt x VSt — C defined by

B(Vrp, Vrq) 3:/ a1 Vrp - Vrg ds(y)

o
is coercive:

B(Vrp, Vip) = / a1 |Vrpl? ds(y) > psl|Veplle,
o

so the proof follows by the Lax-Milgram theorem. O

Now define the orthogonal space to VSt for the Helmholtz decomposition:

V= {uo € Ho(ro)

/ ajug - Vrg ds(y) =0 for all ¢ € Sp}, (4.42)
To

endowed with the || - [|3r,) norm.

Theorem 4.3.1. (Helmholtz decomposition of Ho(I))

Ho(ro> = VFSF @ VF. (443)
Proof. (i) Clearly, both Vp.Sr and Vr are closed subspaces of Ho(Iy).

(ii) Moreover, given u € Hy(I'p), from Lemma 4.3.3 we know that there is a unique
p € Sr that solves (4.3.3). Then ug := u — Vrp belongs to Vr, so that H(I'y) C
VrSr + Vr.

(iii) Finally, if ug € VpSr N Vr, then ug = Vrp and then solves problem (4.41) for
zero right hand side, implying that ug = 0. Therefore Ho(I'y) C VSt @ Vr.

]

Remark 4.3.2. Since divruy = 0 in [y, from the standard Helmholtz decomposition
of LZ(T) (see [67]) we know that for all ug € Vr, there is ¢ € H'(T') such that uy =
ﬂpqho, thus the embedding Vi C HY2(T'y) holds and it is bounded, which implies
that Vi is compactly embedded in LZ(T).
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Necessary for the upcoming analysis, we will assume throughout this paper that

the following holds:

—
Assumption 4.3.1. The quantity w = k*esus is not a Dirichlet eigenvalue of curlrcurly

m F().

Proposition 4.3.1. The operator Ay : Ho(To) — Ho(To)" is invertible. Moreover, if
—
q € HY(Ty), then A{'curlrq is in V.

Proof. Given any wy € Vi, consider the problem of finding ug € Ho(I'g) such that

<u0, v0> = / w vy ds(y), forall vo € Vp. (4.44)
Ho(To0)"Ho(To) To

It is equivalent to find ug € Vi such that
/ {uo Vo + Bicurlrug curlpvo} ds(y)
To
- {{an + Dug-vo} ds(y) =— [ w-vg ds(y), (4.45)
Fo 1—‘O
for all vog € Vr. By Remark 4.3.2, the second integral term is a compact sesquilinear
dorm in Vi x Vi, whereas the first integral is obviously a coercive term. Therefore, the
well-posedness of this problem is equivalent to the uniqueness of its solution, and this
is a direct consequence of Assumption 4.3.1.

Therefore, combining this with Lemma 4.3.3, we conclude that for any w = wg + £ in

Ho(I'o) (where the decomposition is in VpSr @ V1), the unique solution u € Hy(I'y) to

v = [ w-V ds(y), forallveH(T 4.46
< >HO(F0)*7H0(F0) \/];0 S(y) ' 0( 0) ( )

is u = ug + Vrp, where ug € Vr solves (4.44), and p € Sr is the unique solution of the
variational problem (4.41).

. . 1 — .. .. ,1—_>
Finally, if ¢ € H'(I'y), then wo = curlrq is in Vr, and thus it is clear that A curirq
is in Vf. ]
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4.3.3 The variational formulation of the asymptotic model
Having established conditions for the invertibility of .A; in Proposition 4.3.1, we

can formally write:
AT v x E] = {(p'V x E). (4.47)

Let By be the open ball of radius R > 0 be large enough so that Q C Bg. Thus, after
multiplying equation (4.20) by a test function v and integrating by parts in Bg, we
deduce that a variational formulation of problem (4.20)-(4.24) is: Seek E € H, such

that
a(E,v) = L(v) for all v € H,, (4.48)
where,
a(E,v) =a(E,v) + b(E,v) + ik(G.(X x E), vr) s, (4.49)
and

at(E,v) ::/ (W'VXE-Vxv) dy
B

+ ofeurty () eurly (7)) dsy) (4.50)

WEv) = - [ R dy - / d0(Br) - (9 dsy)
% /FO Ap o xv] ds(y), (4.51)
L(v) = /SR(i X (V X EY) -7 — ik(Go(% X Ey), vr)sp, (4.52)

where BY := Br \ Qs, Ap = A '[v x E], i.e.,

[v x E]-7m ds(y) = / aAg -m ds(y) — | BicurlpAg curlpny ds(y)  (4.53)

o o o

for all ; € Ho(T'y), and the solutions space is
Ho = {u € H(curl, BY) ’ {(ur) € H(curly,Ip) and n x (p'V x u) ‘J = O} (4.54)
endowed with the norm

[lllg = 110l Fyeur ) + [ €0 M Eagurte o) (4.55)
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4.3.4 A Helmholtz decomposition of H,
Recalling the definition (4.39) of Sr, define now:

S = {pe H'(B})|{p) € 5r}

N {p € H'(BY)| Vr(p) € LI (Iy), and

/ (p) ds(y) = 0}, (4.56)
o
endowed with the norm

1Pl15 = 11VPll, = 1VPIT2s) + IVELOD L2y (4.57)
We now prove that the variational problem is well-posed in V4.

Proposition 4.3.2. Assume in addition to Assumptions /.1.1 and 4.3.1that there is a
constant €y, > 0 such that R(ex) > €min > 0 and that the constant material properties

in Qs satisfy R(es) > 0 and us > 0. Then the problem of finding p € S such that
a(Vp,Vq) =0(Vq) for all q € S, (4.58)
is well posed for all £ € (V.S)*.

Proof. Let p, ¢ € S. Then [p], [¢] € Sr and thus by Proposition 4.3.1, A; ! [vx Vrp] =
— —

Al curly[p] = Avp € Ve and A7 [y x Vrq] = A;  eurlr[q] = Av, € Vr.

Moreover, a(Vp, Vq) can be decomposed into

a(Vp,Vq) = —a(Vp,Vq) — B(Vp,Vq) +ik(G.(X x Vp),Vq) sy

where

3(Vp.Vq) = / KeVp -V dy + [ SaaVe(p) - Vela) ds(y)

R To
1 -
+ 5 ). Br curlp Ayy - curlp Ay, ds(y) (4.59)
0
~ 1 .
B(Vp,Va) = —5 | @ Avp-Avg ds(y). (4.60)
To
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From the expressions of oy, as and [,

R@(Vp.V) = [ EROVHE dy+ [ 20m9r| @) dsiy)

R Lo

1 2%(65) 9
+ 5/1“0 k2’€5‘2|curlp)\vp| ds(y)

> C(IVPlR s + VoM IEawy): (4.61)

where C' = min {kzemm, 25,u5} > ( is a constant independent of p. Thus « is a coercive
sesquilinear form in V.S x VS.

On the other hand, it is clear that 5 (-,-) is bounded and, from the boundedness of A;*
(Proposition 4.3.1), and the boundedness of the embedding H™Y/2(divp, Ty) € Ho(To)",
we get that

— —
AVl ooy < Clleurle[p]lla, o) < Cilleurle [Pl la-12(aivr ro)

< Go[Ve[plll-12(rg) < CslIVpllLa(my)- (4.62)

So

1B(Vp, Va)| < cl|Avpllrzrgllalls- (4.63)
Let (p,) be a bounded sequence in S, then by (4.62) (Avp, ) is also a bounded sequence
in Vi (see Proposition 4.3.1). Since the space Vi is compactly embedded in L?(Ty)
(Remark 4.3.2), then, from (4.63), the Riesz operator B : S — C defined by

(B(@).a)s- s := B(Yp. Va)
has a strongly convergent subsequence (B(p,,)) in S*. Thus the operator B : S — C
is compact.
The remaining part to analyze is related to the Calderén operator G.. In Lem-
mas 9.23 and 9.24 of [65], it is shown that there exists an operator G, : H-Y/2(divg,, Sg) —
H~/2(divs,,, Sg) such that

(G (&),€ xX)g, <0, for all £ € HV?(divg,, Sg),
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and that the operator G, + ikG, : H, /> (divs,, Sr) — H™Y%(divs,,, Sg) is compact,

: diUSR

where

H_l/2 (divSR,SR) =

diUsR

{A = i mil bpm V" ‘ i mj m\bn,mﬁ < oo} (4.64)

n=1 m=—n

endowed with the norm

Y[y = brm|” 4.
I HHdﬁ,{fR (divs,SR) z_: Z T+t |6 | (4.65)
for A= 3 201 2n=" bam VIT
Moreover, from similar arguments to those given in [65], Xx Vp € H(Z)/S i (divs,, Sr)

for all p € S, and therefore, we can conclude that the splitting into a negative and a

compact term:

ik(Go(Rx VD), V)5, = k*(Ge(Rx V), V) s, +ik((Ge+ikGe) (XX Vp), Va)s, (4.66)

makes sense. Then —a(-, ) + k*(G.(X X -), -)s, is a sesquilinear form in VS x VS as-
sociated with a coercive Riesz operator, and the sesquilinear form in V.S x V.S defined
by B(-, ) +ik{(Ge+ikG.) (X% -),-)s, has a compact associated Reisz operator. In sum-
mary, the Reisz operator associated with the complete sesquilinear form a(-, -)|vsxvs
is Fredholm with index zero, meaning that the problem is well-posed if and only if it

is uniquely solvable. To check this, observe that

a(p.Vp) = [ BVHE dy - [ 288(e)Vrelp) - Tela] ds(y)
1 Si(es) 2
_ S/FOWGSPICUTZF)\VA ds(y)
+ S(ikG.(X X VD), Vp)s,. (4.67)

By Rellich’s lemma (see Lemma 9.28 in [65]), since

S(ikGe(X x Vp),Vp)s, > 0,
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then Vg,.p =0 on Sg, and then all the terms in the right hand side of equation (4.67)

vanish. In particular:
Vr{p) =0 and curlpAy, = 0. (4.68)

So by (4.61), Vp =0 in BY,. O

Now consider the second space for the Helmholtz decomposition of H:

Vo = {110 € Ho | b(uo, V) + ik{Ge(X x ug), V) s, = 0 for all g € S} (4.69)

= {uo € Ho | div(eng) = 0 in By,
dag
lev - ug] = —k—;dwF«uO»T»
1

(ev -up) = mcurlp (Aug) s

n-uy=0on.7 and nx (" 'V x uy)|» =0,

»)

‘uy = —% divr G.(X X ug) on Sg } (4.70)
Theorem 4.3.2. (Helmholtz decomposition of Hg)
Ho=Vd VS

Proof. 1t is obvious that both VS and Vj are closed subspaces of Hy. Now, given

u € Hy, we know from Proposition 4.3.2 that there is unique p € S such that
a(Vp,Vq) = a(u,Vq) for all ¢ € S, (4.71)

and then if we define uy := u — Vp, it satisfies by definition that uy € V5. Thus
X CVy+ VS, Now, if ug = Vp € VN VS, then by definition of V;,

a(Vp,Vq) =b(Vp,Vq) +ik(G.(X x Vp),Vq)s, =0 for all g € S (4.72)

and from Proposition 4.3.2, this means that ug = Vp = 0. Therefore Hy = Vo,V S. 0O
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4.4 Well-posedness

The Helmholtz decomposition in Theorem 4.3.2 can be used to decompose the
variational problem (4.48) into two decoupled problems, one in VS and another one
in V5. We use these facts to prove the well-posedness of the variational problem (4.48)
on Hy.
We start by deriving a decomposition of the Calderén map G, in the following lemma,

which is essentially the same as Lemma 10.5 in [65].

Lemma 4.4.1. The electric-to-magnetic Calderén operator G, can be decomposed
as Go = G! + G? where G o vy : Vo — H™Y2(divs,, Sg) is compact and G?* :
H~2(divs,, Sg) — H™Y2(divs,, Sg) satisfies

ik(G*(€),€ x X)g, >0 for all ¢ € H Y?(divg,, Sg).

Proof. This proof is a slight variation of the proof of Lemma 10.5 in [65], but we present
here the details for the reader’s convenience. In [65], it is shown that the Calderén

map G, can be split in terms of spherical harmonics as

_ n,mrtm (5n_gn) m
G.(&) = Z Z (—sz ur + anw)

n=1 m=—n

1 oo n _
+ EZ Z an,ménV

n=1m=-n

— GE) + () (4.73)

where

[e.9]

5 = Z Zn: an,quT + bn,mV;n

n=1m=-n

1 kRLY (kR) ~ 1 kRj. (kR)
"= (” R ) z‘sz( T TukR) ) e
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and where, of course, we assume that R > 0 has been chosen so that 0 < |0, < co.
In turn, the operator G} can be splitted as G = G}V + GLY| where

GhU(¢) Z Z —ikR ”mUm and

n=1m=-—n

GV (¢ Z Z anm : ~)V,’Zf. (4.75)

n=1m=-—n

Moreover, it is proved that
~ 1
5n—5n:O<—), foralln > 1,
n

which ensures that G1V is compact from H™'/?(divg,,, Sg) into itself, and, from the
boundedness of the tangential trace operator vy : H(curl,Q) — H™'Y%(divg,, Sr),
we have that GLY o yp : V. — H™Y2(divg,, Sg) is compact. Now, given uy € V,
if we consider a cut-off function y, such that y = 1 in a neighborhood Ny of Sk,
and such that supp(x) N Q_ = (), then the restriction (xug)|n:, € V, where the space
V= {ueH| fBR eu-Vp dy +ik(Ge(X x u), Vp)s, = 0 for all p € S} is compactly
embedded in (L*(Bg))? (see Lemma 10.4 in [65]). Thus, we have the following
||(Gl’U o 7T)110||H—1/2(dwsR,sR) < ||(G2U o VT)(XUO)|NR||H—1/2(dwsR,sR)
< GV (X % wo)lla-12divs, 50)

< Olldivs,Go(® x wo)llyvegsy.  (4.76)

Now, from the variational characterization of V (similar to (4.69)), and from the trace

theorems for H(div, Br) (see Theorem 3.24 in [65]),

||VSR : Ge<§ X u0)||H_1/2(SR) = Hi ' uOHH_l/Z(SR)

N

>~ \/||Xu0‘|%L2(BR))3 + HV . (GXUO)H%Q(BR)
= |Ixuol|(z2(BR)s; (4.77)

so the compactness of the embedding of V C (L2(Bg))? together with the boundedness

of the multiplication by x from Vj to ‘7, implies that (G2Y o ~p is compact from V; to
H71/2<diUSR, SR)
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Finally, the proof of the property for G? is immediate because

(G €).8)5 = 3 . ~lhunlB =0 (0.78)

n=1 m=-—n

]

Proposition 4.4.1. Assume in addition to Assumption 4.1.1, that there is a constant
€min > 0 such that R(ex) > €min > 0 and S(ex) > €nin > 0, and that the constant
material properties in Qs are such that R(es) > 0, S(es) > 0 and ps > 0 (in particular

Assumption 4.3.1 is true). Then the problem of finding ug € Vi such that
a(ug, vo) = l(vy) for all vy € Vp, (4.79)
is well posed for all £ € V.

Proof. Define the auxiliary sesquilinear forms ag, by : Vo x Vo — C by

ap(ug, vg) = /5 (/flv X ug -V X VO) dy
BR
- 1 _
+ A dBacurlp (o), curly (Vo) ds + g/r 1Ay, - Augds (4.80)
0 0
bo(uo, vo) = — / Rewy-¥5 dy — [ Sas(uo)y - (5), ds
BY T'o
1 — -
-3 A Breurlp Ay curlp Ay, ds. (4.81)
0

Then

R(ag(ug,ug)) := /5 p Vo xugl* dy
B

R

1
+ /2u5_1]curlp<(u0)>T]2ds+g/ 2415 | Ay | ds (4.82)
Fo 1—‘0
R(bo(uo, 1)) = _/6 kR (e) [ug | dy—/ 52k*R(es) | (o)) 7| ds
B, Lo
- 1/ QM]curlp)\u 2 ds. (4.83)
6 Jr, kel ’
S(bo(ug, ug)) = —/ E*S(e)|ug | dy—/ 62k*S(e5) | (o)) p|* ds
B¢, I'o
- 1/ 2 S(es) |curle Ay, | ds (4.84)
5 FO k2’65‘2 I uo 9 .
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Define a(-,-) : Vo x Vy — C as the sequilinear form that contains all the terms involved

in a(-,-) except for the term associated with the Calderén operator:
a(ug, vo) = ag(uo, vo) + bo(uo, vo).
Therefore,

(1 +9)]a(ug, up)| = [R(a(uo, uo))| + ¥|S(a(uo, uo))|

v

Re(ao(ug,1g)) + R(bo (1o, ug)) — 73 (bo(up, up))

v

Re(ag(uo, wo)) + C(|’u0’|i2(3§)3

+ oD Iz + lewrle g I 72ry)e)

v

E(llaol lgx(eurs 53 + 100D Tl (eurtr o) = €[00 %

(4.85)

where we have taken 4 > 0 large enough so that there is a constant ¢ > 0 such that

R (bo (1o, ug)) — Y3 (bo(up, ug)) >

2 2 2
cllaollze(mgys + 160} 1 2(rg)s + lleurteAug 2 ry)s ) (4.86)

5 oo —1 2 2w
andc-mln{,umam, e T

Thus a is coercive in V5. From Lemma 4.4.1, we know that then a(ug, vo) + ik(G2(X x

W), Vo), is coercive and ik(GL(X x ug), vo)s,, is compact in Vj. Finally,

%(CL(UO, U.(])) = %(bg(llo, 110)) + %<ZkGe(§ X uo), u0>SR
< S(bo(ug, uo)) < —él[uol|rz(py), (4.87)
where ¢ = min {k2€mm, 20k%3(e5), %} and again in the second line we have used
Rellich lemma (Lemma 9.28 in [65]), so a(ug, ug) = 0 if and only if uy = 0. O

In summary, using Propositions 4.3.2 and 4.4.1 and Lemma 4.4.1, we have proved

the following well-posedness result:
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Theorem 4.4.1. Assume in addition to Assumption 4.1.1 that there is a constant
€min > 0 such that R(ex) > €min > 0, S(ex) > €nin > 0 and, that the constant material
properties in Qs are such that R(es) > 0, S(es) > 0 and ps > 0 (so in particular

Assumption 4.5.1 is satisfied). Then u = ug+ Vp is the unique solution to the problem

a(u,v) = L(v) for all v € Hy, (4.88)

for all L € Hj, where p € S and ug € V' are defined by propositions 4.3.2 and 4.4.1,
with ¢ = Llygs and € = Lly,, respectively.

4.5 Validation of the asymptotic model

In order to validate our approximate model, we have carried out a numeri-
cal error analysis based on the comparison between the so called full model and the
asymptotic model that we have presented and analyzed throughout this work. For
this analysis, we compared the numerical solutions of the full model (4.1)-(4.2) and
(4.3) with the numerical solution of the Chun’s-type ATCs model (4.20)-(4.24), as the
thickness of the delamination ¢ tends to zero.
In each case, we used a finite element method implemented in the Netgen/Ngsolve
package [79)].

To approximate the Calderén map G, we used a spherical perfectly matched
layer (PML) surrounding the obstacle. Then, instead of solving for the total field E
everywhere, we solve for the scattered field E* in By \ Q and for the total field E only
in 2. We here describe the variational formulation used for each of the two models
(except for the PML which is standard).

We start with the full model, which can be written as the simple transmission problem
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where we seek the fields E* € Hy,o(curl, R®\ Q) and E € H(curl, ) that satisfy,

VXxVXE —FE =0 in Qu, (4.89)
Vx(u'VxE)-k€E=0 in Q (4.90)
vXE +vxE'=vxE onl, (4.91)
vX (VXE)+vx (VxE)=vx(VxE) only, (4.92)

and, in addition, E® satisfies the Silver-Miiller radiation condition (4.24).
As usual, to derive the variational formulation we multiply the differential equations
by a test function v and integrating by parts in the ball Br we get,
VxE - Vxv—-EkE v dy
Br\Q
+ /u1VxE~VxV—k26E~V dy
Q
+ / (W'VXE)-[vxv] ds(y) — / (W 'V X E] - (v xV) ds(y)
Iy

I

+ ik (Go® x E),v)g =0, (4.93)

R

where we have substituted the radiation condition (4.24) by the Calderén operator G,
and the brackets [u], (u) respectively denote the jump and average values of a function

u at the interface I':

) = e, e, and - (u) = St PR (4.94)

where ulq,,, = U and ulg = u,.

ext

Thus using the transmission condition (4.92),

VxE - Vxv—-EkE . -vdy
Br\Q

+ /u1VxE~VxV—k26E~V dy
Q
R

+ / p 'V X E - v xv] ds(y) +ik (Ge(X x E®), V),
I

1 S — .
=3 VXE - [vxv]ds(y)+ [ VXE - (vxv) ds(y).
Fl I—‘1
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On one hand, using a Nitsche’s method [69, 60] to enforce the continuity transmission
condition (4.91) and on the other hand to get a symmetric form, we add and substract
the following two terms to (4.95):

a) The Nitsche’s term ;-— [, [W]; - [v]p ds(y) for a constant v € C, and mesh

resolution A,,q..

b) A symmetrizing term [, [ x w] - ui'V x vy ds(y),

which leads to the variational problem of finding E* € Hy,.(curl,R? \ Q) and E €
H(curl, Q) that satisfy,

avol((E, E®),v) + br, (E, E®),v) = Lr,V, (4.95)

for all v such that v|gs\g € Hiee(curl, R? \ Q) and v|q € H(curl, Q2), where the volume

terms are

aa((B,E),v) = [ VxE . Vxv-kE vdy
Br\Q

+ /u_1V><E-V><V—k26E-V dy
0

+ ik (Ge(X X E®),v)g

the transmission terms on I'; correspomd to

br, (E,E®),v) = /F p 'V xE - [vxv] ds(y) —I—/F v x E]- pi'V x vy ds(y)
e [ My dsty) (4.96)

where 7'V x v is the trace taken from the interior of 2, and the right-hand-side

linear form is given by

Loy = %/Vin-[vxv] ds(y) + | VxE - xv) ds(y)
It

It

- / vxE 'V x v, ds(y) — hL/ El - [v], ds(y). (4.97)
Fl 1_‘1

maxr

The ATCs model can be written as the problem where we seek the fields E® €
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Ho.(curl, R*\ Q) and E € Ho(Q\ Qs), where Ho(Q\ Qs) is the space of functions in
H, restricted to Q \ Qj, satisfying:

VXVXE —FE =0 in Qu, (4.98)
Vx (p'VxE)—k*E=0 in Q UQ, (4.99)
[v % E] = don ('Y x EY, — 66 curlreurly {1~V x E), on To, (4.100)
[v x (17'V x E)] = 60 (Br)) — 6Bscurly curly (Br)) on T, (4.101)
nx (p'VxE)=0on.7, (4.102)

and in addition E° satisfies the Silver-Miiller radiation condition (4.24). Therefore,
multiplying the differential equations by a test function v and integrating by parts,
a variational formulation of this problem is: seek E°* € Hy,.(curl,R*\ Q) and E €
Ho(2\ Qs) such that

al (B, E®),v) + bp,(E,E®),v) + b, (E, E*),v) = Lp, Vv, (4.103)

vol

for all v such that V|R3\§ € Hye(curl,R3\ Q) and v|q € Ho(Q\ Qs), where br, and
Ly, are defined by (4.96) and (4.97), respectively, and

af}ol«E?ES)?V) = / \Y XES'VXV—ICQES~V dy
Br\Q
+ / P IVXxE-VxVv—kE -v dy
M5
+ ik (G(X X ES)’V>SR ,
which is almost the same as (4.96), except for the integration domain of the second

integral, and
br,(E,E%),v) = /F5ﬁgcu7’lp<<ET>>curlp(<VT>> ds(y) (4.104)

— /F dag(Er)) - (V) ds(y)

£ 5 | AT B TV dsty), (4.105)
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(a) (b)

Figure 4.5: Panel (a) Geometrical setting for the numerical experiments for the
validation of the ATC model. Panel (b) Mesh generated using Net-
gen/Ngsolve when § = 0.1.

are the terms associated with the ATCs.
In summary, the respective finite element solutions to the variational formulations
(4.95) and (4.103) will be used to compare in the example of the following subsection

the full and the approximate models, in order to validate our approximate model.

4.5.1 The numerical error analysis

In this subsection we describe the numerical experiments that we did to validate
our approximate model, as explained in the previous part.

We considered a spherical obstacle (2 as shown in Figure 4.5, where the internal
layer €2_ is a cube. The separation or delamination )5 has constant thickness and is
present on one face of the inner layer {2_. The radius of the exterior boundary I'; is
r1 = 1.3, whereas each face of the cube I' has side length ry = 1.2. We chose in this case
toset I'_ =T, so that f~ =0 and f* = 1. The material properties in this experiments

were pp =1, p_ =1, us =1, and e, =1+ 0.001%, e = 1+ 0.0017, €5 = 3.5 + 0.0014.
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Asymptotic model vs exact model
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Figure 4.6: L*(Bg)? and H(curl, Bg) relative errors, respectively, of the total fields
resulting from different values of §. In both cases the approximate rate
of convergence is O(8%).

As an incident field, we chose a plane wave B = pe*d*, where the wave number
is k = 3, the direction of propagation is d = (0,0,1), and the polarization vector
p = (1,0,0).

Finally, a spherical Perfectly Matched Layer (PML) was used in the annular region
{x : 2 < |x| < 2.7}, with absorbing parameter o« = 0.6. It is important to mention
here that for the numerical implementation of the model, it was impossible for us to
compute the pointwise difference and sum of the traces of E™ and E~, in the two
different boundaries I'y and I'_. Thus instead of considering the jump and average

values [-] and ((-)) in (4.104), we computed the traces on the same boundary, I'_, i.e.

we substituted the jump and mean-value by:
Lo+ - - -
(wr_ = (- +u7r-), and [ulp_ = u"|r- —u”[r—.

In Figure 4.6, the two relative L?(Bg)* and H(curl, Bg) errors, respectively defined
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by:

E -E u cur
and  epeur(9) = [Bare = Bruex S (4.106)

| |Efull ’ ‘H(cu'rl,BR)

[[Earc — Epuul|r2(s5)

Er2 (5 =
22(0) TE w2

were computed.

It is shown that both errors have decaying behavior and an approximate rate of con-
vergence of order O(6%?). Although by definition of the second order ATCs we expect
an error of order O(4?), the observed reduced rate of convergence may be due to the
fact that we changed the jump and average value computations on I'g. However, at
least in this case we can observe that the corresponding ATCs model is increasingly
accurate as 0 decreases and may be used to develop inverse scattering results.

An alternative possibility to explain the drop in the convergence rate of the approx-
imate model may be that the assumption n x (£17'V x E) = 0 on ., is not of the
appropriate order of accuracy. This is a line of research that should be further inves-

tigated.

4.6 Inverse problem
4.6.1 Reciprocity and mixed reciprocity principles

For the upcoming development of our nondestructive test for the detection of
the delamination I'y, it will be important to introduce some concepts. It is well known
(see for example [32] or [23]) that if (E, H) are radiating solutions of the homogeneous

Maxwell equations

VxE—ikH = 0 (4.107)

VxH+ikE = 0. (4.108)

in R\ ©, where the boundary of I'; is C?, then there exist analytic functions (E>, H*)

defined on the sphere S?, such that the following asymptotic expressions hold:

ikr 1
E(x) = € E*(X) + O (—2) when r — oo, (4.109)
r

r

ikr
H(x) = — H*X) + O (712) when r — o0, (4.110)

r
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where r = |x|, X = m» and the convergence is uniform in X. The functions (E>*, H*)
are called the electric and magnetic far field patterns, respectively, and it can be proved

that (see Theorem 1.4 in [23]) they have the following expressions:
BYR) = P [ ) % Bly) + (0(0) % Hly) % R 52} dsty)

H*(X) = EXX A {(v(y) x H(y)) - (v(y) x E(y) x X)e™¥} ds(y).

We will define the solution of the so called background problem to be the unique solution

E; in H,.(curl, R?) such that:

V xE,—ikpH, =0 in R? (4.111)

V xH,+ikeE, =0 in R3, (4.112)

where, again, E, = E{ + E’ in Q.,;, E’ is the incident field, and E; is the scattered
field that satisfies the Silver-Miiller radiation condition (4.24).

The background solutions are the electric and magnetic fields associated with
the healthy material (i.e. when the delamination is not present). Notice that in the
definition of Pp it is implicit that the tangential components of the fields are continuous
across all interfaces.

We will now define two important well-known families of solutions to the homo-
geneous Maxwell equations (4.107)-(4.108).

First, for a given vector p € R3, we define the electromagnetic field generated

by an electric dipole with polarization p, (Eidp(', “P), Hledp( ,*, D)), is given by:

Eledp(y’zvp) = _ivy X vy X (p¢<YJZ)) )

H,, (v.2,p) =V, x (po(y,2)),

where ¢(y,z) = 4:f||y “ is the radiating fundamental solution of the Helmholtz equation.

It is well known that the electromagnetic pair (E,H) = (E! (-, 2,p), H.;,(-,2,p)) is
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the radiating fundamental solution of the homogeneous Maxwell equations (see [23])

satisfying,

VxE—-ikH = 0inR? (4.113)

VxH+ikE = pé(-—z)in R (4.114)

Second, given a direction vector d e S?and a polarization vector p € R? the corre-

sponding electromagnetic plane wave (E;l(-, a, P), H;l(-, 8, p)) is defined by:

EL (v, d,p) = ik((d x p) x a)ez‘kay?

Hi,(y,d, p) = ik(d x p)edy.

The pair (E,H) = (E/,(., d, p), H, (-, d, p)) is an entire solution of the homoge-
neous Maxwell equations (4.107)-(4.108) in R3.
),
),

In the particular case when the incident field is a plane wave Ef = E;)l(-, d P
the solution to the background problem (4.111)-(4.112) will be denoted by E,;(-, d,p
and the corresponding scattered field by E?(-, d,p) € H(curl,R3\ Q).

Notice that if we define

~ 1 ~
H;l(‘7 d’ p) = Ev X E]s)l(', d, p),
then (E7,(-, d, p), H;l(-,a,p)) solves (4.113)-(4.114) in R*\Q. The corresponding total
field le(-,a,p) is defined as usual by le(-,a,p) = H;l(-,a,p) + H;l(-,a,p). Anal-
ogously, when the incident field is an electric dipole E' = E
the background problem (4.111)-(4.112) will be denoted by E.4,(-, -, p), and the corre-

sponding scattered field by E?, (-, -, p) € H(curl, R\ Q).

(+,-,p), the solution to

edp
Again, if H}, (-, -, p) := iVXEzdp(~, 5, P), then (EZ,(+, -, p), Hy, (-, -, p)) solves (4.113)-
(4.114) in R*\ Q2. and the corresponding total field H.g, (-, -, p) is, as usual, Heg, (-, a, p) =
Hédp('a K p) + szp('a K P) in Qg

Finally, the radiating electromagnetic Green’s tensor associated with the background
medium is the generalized electric dipole, defined as the pair of second order tensors

(GE,G*) that for any constant vector p € R? and z € R?, the corresponding fields
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(GE(-,2)p,GH(-,z)p) € Hype(curl,R3\ {z}) x Hyo.(curl,R3\ {z}) solve the following

problem:
.

Vy x (GF(-,2)p) — ikpG"(-,2)p = 0 in R?,

Vy x (G"(,2)p) + ikeG"(-,z)p = pd(- — z) in R?,

lim, o 7((GH(x,2)p) x X — ikGE(x,z)p) = 0.

\

We are ready to prove a mixed reciprocity principle, similar to those presented

in [75] for the electromagnetic case, and in [46],[17],[27] or [24] in the acoustic case.

Theorem 4.6.1. (Mized reciprocity principle) For allX € S? and all z € R®\ (T'UTY),
drp - GP*(X,2)q = q - Ey(z, —X,p), (4.115)

for all q,p € R3. Moreover, for z € T' UTy, then the identity (4.115) is true if

q-v(z)=0and p-v(z)=0.

Proof. Consider p,q € R3, and the following cases:
Case 1. z € R3\ Q.

Since in this case the pair
(E7 H) = (GE(> Z)q - Eidp('a z, Q)a GH('? Z)q - Hédp('a z, q))

is a radiating and non-singular solution of the homogeneous Maxwell equations (4.107)-
(4.108) in R?\ Q, we can use the Stratton-Chu formula for radiating fields (see [65],
Theorem 9.4):

G”(x,2)q — Bl (x,2,q) = V, ></ v(y) x (G"(y,2)a — Ely(y,2,q)o(x,y) ds(y)

Iy

—%VI X Vg X /F v(y) x (G"(y,2)a — Hiy(y,2,Q))6(x,y) ds(y), (4.116)

for all x € R3 \ﬁ.

105



On the other hand, for any constant p € R3, taking the dot product of p with
the terms in the right-hand-side of the Stratton-Chu formula (4.116) involving the

clectric dipole fields E};, and H,,, we get:

edp’

bV, x / ((y) x Elyy(y. 2,0)(x,y) ds(y)
- pv v / ((y) x Hiy(y.2,q)o(x,y) ds(y) =
_ / (W(y) X Ely(y,2:0)) - V, x (p(x,y)) ds(y)

= L ) xHy(v.5.q) - V, x ¥, x (06(x,¥)) ds(y)

ik Jr,
— [ wly) % Bl v z) - By (v, ) ds(y)
[ ) < By ) By bey.p) dsty) (@117

thus,

PV [ () Bl (v 7.0))0bx.y) ds(y)

e VW [ ) ¢ H oty dsty) =
_ /Fl( v(y) x By (y.2,q) - V, x (po(x,y)) ds(y)

_ l ( (y) x H 3 (v,2,q)) - V, x V,, X (po(x,y)) ds(y)
_ /{v x El,(y,2,9) - H., (x,y,p)} dy

- /{ (V x H,,(x,y,p)) - Ely(y,2,0)} dy

T / (V x Hiy(y,2.q) - Ely(xy.p)} dy

[T < B ) By vz} dy. (4119

106



and therefore,

PV, x / ((y) x Bl (v,2,0))6(x,y) ds(y)

1

- lpv kv / (U(y) x Hig(y.2,q)é(x,y) ds(y) =

- /r (v(y) x Etg,(y.2.q)) - V,, X (Po(x,y)) ds(y)

1

-/ ( (v) x Hiy(y,2,q)) -V, x V, x (pé(x,y)) ds(y)

— [ (v ) B ey D) dy

+ /{ZkEedp x,y.p) - El,(y,2,q9)} dy

+ /{ kB (v,2,q) - By (x,y,p)} dy

- [ yp) By m ) dy =0, (4119)
which implies that (4.116) simplifies to

G¥(x,2)q — Ely(x,2,q) = V,x / (v(y) x GE(y, 2)a)b(x,y) ds(y)

I'1

_%v‘“ X Ve X /F1<”(Y> x G"(y,z)a)p(x,y) ds(y),  (4.120)

for all x € R3\ Q. Therefore, by taking the dot product of a constant vector p € R?
with (4.120), we know that the far field patterns satisfy

.(GE,OO(§7Z)q) p Eedp( 7Z7q)

- %p {x x : {(v(y) x G¥(y,2z)q) + (v(y) x G (y,2)q) x ﬁ}e—iki'y ds(y)}
= % A (v(y) x GE(y,z)q) - (—% x p)e *xY

+ (v(y) x G (y,z)a) - (=) x (p x (=%))e""*¥ ds(y)

= 5 | 00) % GF (v ) Hy(y. —=.p)
+ (v(y) x G(y,z)a) - E,(y, —X,p) ds(y), (4.121)
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for all X € S2. On the other hand,

P EZ’;;(&, Z, q)

1 o
=——p- -V, xV, X (qe_”“x'z)

ik
ok N . o
= P (R x (R x q))e
4
 k =R =R .
= a- (R xp) x ()
1
= Eq ’ Epl<z> —X, p)> (4122)
(4.123)
and
p-H;J(X,2z,q)
1 o
- vz —ikX-z
P Ve x(@em ™)
ik R .A
= _jEp (—X x q)e hx*
ik R .A
—_ Z’l_ﬂ—q (—X % p>€flkx-z
1 L
= Eq -H,,(z, —X, p). (4.124)
Hence, (4.121) can be written as
E.o00/3 Zk 7 F)
p- (G 7 (X> Z)q) - Eq ) Epl(z7 -X, p)
1 ; ~
= 1= | W) xG"(y,z)a) - Hy(y,—%,p) ds(y)
INT
1 ; ~
+ 1 | W) x Gy, z)q) - By, —X.p) ds(y), (4.125)
I

for all X € S%. We will now show that the right hand side of (4.125) is exactly +-q -
E;)l(zv _ﬁa p)
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Observe that on one hand, by Green’s formula, for any two given solutions

(E1, Hy) and (Eq, Hs) to the homogeneous Maxwell’s equations (4.107)-(4.108) in €2,

/F (v(y) x Ei(y)) - Haly) ds(y) + / (v(y) x Hi(y)) - Ex(y) ds(y)

'y

_ /Q{,flvy x Ei(y) - Ha(y) - V, x Ha(y) - Eu(y)} dy +

/Q (¥, x Hi(y)  Esly) — V, x Eo(y) - Hi(y)} dy
= 0, (4.126)

while on the other hand, if both (E;, H;) and (Ey, Hy) satisfy the background problem
(4.111)-(4.112) in ©,

/F ((y) x Ei(y) - Haly) dsly) + / (v(y) x Hi(y) - Ea(y) ds(y)

'y

= /Q{vy X EI(Y) . Hg(y) — Vy X HQ(}’) . El(y)} dy +
/Q{vy X Hl(Y) -EQ(Y) - Vy X EQ(y) . Hl(y)} dy =0. (4.127)

Therefore, for any q € R? constant, by the second Stratton-Chu formula,

q- E;l<z7 —ﬁ,p)
4.V, x / (v(y) x Exy, %, p))6(z,y) ds(y)

VX x / ((y) x Hy(y, ~%,p))é(z,y) ds(y)

1k
= /F (v(y) x E;l(y, —X,p)) - Hédp(za}’?(l) ds(y)

" / (v(y) < Hy(y, =%,p)) - Biyy(2,y, @) ds(y),

and if we use (4.126) with (E,,H,) = (E},,H})) and (E;,Hy) = (El,,,H.,,), and
(4.127) with Ey = G”(-,2)p—El;,(z,-,p), , H1 = G"(-,z)p—H],, (2, -, p) and (Ey, Hy) =
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(Eplv le)>
q- E;l<zv _§7 p)

— /Fl(y(y) x Ep(y, —X,p)) - Hiy,(2,y,q) ds(y)
N /Fl(y(y) x Hy(y, —%,p)) - Ely(2,y,q) ds(y)
_ / () ¥ By(y, —%.p) - Hop (2 y,9) ds(y)
N /F () % Hyly, ~%,p)) - By (v, @) ds(y)
— /Fl(y(y) x Eu(y, —X.p)) - (G"(y,z)q) ds(y)
N /F () % Hyly, ~%p) (6 (3,2)a) ds(y)
-/ (ly)x €1y, 2)a) By, ~%p) ds(y)

n / ((y) x GE(y,2)q) - Hiy(y, —%,p) ds(y), (4.128)

Therefore, combining (4.125) and (4.128),
47Tp ’ (GEVOO(ﬁa Z)q> =q- E;l(z7 _§7 p) +q- E;l<z7 _§7 p) =q- Epl(zv _ﬁa p)a (4129)

for all z € R?\ Q. Thus completes the proof for case 1.

Case 2. Let z € .

Then the field (G#(-,z)q, G"(-,z)q) is a non-singular radiating solution of the
homogeneous Maxwell equations (4.107)-(4.108) in R® \ Q, and then taking the dot
product of p € R? with the Stratton-Chu formula of G¥(x,z)q for any x € R?\ Q,

p G (x,2)q = p-Vax / (v(y) x Gy, 2)q)d(x,y) ds(y)

1

—=P - Vo X V, X /F (v(y) x G"(y. 2)@)é(x,y) ds(y)

__ / (v(y) x G"(y,2)a) - V, x (6(x,y)p) ds(y)

1

—5 | 0 x Gy, 2)a) - ¥y XV, x (9(x,7)p) ds(y).
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so the far field pattern satisfies

p-G"*(X,z)q

- = [ () < 6 (. 2)) Hly, % p) dsly)
. | (v(3) x €"(y,2)a) - By(y, % p) ds(y)
_ i Fl(V(Y)XGE(y,z)q)-le(% —X,p) ds(y)
+ % 1H(l/(y)><(G}H(y,z)q)-Epz(y, —X,p) ds(y)
— % Q(Vy><(G‘;E(y,z)q)-le(y,—ip) dy
- = (V) % Huly, ~%,p)) - G*(y.2)a dy
+ ﬁ (9, x Gy, 2)a) - Bply, —%.p) dy
- = (V) x By, =% ) G (y,2)a dy.

where in the second equality we have used the fact that for every two radiating solutions

of (4.107)-(4.108) in R3\ Q, (E$, H3) and (E§, H3), it is true that
0 = [ {(v(y) x Ep)-H; + (v(y) x Hj) - E3} ds(y). (4.130)
Iy
Therefore, from (4.130),

p-G"*(%,2)q

1 [ N
= k(G (y,z)q) - Hy(y, —%,p) dy
™ Ja
1 . -
+ o [ ikBuly, —%,p) - G"(y,z)a dy
T Jo
1 _ N
+ (—ikeG"(y,z)q + ad(y — z)) - En(y, —%,p) dy
Q
1 [ N
= - [ keHu(y, ~%,p) - G"(y,2)q dy
T™Jo
1 -
= Eq-Epl(z,—x,p), (4.131)
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as wanted.

Case 3. ze Iy UT.

Notice that by continuity of the tangential traces of E, (-, =X, p) and G¥* (X, -)p
on I'y UT, then the identity (4.115) is true at z € T'; UT as long as p, q € R3 satisfy

v(z) -p=vr(z) q=0, and the proof is complete. H

We now turn our attention to the approximate problem (4.20)-(4.24) for the
delaminated configuration. We will next pove that the reciprocity relation satisfied by
far field patters of solutions to the full model (4.1)-(4.3) (see Theorem 6.30 in [32]) is
still satisfied by far field patterns of radiating solutions to the approximate model.

For the sake of simplicity, in the following theorem we denote by
EX(,d,p) and H(.d,p) (4.132)
the far field patterns of the radiating solutions to the problem (4.20)-(4.24):
E5(,d,p) and H(.d,p), (4.133)
where of course we have set H;, = —ikV X E}, in Qe

Theorem 4.6.2. (The reciprocity principle for the ATCs model) For all X,d € S* and
p,q € R?,
q-Ej(x,d,p)=p-Ey(-d,—X q).

Proof. Following the arguments of the proof of Theorem 6.30 in [32], if X, d € S? and

p,q € R3, then from the divergence theorem in €,
0= [ wy)xEyydp) Hyy %) ds)
(T\To)uUT' 4

=/ V(y) x Hiy(y,d,p) - Biy(y, ~%.q) ds(y),  (4.134)
(I\p)ur'

and from the radiation condition,

(E;l('7d7p)7H;l<'>d7p)) and (EZl(a —i, q)? ;l('a _§7Q))
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satisty:
0 = / v(y) x By (y,d,p) - Hy(y, —X, q)
(MTo)uT'+
+ v(y) x Hy(y.d,p) - E;(y, —X,q) ds(y). (4.135)
Moreover,
4rq-Ej(X,d,p) = / v(y) x Ey(y,d,p) - H,(y,—%,q)
(T\To)ul'+

+ v(y) x Hy(y,d,p) - Ej(y,—X,q) ds(y)  (4.136)
and
4rp-Ej(-d,-R,q) = / v(y) x E3(y, —%,q) - H!/(y,d, p)
(IM\Lo)ur' 4
+ V(Y) X H;l<y7 _ﬁa q) ’ E;l(y7 d7p> dS(Y)? (4137>
and therefore considering the sum (4.134) + (4.135) + (4.136) - (4.137) we get,
4r(q-EF(%,d,p) — p - E¥(-d, —%.q))

~

= / V<y) X Epl(Y> _ﬁa q) : le(Ya da p) dS(y)
(T\To)UT'

+ / v(y) x Hy(y, —%,q) - Eu(y,d,p) ds(y), (4.138)
(T\To)ul' 4

and thus

— /F+ v(y) x Bu(y, —%,q) - Hy(y.d, p) ds(y)

N /F+ v(y) x Hy(y, %, q) - Ey(y,d, p) ds(y)

[ vy < Bl

n / v(y) x Hy(y, —%,q) - En(y.d, p) ds(y)
v(y)

“ )
(T'\Ip)UT'—

+ / v(y) x Hu(y, —%,q) - Ey(y,d, p) ds(y) (4.139)
(M\p)ur—

v Yy, _§7 q) ' le(y7 a7 p) dS(Y)

!

—~

x En(y, —%,q) - Hy(y,d,p) ds(y)
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and thus,

dm(q - Epy °(%,d,p) —p- Ey (- d, -%,q))

_ / [v(y) X Buly. %, a)] - (Hu(y.d.p)) ds(y)
b [ ) % Haly.~% )] (Buly. &) dsy)
- / (Buly,—%. @)} - [(y) x Hyu(y,d,p)] ds(y)

" / (Ha(y, ~% @)} - [(y) % En(y, d,p)] ds(y) (4.140)

which implies that, substituting the expression (4.17) for the ATCs of our approximate

model:

dn(q-EX(X,d,p) - p EX(~d,~%,q))

=/ Ai((Hyu(y, =%, @)7) - (Hu(y,d, p))y ds(y)
o A (Buly, =%, a))7) - (Buly,d, p)) ds(y)

- / (Eu(y, —% @) - A((Eu(y, d, p))y) ds(y)

n / (Fi(y, ~% @)} - A ((Hu(y. . p))y) ds(y)

- 0, (4.141)

where the last line is a consequence of the fact that the operators :45/1 and ;l;, defined

by (4.18)-(4.19), are symmetric. O

Remark 4.6.1. About the representation formula for electromagnetism:

Let D C R? be a bounded, simply connected domain with Lipschitz boundary 0D. If
v is a function such that v = v in R®*\ D and v = v° in D, and v denotes the
unit normal vector on 0D pointing outwards from D, then the jump of v across 0D is
defined by:

[W]op = v"|op — v°|ap. (4.142)
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Let E* in Hye(curl, R\ D) be a scattered electric field (satisfying (4.24) ) such that for a

given incident field B, the corresponding total field E := E'+E* in Hyo.(curl, R*\ dD)
satisfies the inhomogeneous problem.:

Vx(VXE)—FKFE = 0inR*\D, (4.143)

V x (up'V x E) —k*¢pE = 0in D, (4.144)

where pup and ep are smooth material properties. Then E* holds the following repre-

sentation formula:

B = o [ { =iV xGE ) < By )
+ GE(x,y) [vx (1'V xEY)],, (y)} ds(y), (4.145)

where G denotes the corresponding electric Green’s tensor.

4.6.2 The linear sampling method

The inverse problem that we want to solve is to determine the location of the
delaminated part of the interface Iy, from the knowledge of all the far field measurments
of the electromagnetic field, when the incident fields are plane waves in all directions
of incidence, and with all possible polarizations.

In order to develop our method for the solution of this inverse problem, we
will introduce the necessary notation for the construction and analysis of the linear
sampling method.

Let g € L?(S?), then the electric Hergoltz wave E, is defined by

E,(x) = /S 2 g(d)e=d dsg. (4.146)

The far field operator F : L?(S?) — L2(S?) associated with the medium with
the defect is defined by

(Fe)(®) = /S B, d,g(d)) dsg, (4.147)
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where E“(-,a,g(a)) is the far field pattern of the radiating field E*(-,d, g(d)) as-
sociated with the solution of (4.20)-(4.24) when the incident field is the plane wave
Ei(-,a, g(a)) By linearity, Fg is the far field pattern of the radiating solution of
(4.20)-(4.24) when E' = E,.

In an analogous manner, we can define the far field operator Fp : L?(S?) —

L#(S?) associated with the background problem by
Frg)®) = | E%d g(@)dsy (4.148)

where E27 (-, d, g(a)) is the far field pattern of the radiating field E;, (-, d, g(a)) defined
in the previous subsection. We will denote by E; g and Ej , the total and radiating field
solutions to the background problem (4.111)-(4.112), respectively, when the incident
field is E' = E,. Then, again by linearity, Fpg is the far field pattern of | D

The far-field operator associated with the defect is defined by the difference

Fp=F — Fp, (4.149)

which will provide the informaton associated with the delamination alone. If we assume
that Fp is well known and that F can be measured, then we will develop a method
to detect the existence and location of I'y based of Fp. Therefore, we will study the
range of this operator.

Define now
H = {u € H(curl, B}) | p7'V x u € L*(B%) and {(ur) € H(curly, FO)}, (4.150)
endowed with its graph norm,

2 _
Tl = 0l Bagemey + 7% 5 w22 e+ 1102 Bigurter (4.151)
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A solution to the defective problem is given by E € Hy,.(curl,R® \ Q5) such that
E|p; € H and that satisfies:

Vx (p'VXxE)—k*E=0 in R\Q, (4.152)
Ay x E] = 6((n~'V x E) ) + hy, (4.153)
[v x (17'V x E)] = §A(Er) + hy, (4.154)
nx (p'VxE)=h;on.?, (4.155)
and E satisfies the Silver-Miiller radiation condition (4.24), where
by = (Y x v, — AT x v,
hy = A (v, — v x p 'V x V] : (4.156)

h; = —nx (;flv X V) ’y,

for some v € H.
Define the Hergoltz operator 5 : L3(S?) — H(curly, To)xHo(To)" xH™Y2(divy, )
by

Hg = <5<<ulv X Epg)p — AT v x Epgl,
0 A ((Epghp) — [ x ™'V x Eygl,,
— nx (u7V x Eyy) ‘y) (4.157)

where A; : Ho(To) — Ho(To)*, i = 1, 2, are the boundary operators defined by (4.37).

Remark 4.6.2. Notice that Fpg is, by linearity, the far-field pattern associated with
the solution to the defective problem (4.152)-(4.155) when the incident field is E* =

E; g, i.e., when the the boundary source terms are Fg.
Define ¢ : H(curlp,I'g) x Ho(To)" x H™Y2(divy,.#) — L2(S?) by
g(hl, h27 h3) - EOO’

where E* is the far field pattern of the scattered field E that solves the defective
problem (4.152)-(4.155). From Theorem 4.4.1, we know that the operator ¢ is well
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defined and bounded.
Then it is clear that the following factorization of the far field operator Fp holds:

Fp =97,
and we will prove the linear sampling method based on the properties of ¢ and 7.

Proposition 4.6.1. In addition to the assumptions of Theorem 4.4.1, assume that the
function |V | is bounded in a neighbourhood of T and n x (u='V x Eyg) L= 0 if and
only if g = 0. Then the operator F is injective with dense range.

Proof. Observe first that by linearity,

~

Bue) = [ Bulx,d.8(@)dsz (4.158)
and thanks to Theorem 4.6.1, for all p € R3,
P Eyg(x) = /S rg(d) GP(-d, x)pds; (4.159)
Observe that
H(curly,Ty) = {vpp VX g ( Vr x ¢ € H{(Ty), Vip € Lf(FO)} (4.160)
and thus

H(curlp, Ty)" = {vpp +Vrxg ] Vi x g € HyY(Ty), Vip € Lf(ro)},(4.161)
= H;'(divr, ). (4.162)
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Given (¢,m,0) € Hy'(divp, To) x Ho(To) x H™V2(curly, ), if (-, -) is the correspond-
ing duality pairing, then by always using as pivoting space L? (in either Ty or .):

(Mg, (&n,0)) = /F {5«#_1v X Eb,g>>T : E - -’41_1[[’/ X Epg] Z} ds(y)
b [ {ordEi m— Y x Bl dsty)
— / nx (u 'V xEy)- o ds(y)
&

- /FO /S {5<<u‘lv x Ey(y,d, g(d)), - €

- A By @) €] ds(@) dsty
N / / {5A2<<Eb<y,a,g<a>>>>T 7
- [[qu_lva(y,ag(a))]] ﬁ} ds(a) ds(y)

_ //SanM 'V x Ey(y,d,g(d) & ds(d) ds(y), (4.163)

and by the mixed reciprocity principle,
ForeEno) - [ s@- { [ {300y x &Py, &)
HES=(-dy)ll x A€ | ds(y)
+ [ {aer =y e
R R R R

+ /y [V x GP(=d,y)(n x o(y)) ds(y)} ds(d), (4.164)

Notice that in general A;* and Ay are not self-adjoint operators because J(e;) > 0.

Thus if we define

—_ s
Aim = ain — ficurly curlrmn, and (4.165)
— s

Aom = agn — Bocurly curly n, (4.166)
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then we conclude that the conjugate transpose operator J#* : H™'?(curlp,Iy) x

H~2(curly, Ty) — L2(S?) of 22, is given by:

Loene) = / 0 {5<<p,—1v < CE=(—,y)))r &(y)

¢ =yl x «Tfls(y»} as(y)

+ /F {5<<GE’°O(—-,y>>>TT2n(Y>

b VX Ayl n<y>>} ds(y)

+ / PV x GE2 (= y)(n x o(y)) ds(y). (4.167)
5

Thus E*(X) = L #*(€,n,0)(—X) is the far field pattern of the following potential:
B0 = [ {3V %65y, €7
b ICF VI x A ED | asty
v [ {aetern Ame)
bV X GE Yl x 1) b sty

" /wa x GP(x,y)(n x oly)) ds(y). (4.168)
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Observe that E = (Er, )7 + (Er_)r + E», where we define

B = [ {5070 x GEye + o) €

LGPy + ) X Il_lﬁ(yr))} dyr

5 o
+L£0{§GEbgyr+5f+V%4ﬂﬂYﬂ

N——

+ 'V xGF(x,yr +0fv)(v xnyr) ¢ dyr, (4.169)

Er (x) := /FO {ng x GP(x,yr — 6/ v)&(yr)

(k. yr— 6f ) (v x Zlayr»} dyr

v [ (2ot v

LY X GE(xyr — 8w n(y_r))} dye,  (4170)

B, (x) = /y IV x GE(x, y)(n x o(y)) ds(y). (4.171)

Moreover, using the notation and the representation formula in Remark 4.145, we know

that the following jump conditions on I'_, I'y, and . are satisfied by E:

v xElp, = [vxEr ],

— —z‘kgz —ik(v x 1), (4.172)
v xElp = [vxEr ]

= —z'k:gE+ ik(v x 1), (4.173)
vxE], = [vxEy],=—iknxo), (4.174)
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and

px (VB =[x (1Y X))

Iy
:iuuxZT?y+m;£ﬁ (4.175)

v x (W' VxE)] = [px(pT'VxEr )]
— 4uuxZI?)+m§£ﬁ (4.176)

[nx WV xE)], = [nx(uVxEs)],
= 0. (4.177)

Now, suppose then that E> = 0, then by the Rellich Lemma (Lemma 9.28 in [65]), we
know that E = 0 in R®\ Q. Moreover, from the assumptions of |Vy| and the unique

continuation principle for isotropic time harmonic Maxwell equations (Theorem 2.3 in

[70]), we ensure that E = 0 in R*\ Q5. Then:

vxEl, =vxE™ —vxE| =-vxE| | (4.178)
+ Ty Iy Ty
_ 6 o out — 1)
v xEl, =vxE . vxE . I/XE‘F_, (4.179)
_ out . 0 - _ J
v xE],=nxE P any any, (4.180)
and
—1 _ -1 out
(v x (u V><E)}F+ = vxu 'VxE .
—v x (u'V x E?)
Ly
= —vx (p'VxE)| | (4.181)
Iy
vx ('Y XE)] = vx(u'VxE)|
—v X 'V x B2
-
- ux@ﬂvXE%L, (4.182)
-1 _ -1 5
nx (u'VxE)], = —nx(u'VxE)| . (4.183)
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thus combining (4.172)-(4.177) with (4.178)-(4.183),

vxE| = z’kég—i— ik(v x M), (4.184)
T, 2
v x E? o= —ikgf +ik(v x 1), (4.185)
n x E? L= ik(n x @), (4.186)
and

= O—

v (VX EY) | = ik x A ) — ik A7, (4.187)
+

N 0—
vx (VX E) | = —ik(v x A 6+ ik Aa, (4.188)
nx (p'V x E) =0 (4.189)

Introducing the following notation for the internal jump and the internal mean value:

ﬂu6ﬂ96 =

—f| L (g, = 5

+u5) )

I, r_

for every u® (scalar or vectorial field) defined in Qj, we know that,

[v x E°]q, = ikd€, (4.190)
(ET)q, = ik, (4.191)
and
[v x (0 'V x E°)]o, = —ik6Asm, (4.192)
(' x E¥)rhq, = —ikA; €. (4.193)

Therefore, E° = E|q, € H(curl,(s) satisfies

Vxui'VxE —k?eE=0 in Qf, (4.194)
A v x B, = =811V x B, (4.195)
[v x (17'V x E*) o, = —0A2(EZ)q,, (4.196)
nx (u7'V x EY) L, —0, (4.197)
n x Eé‘ — ik(n x 7). (4.198)

7
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Notice that (4.194)-(4.198) is an over-determined system which in general will not have
a solution. However, to investigate further, multiply by a test function and integrating

by parts we get that E? necessarily satisfies,

ag,(E°,v°) =0, forall v°eH), (4.199)
where
ag,(E°,v%) = /Q {M;v xE -V x ¥ — ke E’- v5} dy (4.200)
5
L[ = 5 =5
+ 5 Ay v x E’q; - [v x V]q, ds(y)
To
- 0A(ET)q, - (V' )q, ds(y), (4.201)
0
and
HY = {u5 € H(curl, ) ‘ <<U6T>>95 € H(curly,T'y) and
nx (i'Vx )| =0}, (4.202)
with the graph norm
5|2 5|2 b 2
1l = 10 lesqeartny + 160Dy g oy (4.203)

Observe that agq,(-,-) has the same structure as the sesquilinear form a™(-,-) + b(-, ),
where a™ (-, -) and b(+, -) are respectively defined in (4.50) and (4.51). Hence, repeating
the arguments given in the proofs of Proposition 4.3.2 and Theorem 4.4.1, it is possible
to prove that the problem (4.199) is well posed. Therefore, its unique solution is
E? = 0. We then deduce that (£,1,0) = (0,0,0), and thus 7 is injective, implying
that ¢ has dense range.

Now, to show that J# is injective, lets observe that if .#°(g) = 0 , then in particular
nxp'VxEy, L= 0, which by the assumptions is only possible if g = 0. O

Given a regular surface L C I', we define

Coo(L) :=={ue (C(L)’|v-u=0on L}.
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For any density a; € C§%(L), we define ¢3° by

¢zo(§) = /LGE’OO(Q, yp—|—5f+1/)aL(yp) dyF (4204)

The collection of functions ¢7° will be called test functions, and with them we will

characterize the range of ¢:

Lemma 4.6.1. (Characterization of the range of ¢) Let L C T', and a;, € C55(L)
such that aj, does not vanish in any open subset of L. Then L C D'y if and only if
o7 € Range(9).

Proof. Let L C T'g and ar, € C§3(L). Then its extension by zero a; in I'g belongs to

C*(T'g), and the corresponding test function

$PR) = / GF> R, y)ar(y) ds(y) = [ GF=R.y)a(y) ds(y) (4.205)

o
is the far field pattern of Pay, defined by:

fFo GF(x,yr+doftv)ar(y) dyr inR3\ QsUQ_,
(Pap)(x) :=
Jr, GF(x,yr —dfv)ar(yr) dyr in Q.
Due to well-known properties of the single- and double-layer potentials (see Remark

4.145),

V x 'V x Pa; — k*¢Pa;, =0 in R*\ Qj, (4.206)
[v x Pas] = o0, (4.207)
[v x (p'V x Pay)] = ikay, (4.208)

and Pay is a radiating field. Therefore, Pay, is the solution to (4.152)-(4.155), for
(hy, ho, hy) defined by (4.156), for v = — Pa;, and 9(hy, hy, hy) = ¢

To prove the other direction, let a; € Cg5(L) such that ¢7° € Range(¥). Then there
is (hy, hy, hs) € H(curlp, To) x Ho(Ly)* x HV/?(divy,.#) such that E is a solution to
(4.152)-(4.155) and its far field pattern satisfies E* = ¢7°.

On the other hand, ¢7 is also the far field pattern of the radiating field ¢, defined by

¢, (x) = 47T/LGE(X,y7—|—5f+I/)aL(yF) dyr.

125



By Rellich’s lemma, E and ¢; are identical in R® \ Ty U L. Suppose L \ Ty # (), then
since a;, does not vanish in open sets of L there is x € L\ Ty such that ar(x) # 0.
Then v x =tV x E would be continuous at x while v x p=1V x ¢»; would have a jump

at that same point, which is a contradiction. O

Proposition 4.6.2. Under the same hypothesis of Proposition 4.6.1, Fp : L(S?*) —

L2(S?) is injective with dense range.

Proof. The fact that Fp = ¢ is injective is an immediate consequence of Proposition
4.6.1 and from the injectivity of ¢, which follows from the well-posedness of (4.152)-
(4.155).

To see that Fp has dense range, take P : L#(T) — L?(S?) defined by

(Pa)(d) = —

GP(d,y)aly) ds(y) (4.200)

and then

thus

Py = [ Baly,-dg@) ds@) = By (1.211)

where g = g(—X). Therefore, P*g = 0 if and only if g = 0 and thus P has dense
range. Since Range(P) C Range(Fp), the proof is complete. O

Now we can prove the standard theorem to justify the linear sampling method.

Theorem 4.6.3. (linear sampling method) Let Fp : L2(S?) — L(S?) be the far field
operator given by (4.149). Then the following hold:

1. For any arbitrary open surface L C T'yg and € > 0, there exists a function g. €
L2(S?) such that
[ Fpge — OF Il 12(s2) <&
and, as € — 0, the corresponding solution Eyg  to the background problem

(4.111)-(4.112) converges in Hoy to the unique solution Er of (4.152)-(4.155)
with hy, hy and hy are given by (4.156), with v = ¢ .
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2. For L ¢ Ty and € > 0, every function g. € LZ(S?) such that
[Fpge — OF llr2g2) < €

is such that the corresponding solution Ey 4 to the background problem (4.111)-
(4.112) satisfies

EL% HEb,gs”Hloc(cml,RB) =00, and ll_rf(l) ”gsuLf(S?) = 00.

Remark 4.6.3. Theorem 4.6.3 is the basis for the NDT for the detection of the de-
laminated region To C T, but it is worth noticing that from the definition (4.204), the

test functions correspond to far field patterns of potentials given by
¢, (x) = /LGE(X, yr +d0f v)ar(yr) dyr, (4.212)
which are discontinuous on the shifted segment
Ly={y=yr+d0f*v(y,)d|y, € L}, (4.213)

that in principle we do not know, since § f+ is an unknowns quantity. However, let T
s a tangential vector to L C I' at yr, then by the mixed reciprocity principle Theorem

4.6.1,
drr - GP (-, yr + 6 f Tv(yr))ar(yr)

=ar(yr) Eu(yr +of v(yr), —, 1), (4.214)

and since the tangential traces of By (-, —X, T) are continuous, then if 0 is small enough,

47 - GE (- yr + 6 fTv(yr))an(yr)

~ar(yr)  Eu(yr, —,7), (4.215)

which can be computed because it is defined on the known surface I'.

4.7 Numerical experiments
In this part of the chapter we present some numerical results, using a numerical

algorithm reconstruction based on the linear sampling method Theorem 4.6.3. In
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what follows we explain how the discretized far field operator and test functions were

constructed. This is based on [23], p.47.

Let {X;}}_, C S* be the nodes and w = (wy,...,wy)" € RY be the weights vector

associated with a given quadrature rule on the unit sphere S?. We will set both the

incidence and the observation directions to coincide with {X;}7,.

Therefore, the far-field operator acting on g € L2(S?)?, satisfies

FOR) - [ BrRde@) ds@
~ ijEggmp(gi?ﬁj?g(ij))‘

=1

If we define for every j =1, ..., N, given ﬁj x p; #0,

. P;j X X; ~ p; X (X; X pj)
i BEE g gy Bix xR
Ip; X X Ip; X (X; X pj)|

and for ¢ € {0,¢} and j € {1,...,N}
g5 = 8(x)) - B,
then by linearity,

EY,,(X.%,8X)) = EX,,(%.%,0)g] + EX,, (%%, 7))

Thus denoting

A, = E,,(R.%;,B)) for L€ {00},

comp

at the discrete level the associated far field equation becomes

N
> wiAl gl +wiAl gl = o7 ().
j=1

(4.216)

(4.217)

(4.218)

(4.219)

(4.220)

However, the discrete far-field equation (4.220) is in tensor form. To get a standard

matrix equation we take the dot product of both sides of equation (4.220) with f)f , for

B € {0, ¢} and thus

N

8,0 0 B.d & _ e
ijAi,j g; + WjAz‘,j 9; = ff(xi)7
j=1
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where

Aff ::ﬁf-Afﬁj:ﬁf-Eo" (%,%;,p%) and f2(%)) =D (X)) (4.222)

comp
In matrix form, if M%? € CV*V is defined by
M% = A“’D, (4.223)

where D = diag{w} is the diagonal matrix whose principal diagonal is the weights
vector w.

The far-field equation becomes

MQ,G M9,¢ gé fo

M0 Mé»¢ g? 1o

L daonxen L donx1 L danx1

As the discrete version of the ill-posedness of the far-field equation, this linear
equation is also severely ill-posed but can be approximately solved using, for example,
the standard Tikhonov regularization method. Given the solution g,, to the regu-
larized problem associaled to the regularization parameter 0 < n < 1, the indicator

function that we would compute is given by

Gy(z) = 1/||82n]|- (4.224)

In our case, for the practical examples, the test function will be considered when the
surface L C T' shrinks to the point z and the density a; tends to a delta function
d(-—z)7y, where 7, for £ = 1, 2 are the basis of the tangential plane to I' at z. In such

a case,

o5 (%) = G,z +of )T, for (=12 (4.225)
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And then the right-hand-side terms for the discrete far field equation are:

foX) = P o) (4.226)
= P/ G ¥Rz +dfv)T, (4.227)
1 o~
= T Bzt ofTr X, p;)
1 < of
~ ETK - Ey(z, —X;, D). (4.228)

4.7.1 Numerical reconstruction example

The example we presented here was done for the configuration shown in Fig.
(4.5), were Q_ is the interior of a cube, and the delamination is located on one side of
the cube.
The material physical and geometrical parameters in this particular example were:
k=3,0=001, p_ =py =pus=1,e. =2+0.0017, e = 4+0.0014, ¢5 = 3.5+ 0.001:.
In this example, the PML is spherical, with external boundary the sphere of radius
R, = 2.7, and the internal boundary of radius R = 2. On the other hand I'; is a
sphere of radius R, = 1.3, and I' is the surface of the cube centered at the origin and
with side-length [ = 1.2.
In total, the number of incident directions d € S? was 93 in this example, and they
were generated as the nodes of a uniform mesh on the unit sphere S? constructed by
Netgen/Ngsolve. The sampling points {ZE}évzsl, N, = 152, were constructed in a similar
way, by defining a surface mesh on the cube. The regularization parameter for the
Tikhonov regularization method in this example was chosen as n = 107,
Both the far field data and the right-hand-side (4.228) were computed by solving the
full problem (4.1)-(4.2) and (4.3), and using a finite element method for the variational
formulation (4.95). The Nitsche’s parameter was set as v = 10, and the mesh refine-
ment level A,,., = 0.2. Some noise in the data was added in order to avoid numerical
crimes. We consider flij = A;;(1 4 £¢;;), where {¢;;} is a collection of independent
random variables with uniform distribution over the interval [—0.5,0.5], and € > 0 is a

constant. The level of noise is defined by p := ||A — A|o/]|A|]2.
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Figure 4.7: Panel Reconstruction of the delamination on one side of the cube, under
p = 5.5% noise.

Conclusion

A Chun’s-type ATCs model for the scattering of electromagnetic waves in the
presence of planar delaminations with constant thickness was proposed, based on a
particular case of the more general ATCs model whose complete derivation can be
found in Proposition C.3.1.
After a well-posedness result was successfully established when the absortion in the
whole obstacle is large, i.e. when $(ex), S(€5) > €min > 0, the ATCs model was
used to develop a NDT of delamination by adapting the LSM to this case. Although
the LSM proven analitically works only under the assumption that one of the bound-
aries of the delamination is known (I} ), the practical implementation still works when
suitable approximations to the test function are considered and this extra impractical
assumption is eliminated. The reconstruction algorithm has been successfully tested

in a numerical example.
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Chapter 5
OPEN PROBLEMS AND FUTURE WORK

As described before, this thesis combines asymptotic techniques and qualita-
tive methods for the development of NDT to detect delaminations and cracks. The
mathematical methodologies that were applied to solve the inverse scattering problems
discussed in this thesis are diverse, and different lines of research may still be explored.
Here we point out some open problems that arise from the analysis presented through-
out the thesis.

Regarding the problem of crack detection in elastic materials discussed in Chapter 2,
it would be interesting, for example, to consider the following two generalizations:

» Crack detection in layered anisotropic elastic materials.

» More general interfacial conditions on the crack.

Concerning the interfacial conditions, it would be a possibility, for example, to explore
an ATCs model for elastic materials in the fashion of the asymptotic model that was
described in Chapter 3 for the acoustic wave scattering. These models would presum-

ably be more accurate to describe the so-called delamination cracks in elastic media.

In the case of inverse acoustic scattering for the detection of delaminated inter-
faces considered in Chapter 3, it would be interesting to
* Investigate the performance of the numerical algorithm for limited aperture data.
* Develop a mathematically more rigorous test via the the Generalized Linear Sam-
pling Method (GLSM) [12, 11].
Moreover, due to the geometry of the defect, the singuarity of the solution at the edges
of the delamination {25 plays a role in the stability analysis of the asymptotic model

as the thickness of the delamination goes to zero, and this has still to be theoretically
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understood (see Remark 3.2.1).

Regarding the asymptotic model for the scattering of electromagnetic waves in
the presence of thin domains (delaminations), whose analysis constitutes the first part
of Chapter 4, the problem of considering more general geometries is still the main issue.
More specifically, it would be desirable to study the following two cases: (a) delami-
nations of constant thickness but sitting on curved interfaces, and (b) delaminations
of variable thickness.

Although the second order ATCs model derived in Proposition C.3.1, takes into con-
sideration the two general cases (a) and (b), the complications arise in the integration-
by-parts (4.25), which is the previous step in the derivation of a variational formulation
of the problem:

/ v x (p'VxE7)-v™ ds(y) —/ v x (u'VxET) v ds(y).  (5.1)

r_ r,

Below we describe in more detail the complications that the cases (a) and (b) described
before lead to.
« In case (a), where the functions f* are constant (and thus v = v~ = v™), but the

curvature of I'y is not identically vanishing, then (5.1) becomes:

— Jp, DV x (pi'V x ET) vt ds(y) (5.2)
= [, IVDy x (u'V x E)] - (VDv)) ds(y)
~ o (VD x (u'V x E)) - [VDv] ds(y), (5-3)

where DF = 1 4 6(c; + co) f* + 62ciea(fF)? are the determinants of the Jacobians
associated with the change of variables xp — xr 4 § f¥v(xr).

In [30], the authors have successfully addressed the case when f~ = f*, noticing that
the expression (5.3) simplifies in terms of the non-weighted jumps and average values
[v x (17'V x E)] and (v x (u™'V x E))), and thus the ATCs model can be used in
such case. However, the extra hypothesis f~ = f7 is not considered in our work since

our main interest is the inverse problem of the detection of I'y, where f~ = f* cannot
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be a priori assumed.
« In case (b), where the functions f* = f*(xr) are non-constant but the principal cur-
vatures ¢; and ¢, vanish identically on I'y, the determinants DT of the transformations

xr — Xp + 0 ffv(xr) are D = 1 identically. In this case, (5.1) becomes:
Jo vx (pZ'V xE7) v~ ds(y) — fF+ vt x (pi'V x ET) vt ds(y)
== Jp,Iv" x (W'V X E)] - (v)) ds(y)
= Jr (= x (W'Y X E)) - [v] ds(y), (5.4)
where we have included the superindices + on the normal vectors defined on the bound-
ary of the delamination, v and v~, to emphasize the fact that they do not coincide

with the unit normal vector on I'y, v. Therefore, in this case it is difficult to relate the

terms in (5.4) to the ATCs expressions in Proposition C.3.1.
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Appendix A
AUXILIARY LEMMAS FOR ELASTICITY

This Appendix contains some auxiliary technical results of linear elasticity, used
in Chapter 2. The notation here, unless otherwise stated, corresponds to that chapter.

We start by deriving an analogue of Green’s representation formula.

Lemma A.0.1. Let D C R? be a bounded, connected and open domain with Lipschitz

boundary OD. Let w* € H}, (R*\ D)* be a radiating solution to A}, , u* +w?u* =0

in R3\ D. Then, if we denote by vp the unit normal vector on 0D that points to the

exterior of D,

w0 = [ {00, ux ) - Ty} by, (A
for allx € R*\ D.

Proof. Let x € R*\ D and R > 0 large enough so that the open ball By of radius
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R > 0 is such that {x} U D C Bg. Then, integrating by parts in Qg := Bg \ D,
u’(x) = _/Q (A%, 4 To(y, %) +w’To(y,x)) - u™(y) dy
= / {Vusc(y) : C: V,To(y,x) — w’To(y,x) 'USC(Y)} dy
Qr
i /d APy} dsty) - /a oy} as)
= — [ {Raly @) + ey} dy
" /8 AP Tobe Y (y) = To(x, v, 0" (y) ) ds(y)
+ /8 ATy (y) — Tl v (v) } ds(y)

= [ {05, Tolxy)u(y) —~ To(x, y)0,,u(y) } ds(y)
,.{ }

t [, AT ygu) - grie v )} asty) (4.2

Observe that when R — oo, the integral on 0Bpg in the last line of (A.2) vanishes, so
that

w00 = [ {00 Pabxy () - Toxo )2, w )} dsty). (43

[

Using the previous result we can prove the following representation formula for

the far field pattern of the Green’s matrix G, defined by (2.49).
Corollary A.0.1. For allz € (2,
6r®) = [ {0, TFERYC0.) - TFER YL, G0} di).  (A4)
N}

We now prove an identity of scattered elastic fields, which is a necessary auxiliary result
for the proofs of the mixed reciprocity principle Theorem 2.3.1 and the propeties of the

scattering operator Sy stated in Proposition 2.5.1.
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Lemma A.0.2. Let D C R? be a bounded, connected and open domain with Lipschitz
boundary OD. Let u, w € H} (R®\ D)3 be two reqular radiating solutions of Aju +
whu* = 0 in R¥*\ D. Then, if we denote by vp the unit normal vector on OD that

points to the exterior of D,

0= [ {or,u - wly) =) ,wi) | as) (A5)

Proof. Let R > 0 be large enough so that D C Bpg. Then, integrating by parts in
QR = BR \ E,

0 = - / (Apw(y) +w*w(y)) - uly) dy

= /Q {VU(Y)iCoivw(Y)—WQW(Y)'u(Y)} dy

+/aD{a:DW
_ _/ {w )
{o;

() (Ajuy) +wuly)} dy
—i—/D 9, w(

n / vy

J
= [ o, wl) uy) — wly) 25,0 | sty
J

-u(Y)} dS(y)—/aB {3§W(Y)-H(Y)} ds(y)

2
]

(y
(
y

Q

)

) uly) — wiy) - 05,uly) b ds(y)
u(y) — ow(y) -uly) ¢ ds(y)
+ /GBR {W(y) -O5u(y) — O5w(y) - u(y)

Now, from the radiation conditions (2.7),

| {w)- i) = opw(y) - u) | asty)

- R /S 2 {W(Ra)-a;lu(Ra) —a;lw(Ra).u(Ra)} ds(d)

— ika / {w(d)-u*(d) - w*(d) - uw(d)} ds(d)+0 (%)

- o(1) a
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and then taking the limit in (A.6) when R — oo, we get finally that

0= [ {or,u0) wly) () 25, wl)} dsty),
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Appendix B

DERIVATION OF THE APPROXIMATE TRANSMISSION
CONDITIONS FOR THE ACOUSTIC CASE

The material in this appendix concerns the detailed derivation of the second
order approximate transmission conditions (ATCs) in R? used in Chapter 3.

At the risk of repetition, to allow an independent study of this appendix, we describe
here in detail the setting of the original acoustic scattering problem addressed in Chap-
ter 3.

Denote by  C R2, the support of a layered medium which is composed of two
different materials adjacent to one another with constitutive material properties p,
ny and p_, n_. We denote their bounded support by 2_ and €2, respectively, and the
shared interface by I' := 9Q_ (i.e. Q@ = Q_UQ,). Both the outer boundary 92, of the
domain €, and the boundary 92_ of the simply connected domain €2_ are assumed
to be piece-wise smooth, unless mentioned otherwise, and v denotes the unit normal
always oriented outwards to the region bounded by the curve. For simplicity we let
Qexs := R2\ Q. Furthermore, we assume that along a part of the interface, denoted here
by I'y C T, these two materials have detached (delaminated) and we model this fact
with the appearance of an opening with support €25 and material properties js, ns (see
Fig. B.1). Note that 'y = QsNI". The material properties (possibly complex valued) in
each of the domains are assumed to be smooth, i.e. py,ny € C1(QL), p_,n_ € C1(Q)
and ps,ns € C'(Qs) (however note that across the interfaces there are discontinuities
in the material properties). Assuming now that the incident field and the other fields
in the problem are time harmonic (i.e. the time dependent incident field is of the form

R (u'(x)e™?) where w is the angular frequency), then the total field u®** = u® + u’ in
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Figure B.1: Layered media with a thin delamination at the interface of two layers
Q_ and Q,. The opening ()5, with coefficients us, ns is shown as the

white region.

Qext, Where u® is the scattered field, and the fields u™, v~ and U inside Q,, Q_ and

(s, respectively, satisfy

Au + Byt = 0 in

1
V. (—Vzﬁ) + k*nyut =0 in
1 B 9 _ )
V.| —Vu +k'n_u” =0 in

1
AV (—VU) + k*nsU =0 in
Hs

Qs.

(B.1)
(B.2)

(B.3)

(B.4)

Here the wave number k = w/cexy With ¢y denoting the sound speed of the homoge-

neous background. Across the interfaces the fields on either side and their conormal
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derivatives are continuous, i.e.

ext 1 +

u”' =t and Qu™ 1 w7 on I} (B.5)
ov jya ov

1 Ju* 1 Ju~ —

'LLJr =Uu and Za—y = Ia—y on F\FO (B6)

1oU 1 Out
=u" d —_———— r B.

U=u an w0 ov on n (B.7)
1 1 -

U=u" and LoU_ 1 0u on I'_. (B.8)

ps v - Ov

Of course the scattered field u® satisfies the Sommerfeld radiation condition

lim 72 (681;’ — ikus) =0 (B.9)

r—00

uniformly in X = x/|x|, where x € R? and r = |x|. Let xr € C'[0, L] be the counter-

Figure B.2: Zoom of the thin delamination {25, and the parametrization of the bound-
aries I'_ and I';. Here § scales the width of the delamination and is
assumed small compared to other characteristic dimensions of the prob-
lem.

clockwise arc-length parametrization of I'y. If the curve I'y is regular and ¢(s) denotes
its curvature at xr(s), then 0 < ¢, := max{|c(s)| : s € [0, L]} is finite. Hence, in the
neighborhood of T'y, one can define the curvilinear coordinates (s,7) € [0, L] X (—i, i)
by

x = xp(s) + nv(s),

where we recall that v is the unit normal vector on I'y oriented outward to 2_ (and

taking é = oo if ¢, = 0). Therefore, if the curvature of I'y is small enough, both the
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outer and inner boundaries of {25, denoted here by I', and I'_, can be written in this

coordinate system as
Iy = {xr, (s):=xp(s) +df(s)v(s), sel0,L]}

and
I'_ = {xr_(s) ==xp(s) =6/ (s)v(s), sel0,L]}.
Note that the function §(f + f7)(s) defined on I'y describes the thickness of 25. Here
d > 0 is a small parameter (compared to both the wave length and the size of the
domains involved), and maxsep,z) f*(s) = 1 (see Fig. B.2). In an open neighborhood
of Q5, we can now express the fields U, v~, and u™ in terms of the curvilinear variables
(s,m). Ignoring small neighborhoods of the tip points s = 0 and s = L, since {25 plays
here the role of a boundary layer, in order to transfer the small parameter o from the
geometry to the expression of the fields we make a stretching change of variables inside
Qs defined by ¢ = . Hence, ¢ = ¥ and s are now the new coordinates inside €25. Next,
following [10] and [71], we formally make the following ansatz for the fields U and u*
in an open neighborhood of €:
U(s,0) = 300, (5,C) in 9
5=0

and

o J ‘774 Bl
uF(s,m) = Z Z & = ——uF(s,0).
j=0 ¢=0 )

We will derive here the two sets of Dirichlet and Neumann transmission conditions for

the first three terms in the asymptotic expansion, as well as the PDEs that they satisfy.

The transmission conditions
The Dirichlet transmission conditions

The original Dirichlet transmission conditions on the field u, correspond to the

continuity of the total field across €25 interface:

u® = U on T'y, respectively.
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Directly from the asymptotic expressions, on 'y we have in particular the Dirichlet
boundary conditions for the lowest order terms become:

e j=0:
Us(s, £F) = uf(s,0) (B.10)
e j=1:
+ j:au(j)E +
Ui(s,2fF) =+f 8—17(8,0) + ui (s,0) (B.11)
©J=2 + + +
o] 32% L O0ug +
Us(s,£f%) = T o (s,0) £ f 3_77<S’0) + uj (s,0). (B.12)

The Neumann transmission conditions
Next, we turn our attention to the original Neumann transmission conditions of
the field u, given by the continuity condition of the flux of the field at the boundary
of the delamination:
1 s o1 + .
—Vu™ -v™ = —VU -v~™ on I'y, respectively.
Kt Hs

As derived in [10], the unit normal vectors v* to 'y have the following expressions:

where v and 7 are the outer unit normal vector and unit tangential vector defined on
[y, respectively, and 74 is the tangential vector defined on I'y (which is not a unit
vector in general).

Moreover, abusing notation and denoting by U the inner field both in Cartesian and

in curvilinear coordinates, we have

1 oU ou

where ¢ = ¢(s) is the curvature of T'y.

So we have all the ingredients to compute the Neumann transmission conditions:

ou* S Out

1
vVt = e (0 5 F 575 55 )

7]
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and

N B L.0U SfF oU
v VU = —((1£4f )0—4[@%)

so then

1 L Out SfE out
(R0 F T s )

1 oU SfY oU
= M((liéfi) :F(lzl:&fi)&s)

(B.13)

SO

1 Ou* 1 oU
1+ 6fF)?(——r — — ==
( ) (Mi on  Ous 8C)

(B.14)

and hence,

oo J=L(fE)I—L gj—L+1
(1:]:25f:|: +52fj:2)</%iz Y é 0 (1) ]7(;: ) {?nj—ZHUEE(S;O)

_,}5 Z]—fl J+1(3 +f ))

’ oo +1)i—€(fE)i—¢ 041
=i5fi<i2 &7 zo( )J(Lfv) aa;aéase(so)

T8 U (s, 21%))

which can be expressed as
S 00 (Y B 0t e 6,0) - L AU, )
YR (e o B 2 (5,0) — L AU (s, £ 1))
T 8 (e i B B (5,0) — L AU (s ££%)

= £/ T 0 ( Ty B B (5.0) = AU (s £15))

j—0! Oni—tos L s 85

And then one can finally get the following expressions for the Neumann B.C.:

—l=1(pEYi—L=1 9i— L F

’ oU._ 1 j:lf
+f* (i a]sl(s’ifi) uli ZJ ) e = las( 0))

oU. ; 1)l fEYi—C gi—tt1yE
— (#15 J+1( ifﬂ:> L %:0( )(3;(5)1) anf—“f (s,O)) +

j—t— l(fi)] -1 gi— Zi

0
w2 4e (L5 (s, 4 /%) - & Siny CX U S (5,0))

)_] £— 2(fi)] £—2 §i—L-1 i

(fi) (uléaU] 1(8 :I:fi) uli ZJ 2 (+1 s o (3,0)>, (B.15)
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for j = —1,0,1,2,..., for all s € [0, L], and with the convention that u, = 0 for negative
l.
Therefore, the three lowest order terms become:

o j=—1
e j=0 .
1 8U1 + 1 8u0
(s, 25 = ——2(s,0). B.17
G2 () = 50 (B.17)
e =1

ouF
= (L% (s, %) — L5 (s,0))
+ 924 F 821,6?:
= (L% (s, %) — £ (5,0) - L2 (5,0))
92uE
w24 (L% (s, 4 ) — L2 (5,0)
S/

+ SR (5 4 f).

The partial differential equations for the inner field
Considering the expression of the gradient and divergence in curvilinear coordi-

nates:

1 1 o9 /1 1 00U 1 0 [(1+4nc) 8U>
V.| -VU —_— —_— — —
(u ) (1+n6)38< (1+n6)38)+(1+n0)3n( po On
it is possible to express the PDE of the field U by
1 0 (1 1 ou 1 1 ou (14 d¢c) Ou
(1+6Cc)ds \ (1 +0Cc) s d (1+d¢c) O¢ o OC

So substituting the Ansatz for U and collecting terms that correspond to same powers

>+k2 sU = 0.

of 9, one gets the following equation:
o (10 10 c 0
— 3Cc ——= | +—= Ui +
g Guoae) v (3ooa (o) * ) U
o (120 9,00 (10 2¢2C 0 9
(8 (M535>+3C03C(M53C>+ o 8C+kn Ui +

o (10 530 (1Y &¢Ca (0
(C‘E (Ea_) BT (m ac) T 9 s ”5> B

+3C202k‘2n5Uj_4 + C3C3]{327’L§Uj_5 = 07(B18)
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for j = 0,1,2..., and where ¢ = ¢(s) is the curvature of I, again using the convention

that u, = 0 for negative ¢.

B.1 Derivation of the approximate transmission conditions.
In what follows, we define two different kind of jumps:

1) For the inner fields. If V is a function in H!(Qs), then the jump and mean
values of V' are refered to the traces of V on I'y. So they are respectively defined
by:

[Vle, := Ve = V- and (V)g, = 5 (Vles + Vir-)

P

2) For the outer fields. if v™ and v~ are functions in H'(Q,UQs) and H(Q_UQs),
respectively, then the jump and mean values of v and v~ on I'y are defined as:
[U] = U+‘Fo - U_‘Fo and <U> = %(U+|Fo + 7}_’1*0).
Using this notation, we derive the following:
e From (B.18), j = 0, we know that go =0, so then
U,

ol
0 =150

¢ Jas(s),
and then from B.17, BBUCO( ,¢) =0, so
uo(s,¢) = (uo) (s).
Now, since from B.10 we know that wug(s, %) = uZ (s, £6f*), then

(] = 0. (B.19)

e From (B.18), j =1, da—éél = 0, so then

oU, oU,
T 50 = [57Tau(o).

?}?d hence | 15 aUl]]m = 0. So from (B.17), Mlé (s, £f*) = Mli 6520(3 +5f%) and
us

-

e From (B.11),
fus] = U], — <fia“0>,
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and since

8U1 8U1 _ 1 8U0
e = [ 000 =+ e, = s+ 57 (150,
where for the last equality we used (B.17).
Therefore,
1 Ouyg Oug
= e () -+{r )
+ 0 +
_ (ﬂé(f ;—f )_f—‘rlu-‘r) ialg
. _
()
v, o
- (s 1)
.
(0 )
0
= 2 (f (s — ) <§a—1j?> (B.21)
e From B.18,
(( L), — (L))
= [ %8s - 2 (5 5) - [
+o ((E %00, - (£32)).
S0

. 1 (9U2 f/ 82U0 1 aul
=L, ac bes 2<u o > {u 077} (522

(i) Now, using (B.18) for j = 2,
2
H 16 83U<2]] Qs — f 8352 (37 C)dg

= 7 (= %N, — £ & (Uoda, — K2nsUn)g, )4
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and hence
[[taa_léz]]gé = —c(f~+ GES o,
U8 (U)o, = (£ + F)Rs(Un, (B.25)

s

(ii) From the differential equation that the outer field satisfies, one knows that:

O (5, £0f%) = O (5, £0f%) ke (s, 40 1%) + k2nFug,
and hence:

2y u
_2<£887720> :2<M 52 >+20<i%_770>+2]€2 <nu0> <B24)

Therefore, and substituting (B.23) and (B.24) in (B.22),

2(f (% = 4)) & twol
—c(f~ + FOCLE DY, — L2 (),

(7 PR (U g, +2 (10 ) 1 o (L2

+2k2 (fnug) — [l%}

B On

=2 (1= %)) 85 (o) + 20 (f(n = ) (o) — [452]

and then,

0 = o {(E D) 2 (g ) a2 (700 ) ).

Moreover, if po are constant along Iy,

] = e (P (G ) o)t 282 0 = ) ).

In summary, on one hand we deduce for the jump of the field u:

. 18’&0 2
= 5a<p8u>+0(5)

— <;g:j> +0(8?), (B.25)
(B.26)
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where in the second line we have used (B.19) and (B.21), and have defined @ =

2(f(ps — 1)).
On the other hand, for the jump on the flux:

Loul _ [10u) ;110w 2
waw) = Leael o L] o

(o) + <uo>) o)

- 7) (u) + 0(6?), (B.27)
(B.28)

where in the second line we have substituted (B.20) and (B.25), and have defined

7 =2k (f(n —ny)) and B =2(f (5~ 1)),
By neglecting the terms of order O(6%) in (B.25) and (B.27), we finally get that the

second order approximate transmission conditions (ATCs) for acoustic scattering are

given by,
[u] = da <%g—z> (B-29)
[i(‘%} _ (_% (5%) —1—7) (u). (B.30)
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Appendix C

DERIVATION OF ATC MODELS FOR ELECTROMAGNETIC
SCATTERING IN THE PRESENCE OF A DELAMINATION

C.1 The full model for the scattering of electromagnetic waves in the pres-
ence of delamination
Let €2 be an inhomogeneity in free space, which consists of a bounded connected
subset of R3. We are interested in the case where 2 is a composite material consisting
of two layers, ) and €2, , with a thin opening at their interface that we will denote
by 5. Here Q_ is the inner layer, a bounded simply connected subset of R3, and
is the outer layer (see Fig. C.1).
Denote by 9€2_ N OS2, the interface between the two layers 2_ and €, and let I'y be

any smooth curve such that I' = T'o U (0Q2- N9 ) is a smooth surface. Assume in

addition that the relative boundary of I'y in I' is a Lipschitz continuous curve. The

Qext

p=le=1

ES,H°
e

Figure C.1: Layered media with a thin delamination at the interface of two layers
Q_ and Q. The opening ()5 is the thin domain.

aim of this section is to study how an electromagnetic wave scatters in the presence of

the thin delaminated domain 5.
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Let’s observe that the inhomogeneity is 2 = Q. U Q_UQs. If we define the total

electric and magnetic fields as follows:

;

(Eem, Hezt) in RS \ﬁ’

(E,H) = ¢ (BE*, H*)  inQ.,

(E6, Hé) in Qg,

\

then the boundary value problem that the total fields (£, H) satisfy is

ikH! — curl(E®") = 0 in R*\Q, (C.1)
ikE 4+ curl ) = 0 in R}\Q, (C.2)
ikpH® — curl(E¥) = 0 in Qu, (C.3)
ike2E* + curl(H*) = 0 in Qu, (C4)
ikpusH® — curl(BE°) = 0 in Qj, (C.5)
ikesE? + curl(H®) = 0 in Qj, (C.6)
along with the transmission conditions
vEXEf =0 xE’ on TLUTYy, (C.7)
vExHE=v* xH’ on TLUT,. (C.8)

In addition, in R3\Q, (E*! H*!) = (E!, H') + (E*, H*), where (E!,H’) is the inci-
dent field and (E®, H®) is the scattered field resulting from the interaction with the

inhomogeneity, and that satisfies the Silver-Miiller radiation condition:

limr(H*xx—-E*) =0 (C.9)

r—00

uniformly in X = x/|x|, where r = |x|.

C.1.1 Elements of Differential Geometry
In this section we follow the notation and ideas of [47]. Let I'y be a C?- surface,

then for every point xp € [y, the unit normal vector to I'y at xp pointing to infinity,
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v(xr), is well defined. Moreover, there is area number 0 < 7, such that in the open
neighborhood NV := {x € R*| minger, [x — y| < 1.} of 'y, the projection I : N' — T
such that

x =M xp = argmin{|x —y| : y € Ty}

is also well defined.

Figure C.2: Curvilinear coordnates on the neighborhood of I'y.

Then the mapping
(xr,n) = x = xr + nv(xr),

is an isomorphism from Ty x (—n.,7.) to N/, and therefore it defines a valid change of

coordinates around I'y.

Now, let’s define the tangential vector field & in N by
v(xr + sv(xr)) = v(xr),
then the curvature tensor is the symmetric linear operator Cy,. : R* — Ty defined by
Cx; := Vro(xr). (C.10)

Abusing notation, we will omit the explicit dependence on xr and simply denote the
curvature tensor as C.
The (real) eigenvalues of C, denoted by ¢, co,0, are associated with the set of

orthonormal vectors {74, 75 v}. The tangential vectors 79, 75 associated with the

152



possibly non-zero eigenvalues ¢; < c¢o, are called the directions of principal curvature
of T'g.

The tangent plane to 'y at xp will be denoted by Ty,.. If € = (£1,&) — xr is a
parametrization of a neighborhood of xr in I'g, then we can define the covariant base
of Tx,., consisting of the vectors {7, := ¢, Xr}a=12. The associated contravariant (or

dual) base is {T%}4=12 C Ty defined by

<Ta, TB)TXIWT;:F = 6&75

for o, 8 = 1,2, and where 6, is the Kronecker symbol and (., '>TxrvT§£F is the duality
pairing. Surface differential operators.
1. Given a scalar field u defined on I'y, one can compute its surface gradient
defined by
Vru(xr) := Vu(xr),

where, in turn, the scalar field u : N'— C is defined by u(xr + nv(xr)) := u(xr).

In terms of the contravariant basis {7,}, it can be written as
Vi = (9, )71 + (Oe,7) 72
the adjoint of Vr is —divr, which coincides with
divpv = O0g, (V- T1) + Og, (V - T2),
for all v defined in .
Using the proof of Lemma 2.6 in [47], we know that if v is a vector field in R?® we
can express the differential operator curl in these new curvilinear coordinates (xr,7)

as

curl(v) = (R, 7% X O, v) + v X Oy, (C.11)

where for each xp € Ty the linear operator R,, : N' — Ty, is well defined as the unique

linear extension that satisfies the following two conditions:
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1. Restricted to x € T, R, is the inverse of x — x + 7Cx.
2. Ryv =0.
In other words, R, (Il + nC) = IIj; and R,v = 0. Therefore if || < 1, we have

the following expression:

R, = Z(—n)lCl, where C°:=1I. (C.12)

Figure C.3: Zoom on the thin domain €.

Since the surface I'y is Riemannian, then we know that for all xp € I'y, there is an open
neighborhood of xr in I'y such that the parametrization & = (&3, &) — Xr satisfies that
the covariant vectors T, := O¢ Xr, for @ = 1,2, i.e. the parametrization is alligned
with the directions of principal curvature.

Let’s now suppose that our delaminated domain €25 is thin enough so that
Qs C N, and then the two boundaries I'y of I'y can be writen in our new curvilinear

coordinates as follows:
Iy = {xr, =xr+ 0" (xr)v(xr) : xr € T}, (C.13)

and

Ir_ .= {XF_ = Xr — 5f_(XF)V(XF) D Xr € FD}, (014)

where 0 > 0 is a small parameter that characterizes the scale of the thickness of the

delamination, and f* : Ty — [0, 1] are the functions that define the profile of the
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delamination, and therefore satisfy that f*|sr, = 0, where 9Ty denotes the relative

boundary of I'y in T'.
Now, differentiating the parametrization of the boundaries I'y. (C.13) and (C.14),

we get a set of two linearly independent tangential vectors on them, as follows
T = 8§axFi
= Oe.xr = 0, (f5)v(xr) £ fFVVOg,xr
= To 060, (f5)W+0fCr,. (C.15)

+ +

Then the (non-unit) outward normal vector to the surfaces 'y is N* := 71 x 75 and

has the following exact asymptotic expression

N*f=v+ (5{ + o +e)vF foi} + 52{(ifi)2C1CQV = fiCfoi}(C.w)

Figure C.4: Zoom on the thin domain and the normal vectors v(xr), v~ (xr), and
vt (xr).

C.2 Model I: Derivation of the Approximate Transmission Conditions for
a crack-type model
The model we will derive in this section is the electromagnetic analogue to the
one derived for acoustic scattering in the previous chapter. The setting is formally the

same, i.e., we approximate the jump condition of the fields at an intermediate surface

I'y that crosses the delamination.
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Unfortunately, in the case of electromagnetic scattering, it has been shown that this
kind of model is unstable for the time-domain [30], and although we have found the
same issues while attempting to prove well-posedness results in the frequency domain,

we considered impotant to include this model for the sake of completeness of the thesis.

C.2.1 The formal asymptotic analysis
If the parameter § is small enough, then the thin delamination is a subset of NV,

and then, we formally assume that the following asymptotic expansions of the fields

are valid in a neighbourhood N of Q5, with Ny C N:
(E*(xr,7), H* (xr, 7 Z5l (B (xr,n), B (xr,7)) i QF, (C.17)

where each asymptotic term (Eif(xr,n), Hf (xr, 7)) is assumed to be analytic and in-
dependent of 9, for all { > 0. If in addition we Taylor-expand around n = 0 (that is,

around the surface I'y), then:

JaE,H )
(E*(xr, ). HE (xr. 7 2512’7 TR ) mos ()

and if we do the same with the derivative of (C.17) with respect to 7,

+ :I: Jj+1 j+1 £ +
8(Ela—’H (xr, 7 2512” 0 E’ H, )(xp,o) in QF. (C.19)
U
=0 ] 0

Notice that expressions (C.18) and (C.19) imply that on the boundaries I'y. (i.e.
for n = £6f%),

ifi)’ 70" (EF, HY)

l — j anl_j (XF, 0) on Fi, (C20)

(E*, H)(xp, £6 %) = 251 Z

and

OB, H) 4 N () 0T ET HY)
8—77 (xr, £0f7) 25 Z = i1 (xr,0) onI'i. (C.21)

Jj=

On the other hand, the ansatz for the asymptotic expansion inside the delami-

nation ()5 is slightly different because since here €25 plays the role of a boundary layer,
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and we expect rapid changes of the fields in the thin domain. We then regularize
the sigular asymptotic problem by the usual stretching of the normal variable (see for

example [10},[47],[71]) ¢ = %, leading to
(E°, H®)(xr, ¢ Za (Ey(xr, &), Hy(xp,¢)  in Qj, (C.22)

where again, none of the terms (E;, H;) depend on § any longer.

Remark C.2.1. (On the notation) From now on, the sub-indices T and N will in-
dicate the tangential and normal component of a vector with respect to the surface T',

respectively. That is, for a vector v defined in N, IIjjv = vy and I1, v = vy.

C.2.2 An identity for the outer fields
Lemma C.2.1. The lowest order terms (Ef,HF) in the ansatz (C.18) satisfy the
following identities:
v x O, Et(xp,0) = ikusHE (xp,0) — curle(EE)n(xr, 0)
— curlp(EF)p(xr, 0)v, (C.23)
X O, HE(xp,0) = ikesEE(xr,0) + curlp(HE)y (xr, 0)
+  curlp(HT) 7 (xr, 0)v. (C.24)

Proof. From the differential equations (C.3)-(C.4), expressions (C.20)-(C.21), and the
ansatz for the operator R, (C.12) for n = £ f*, we get that on the boundaries I';:

0= 50 dlikps S, if* L9 THE (xr,0)

I—5)!

+ 57,0 Zé 0 (i({ )), v x 0L ET (xr,0)

=3 Sl fE)! (clTa>

:t
< S0 Sy { S 000 B 0. 0)

+01-5,00%, ( L )al JEi(xp,O)} (C.25)
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where §;_;0 = 1if l — j = 0 and §;_j = 0 otherwise. Collecting the terms of order
O(1) and O(9),
ikpHy (xr, 0) + ik psd (£f+0,Hy (xr, 0) + Hi (xr,0)) 9, Eq (xr, 0)
—(T% X O, EF) — 67% x { + f*0:,0,E5 + 0¢, (£%)0,EF + agaEf}
5(ES5)(CT®) x (96, B (x.0)) — v x O, (xr,0)
—5{ + ffv x O2Ej (xr,0) + v x &,Ef:(Xr,O)} = 0(6?). (C.26)

Thus by identifying the terms of the same order (and repeating the same procedure

for equation (C.4))

ikps HE (xr,0) — 7 x 0, Ef (xr,0) — v x 0,EF (xr,0) = 0, (C.27)

ike By (xr,0) + 7% x 0, Hy (xr,0) + v x 9,Hi (xr,0) = 0. (C.28)

—
Finally, recalling that 7% X 0¢ v = curlr(v)y + curlp(v)rv, the lemma is proven. [

C.2.3 The boundary value problem for the inner fields
Lemma C.2.2. The lowest order terms (Eg, Hy) and (Ey, Hy) in the ansatz of (E°, H?)

satisfy the following equations:

vx %E, = 0, (C.29)
vx9Hy, = 0. (C.30)
and
ikpsHoy — curlp(Eo)y — curlo(Bo)ry = v x 0Er, (C.31)
ikesEy — curlr(Ho)y — curlp(Ho)rv = v x 9:Hy, (C.32)

for all xp € Ty and ¢ € (—f (xr), fT(xr)), in addition to the following boundary

conditions:

v x Ef(xr,0) = v xEy(xp, £f%), (C.33)

UV X H(:JE(XF70) = VX Ho(XF, :tf:t), (034)
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and

v x Ef(xr,0) = v xE(xp, £f%) F f*v x 0,Eg (xr,0)

L {(Bo)w) (— - 1) curln(£5), (C.35)
v x Hf (xr,0) = v x H(xr,£f%) F f*v x 9,Hz (xr, 0)
L ((Ho) (/fj— - 1) e (f5). (C.36)

Proof. Consider first the differential equation. Substituting in equation (C.5) the
ansatz (C.22), the expression (C.11) of the curl operator, and the ansatz (C.12) of
R, when n = £5f*, we get:

> dlikpsHy(xr, ¢) — Y 07w x OBy (xr, Q)
=0 =0

=N =0 () x Y 610, By(xr,¢) = 0, (C.37)
=0 =0

in Q5. Therefore, collecting terms of order O(6~') and O(1) (and doing similar calcula-
tions for equation (C.6)) we get the differential equations (C.29) - (C.32), respectively.
Notice that we have used the identity 7% x 0, v = mp(v)N + curlp(v)rv.

Now, we derive the expressions for the boundary conditions for the inner fields.

Since the transmission conditions (C.7)-(C.8) can be written as

NExEf=N*xE’ on Ty, (C.38)

N*xH*=N*xH’ on Iy, (C.39)

where the vectors N* are the non-unit normal vectors on 'y defined by (C.16), sub-

stituting the ansatz (C.22) and (C.18) in (C.38),
<1/ + 5{ + AL+ by F vpfi}) x (Eg + 6{Ef + f£0,E7})(xr,0)

= (1/ + 5{ + fE L+ LT vrfi}) X (Eo 4 0Eq)(xr, /%) + 0(6?), (C.40)
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and hence, identifying terms of order O(1) we get (C.33)-(C.34) and identifying terms
of order O(0) (and in the similar expression that we get when performing similar

computations for the boundary condition (C.39)),we get:

v X Ef(xr,O) = vUvX El(xF,ifi) T fiu X anEaE(xr,O)
+ Vrif* x (Ef(xr,0) — Eo(xr, £f%)), (C.41)
v x Hf (xr,0) = v x Hy(xp, £f%) F ffv x 9,HE (xr,0)

+ Vrf* x (H (xr,0) — Ho(xp, £15)). (C.42)
From the boundary conditions (C.33)-(C.34), the tangential components

((Eo)r, (Ho)7)(xr, £f7)

coincide with ((EF)r, (HZ)7)(xr, 0), so that the last term in expressions (C.31)-(C.32)

become:
Vi f* x (Egy(xr,0) — Eo(xr, £f7))
= (EF(xr,0) — Eo(xr, £f5))n Vrf= x v
= (Ej(xr,0) — Eo(xr, £/%))n CU—T?F(]&) (C.43)
and

VST x (HE (xr,0) — Ho(xp, £/%))
= (Hi(xr,0) — Ho(xr, £f5))n Vrf* x v

= (HZF (xr, 0) — Ho(xr, %)) curir (f5). (C.44)

Moreover, from equations (C.29)-(C.30), we see that the tangential components of

Hy, Ey do not depend on (, that is,

(Eo)r = (Eo)r and (Ho)r = (Ho)r, (C.45)

160



and therefore applying II}; to both sides in equations (C.31)- (C.32), and then using
(C.45),

ikes(BEo)y = —curly (Ho)p, (C.46)
ikps(Ho)nv = curly (Eo) (C.A47)
and using (C.29)-(C.30),
ikes (Eo)n) = —curly (Ho)r) = —curly ((Hf)r) = ikey (EF)n, and (C.48)
ikps (Ho)n) = curly (Eo)z) = curly ((Ef)r) = ikpe (Hy ), (C.49)
thus
(Eg)v = z—i (Eo)y) and (Hy)y = 5—i (Ho)n) (C.50)

so that (C.43)-(C.44) become
Vet x (B (e 0) — Bo(xe, £1%)) = ((Bo)) (— - 1) carl(F5), (C51)
Vet x (HE (xr, 0) - Holxen £7%)) = (o)) (fj—i—l) carl(f5). (C.52)

Therefore, substituting these two last expressions into (C.41) and (C.42), one gets

v X Ef(xr,()) = U X El(xF,j:fi) T fiu X 8nE6t<X1“,O)

£ () (£ 1) artelr), (C.53)
v X Hf(xF,O) = U X Hl(xr,j:fi) T ffu x 877H§(xr,0)
£ (o) (2 - 1) awle(r) (C.54)
finishing the proof. O]

Proposition C.2.1. Given constant material properties €1, ji+, 5, and €5 in a neigh-
borhood Ny C N, the second order Approzimate Transmission Conditions (ATCs)
using the ansatz (C.22) and (C.18) are:

v xE|] = daj (Hr) + 5ﬁp <<ﬁ~ff> curly <HT>) on Ty (C.55)
wxH] = §a%(Ep) + dcurly ((Bif) curtr (Br)) on Ty, (C.50)
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where & = 2ik (f(us — p)), & = 2ik (f(e — ), /7" = 2 <L _ ¢>7 and GE* =
2 1 1
i* (E - M_é)'

Proof. We derive the proof into the following three steps.
1. From (C.45),
v x Eg] =0 and [v x Hy| =0,

so from the boundary conditions (C.33)-(C.34),
vx Ef]=0, [vx Ef]=0. (C.57)

2. On the other hand from (C.45)-(C.46) we know that any component of the zeroth-
order fields (Eq, Hy) depend on the normal variable (, using this fact in equations
(C.31)-(C.32), and integrating with respect to ¢ along the interval (—f~, f1), the

fundamental theorem of calculus implies that
2 (f) ikyss (o) — 2 (f) curly (Bo) y — 2 (f) curly (Bo)pv = v x By, (C.58)
9 (f) ikes (Eo) — 2 (f) curly (Ho) y — 2 (f) curly (Ho)p v = [ x Hy. (C.59)

3. From the boundary conditions (C.35)-(C.36) and using the fact that in Ny C N all

the material properties are piece-wise constant, we get

(v xEf] = [vxE]—-2vx(f0,E;)

© 2 (o) cur <fi (_i _ 1)> , (C.60)
[vxHf] = [vxH]-2vx(f0,Hf)

+ 2 (Hy) y curiy <fi (Z—i . 1)> . (C.61)

To get an expression for the terms v x < fianE0i> and v X < fianH0i>, we multiply by
+ f* the identities in Lemma C.2.1, applying II; to both sides of the above identities,
and adding them together we get
. € —
2ik (f*pe) (Ho)z) — 2 <fi€—5> curly (Bo)v) = 2v x (f*0,EF), (C.62)
-

—2ik { fFes) (Eo)r) — 2 <fii—i> curlp (Ho)y) = 2w x (f9,Hg), (C.63)
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and substituting these identities and (C.58)-(C.59) in (C.60)-(C.61), we get

v xEY] = 2ik(f(us — p) (HF)r)

+ 2t ((7(2-1) ) (@ ) (C.64)
v xHY| = 2ik(f(e —e)) ((Eg)r)
+ 2curir (<f (Z—i - 1)> ((HO)N)> , (C.65)

on I'g. Using (C.48)-(C.49) finally get

X BE] = 2k (fus— ) ()
1

)
- %mr (<f (_ B i)>C“7“lr<(H§)T>) onl'y  (C.66)

€5 €4
[ HE] = 20k (f(e - e)) (BE)r
2 — 1 1 n
+ %curlp (<f (M_i — %> > curly ((Ep )T>> onI'y. (C.67)
The proof is completed by observing that from the asymptotic expanssion (C.18),

[v x EF] (xr,0) = [v x Ef](xr,0) + é[v x E{](xr,0) + O(6°), (C.68)
[v x H*] (xr,0) = [v x Hy](xr,0) 4+ d[v x Hy](xr,0) + O(5%), (C.69)
and by substituting (C.57) and (C.66)-(C.67). O

The crack-type model derived from the previous proposition, is related to the
new configuration where the small opening {25 is no longer present, and instead, we
include the ATCs just derived (see Fig. C.5). More precisely, the associated crack-type
model is defined by:

VXE—ikH=0 in R®\Q.,, (C.70)
VxH+ikE=0 in R®\ Q. (C.71)
VXE—ikusH=0 in 0%, (C.72)
VxH+ikecE=0 in QY (C.73)
v x E| = 6&° (Hy) + dcurlr ((Bifyeurtr (Hr)) on Ty (C.74)
v x H] = 6a; (Er) + dcurlr ((Bif) curte () on Ty, (C.75)
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Figure C.5: Layered media with a crack I'y at the interface of two layers Q° and QZ

and in R3\ Q, E = E*+ E’ and H = H* + H’, where (E?*, H®) satisfy the Silver-Miiller
radiation condition (C.9).

This model is the analogue of a time domain model for electromagnetic scattering that
has been analyzed by Chun et al. in [30], where the authors prove its unstablility.
This issue is reflected in our crack-type model in the fact that the signs of the coefficients
appearing in the ATCs, are not compatible with the main operators.

Due to these complications, we derive in the following section a different model, that

at least for a particular case leads to a stable model, as analyzed in Chapter 4.

C.3 Model II: Derivation of the Approximate Transmission Conditions for

a Chun’s type model

As mentioned in the last lines of the previous section, the aim of this part of
the Appendx C is to derive a different set of ATCs for the electromagnetic scattering
problem, which are sometimes referred to as Chun’s-type ATCs (see [30, 40]). This
Chun’s-type ATCs differ from the crack-type ATCs in the fact that the jumps and
average values of the fields are taken with respect to traces of the fields on the two
different surfaces I'_ and I',. The complete set of ATCs is presented as Proposition

C.3.1, and it is similar to the models analyzed in [30, 38, 40].
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C.3.1 The formal asymptotic analysis

Let u with well-defined traces u|r,, we define:

[u] ==ulr, —ulr_ and (u):

_ u‘m_ + U.’F_
—2 .

As in the previous section, we assume that if 0 < ¢ is small enough, then in a

neighborhood of €, the expressions for the outer-fields (C.17) are true, and that after

again considering ¢ = 7, inside €25 the fields have the expression (C.22).

Proposition C.3.1. Assuming that uses are constant, and assuming that the ansatz

(C.22) and (C.17) are valid in a neighborhood Ny of Qs, the second order ATC's are:

[v™ x EF]

[v* x H¥]

20(f) (1 + co)v x (EF),
20V (f) x (E") 7

26k (f) ps (H* )7
20 —» +
%cw‘lr ( (f) curlr(H >>T)

20 (f) (1 + e2)v x (HF),
26Vr (f) x <<Hi>>T

201k <f> €5<<E:t>>T
20 —»

et ((f) curle (B%) 7).

Proof. We divide the proof into several steps.
1.0bserving that from the ansatz (C.17) and (C.22), and (C.16):

[N* x E¥] =

[N* x H*] =

— 26(VrfE x HE) + 6w x HE] + 0(62).

[v x EF] + 20(c1 + co)v x (f*ET)

25(Vrft x BE) + 6[v x EE] + O(6?)

[v x H(jf]] + 20(c1 + co)v X ((fiHa—L»
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2. Moreover, from the continuity conditions (C.7)-(C.8),

N* x B (xp, £0f%) = N* x E(xp, £f%), (C.80)

N*E x HE(xp, 26 fF) = N* x H(xp, £f%),, (C.81)

and therefore, from the expresion (C.16) andthe ansatz (C.17) and (C.22), when col-
lecting terms of order O(1) and O(9):

v x Ej (xp, 26 /%) = v x Bj(xp, £ 1), (C.82)

v x HE (xp, 26 /%) = v x H)(xp, £1%), (C.83)
and
v B, £5 %) + { L et ey T Vrfi} < B (xp, £67%) =
v x Bl ) +{ £ 75k a3 Ve x Bl k) (O30
v x HE (xp, 20 %) + { + e+ e)vF Vrfi} x Hy (xp, £0f*) =

V X H?(XF, j:fi) + { + fi(Cl + CQ)V + foi} X HS(XF, j:f:t) ,(085)
and therefore:

[v x Ef] = [v x E]], (C.86)
[v x HE] = [v x H]], (C.87)
and
[v x Eli]] = [vx E‘f]]
+ 2(c1 + e)v x (f5(E) — Ef)r)
— 2(Vrf* x (B — Ep)), (C.88)
[v xHi] = [vxH]
+ 2(c1 + e)v x (fF(H) — Hy)r))

= 2(Vrf* x (Hy - Hy)), (C.89)
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3. Therefore, substituting (C.88)-(C.89) in (C.78)-(C.79):
[N* xE*] = [vxE5]+20(ci + c)v x (fTE])
— 20(VrfE x EQ) + v x E{] + O(8?), (C.90)
[N* xHT] = [vxH5]+25(ci +c2)v x (fFHY)
— 20(VrfEx HY) + 0[v x H{] + O(6?). (C.91)

4. Now, observe that since the ansatz of the inner fields (E°, H%) are the same as in

Model I, the PDEs (C.29)-(C.32) are still valid. Therefore:
(Eo)r = (Eq)y and (Hg)r = (Hg),, (C.92)
and hence,
[vx Ej] =0and [vx Hj]=0. (C.93)
So from (C.86)-(C.87):
[v x Ef] =0and [v x HI] =0. (C.94)

Moreover, applying P on both sides of equations (C.31)-(C.32) and integrating with
respect to ¢ along the interval (—f~, f1),

2ik (f) s (B — 2 (f) curleo(BY)y = [v x B, (C.95)
20k (f) & (B — 2 (f) curle(H2) = [v x HI. (C.96)

5. Substituting (C.94) and (C.95)-(C.96) in (C.90)-(C.91), we get
[Nf xEX] = 26(c1 + co)v x (fXED)
— 25(Vrf* x Eg)
28k () s () — 28 (f) curle(E) y + O, (C.97)
[N® x HE] = 26(c; + co)v x (fFHD)
— 26(Vrf* x Hg)

— 25k (f) &5 (BN — 26 (f) curle(H)  + O(3Y).  (C.98)
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6. Observe that:

Veffxv = curle(f%),

so then for any vector u = ur + uy v,

VI‘fi X u

—
= curlp(fF)uy + Vo f* x ur.

Therefore (C.97)-(C.98) become:

[Nt x E¥] = 20(c; + co)v x (fXEJ)

— 25<<vai X

200k (f) s (H) g — 26eurly () (ED) ) +O(?),

(E)7)

[N x HY] = 25(c; + co)v x (fFHY)

— 25<<Vrfi X

— 20k (f) es(BR)y — 26curle ((f) (B ) +O(?)

7. Observe now that
ikeg(Eg)N

ikps(H)) v

(H)r)

= —curlp(H})) = —curlp (HE)),
= curlp(EY) = curlp(ELY),

therefore (C.101)-(C.102) become

[N* x E¥] =

[N* x HT] =

20 (f) (e1 + c2)v < (Eg )y
26V (f) x <<Eg>>T

26ik (f) s (Hy )
20 —
ik€5

20(f) (e1 + e2)v x (Hy)
26V (f) x (Hg )y

20k (f) € (Eq )
20 —»
ik s
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_CWF< (f) curly <<H§>>T) 408,

curly ( (f) curlr <<E3E>>T) +O(8).

(C.99)

(C.100)

(C.101)

(C.102)

(C.103)
(C.104)

(C.105)

(C.106)



8. Finally, since
NE-NE = 14£25f5(c; +¢p) + O(8?),
we have
INY| = 14+6fF(c1 + ) + O(6%).
Thus since v+ = N*/|N*|, (C.105) and (C.106) become:
[v* < B*] = 20(f)(c1 + c2)v x (EF)y

— 25V (f) x (ES).,

+ 200k (f) ps(HG ) 1
25 —>

+ ,—curlp( (f) curlF«HOi))T) + 0(8%),

ikes

[v* xHT] = 25(f) (1 + e2)v x (Hy)y
— 20Vr(f) x <<H(j)t>>T

— 26ik (f) es(BE)
2 —s

- .—curlr<<f> CWZF<<E§>>T) +0(8%),

’Lk/La

and this implies the statement by noticing that

0(EZ), = O(ET), +0(6%),
0(HZ)y = 0(Hy)s +O(5%).
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The new ATCs derived in the previous proposition, lead to the so called Chun’s-

type model (see [47, 40]). More precisely, it is defined by:

[v* < 5] = 25 (f) (2 + e2)v x (HT),

VXxE—-ikH=0 in R*\Q.,(C.113)
VxH+kE=0 in R*\Q.,(C.114)
VXE—ikuzH=0 in Q., (C.115)
V x H+ikesE =0 )

in Q, (C.116

[vt x EX] = 26 (f) (¢ + co)v x ((Ei»T
—20Vr (f) X (E*)
+20ik (f) ps (H) 1

20 o (1) eurle(Er®),)  (C117)

+——curl
1kes r

—20Vr (f) x <<Hi>>T
—26ik (f) e; (E),

20 C (05 curte (B*),). (C.118)

— =0 curl
ikuécur T

and in R*\ Q, E = E* + E’ and H = H* + H’, where (E*, H*) satisfy the Silver-Miiller

radiation condition (C.9).

Let’s then turn our attention to a very particular case, which constitute the

ATCs used in Chapter 4 for the scattering of electromagnetic waves for planar delam-

inations of constant thickness.
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Corollary C.3.1. Assuming the ansatz (C.22) and (C.17), then for planar delamina-

tions of constant thickness the second order Chun’s-type ATCs are:

[v* xE*] = o6 (HT),

v 8B curly (curtr (H2) ) (C.119)
[v* xH*] = dax(E™),
+ 6B curly (curte (=), (C.120)
where ay = 2ikpus, ay = —2ikes, B = % and ,52 = ﬁ

Proof. Under this setting where T'y is planar (implying that ¢; = ¢ = 0) and the
thickness of T’y is constant (so both f* are now -perhaps different -constants), this is

an immediate consequence of Proposition C.3.1. O

Notice that under the conditions of Corollary , the shape of the thin domain €25
is cylindrical, as shown in Fig. C.6.

Imposing natural boundary conditions on the side of the cylinder that we denote by

Figure C.6: Zoom on the planar delamination. Panel (b) Normal vectors on the
boundary of the delamination.
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Figure C.7: Normal vectors on the boundary of the delamination.

&, and where the normal unit vector is denoted by n (see Fig. C.7), the associated

model with these ATCs consists of:

VXE—-ikH=0 in R*\Q., (C.121)
VxH+kE=0 in R*\Q., (C.122)
VXE—ikusH=0 in Q, (C.123)
VxH+ikesE=0 in Qu, (C.124)
[v* x E¥] = da: (HF)

+65, curlr (curtr (%)) (C.125)
[ x BH¥] = 662 (E™)

+805 curly (curte(B=).). (C.126)
nxH=0on.7, (C.127)

and in R*\ Q, E = E* + E’ and H = H* + H’, where (E*, H*) satisfy the Silver-Miiller
radiation condition (C.9).

This model is precisely the one analyzed in Chapter 4, for which a well posedness result
Theorem 4.4.1, under the additional Assumptions 4.1.1 on the material properties p

and e.
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Appendix D
LIST OF SOBOLEV SPACES ON SURFACES

In this appendix we introduce the definitions of important Sobolev spaces on
surfaces for the analysis in Chapter 4. Being consistent with the notation in that
chapter, let Q_ C R? be a bounded, simply connected domain with smooth boundary
I c R If I'y T is and open surface with Lipschitz countinuous relative boundary
0Ty, then we define the following Sobolev spaces:

e First, we define the set of infinitely differentiable functions with compact support
in [y by
D(To) := {¢ € C=(T'y) | supp(¢) is compact in Ty}, (D.1)

endowed with the norm ||¢||, := max {|¢(xr)||xr € To}.
e The dual space of D(T'y), is the space of distributions D’'(I'y) on I'y defined by

D'(Ty) = {u:D(Iy) — C|u is linear and continuous

in the sense of distributions }, (D.2)

where u € D'(I'y) is said to be continuous in the sense of distributions if and
only if for every compact subset K of I'y there exists a constant Cx > 0 and a
non-negative integer Ng such that

u(¢)] < Cx max {|0%p(xr)| | xr € K},

for all test functions ¢ € D(I'g) with support contained in K and all multi-indices
a with |a] < Ng.

[ ]
L*(T) := {u € D'(Ty) | A lu|® ds < oo}, (D.3)
0
endowed with the inner product (u,v)r2(r,) == fFo uv ds.
e additionally,
L*(Ty) :={u e D'(ITy)*| lul*ds < oo}, (D.4)
o
endowed with the inner product (u,v)pzry) := fFo u-vds.
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and the tangential L? vector fields are defined by:
L} (To) := {u e L*(Ty) |v - u = 0}, (D.5)
endowed with the L?(T'y) inner product.
For n € N,
H"(I'y) = {ueD([y)?* 0% e L*(Ty)*
for all multi-index o € N’such that || < n}, (D.6)

and endowed with the norm

JEUES (To) Z [|0%ul|7: (To)? (D.7)

la|<n

This definition can be extended for n € R, in the same way it is done for sub-
domains in the Euclidean space R", see [63].

Let s € R, then we define
H*(Dp,Ty) := {u € H*(Iy)*|v-u =0 and Dru € H°(Iy)}, (D.8)
endowed with the H*(Dr, T'y) norm, where H*(Ty) are defined by
H*(Ty) = {ue H*T,)| the extension
by zero of w in I, @, is in H*(I")}, (D.9)

endowed with the restricted H*(I'y) inner product.
It has been proven (see [63]) that for

20+1
§=—"

2

where ¢ € Z, the space H (Ty) is precisely the dual space of H=*(I'y), with respect
to the duality pairing:

<U7 u>H_S(F0),ITIS(F0) = <U7 6>H—€(F)7H9(I‘)7 (D.].O)
where on the right-hand-side of (2.23) u is the extension by zero of u to I, and

<U’u>ﬁ*5(Fo),H5(F0) = <17, u>H*5(F),HS(F)a (Dll)
where v € H*(I") is the extension by zero of v.

If Dr denotes either the surface divergence divr or the surface scalar curly defined
in Appendix C, and s € R, then

H*(Dr,Ty) :={ue H(Iy) |v-u=0, and Dru e H*(I'y)}, (D.12)

. 2 2 2
with the graph norm |[ul[g.(p, 1) = lllfsry) + [1Prullzs -
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