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ABSTRACT

The primary motivation of this work is the development of atomic clocks and
the searches for new physics beyond the standard model. Optical clocks based on the
forbidden transitions in an atom have been shown to be promising candidates for a
better frequency standard. The search for new physics beyond the standard model
can be done by looking for tiny deviations of atomic properties which is not expected
by this model. Highly precise calculations for atomic systems are needed to provide
further understanding in these studies.

The main formalisms that we use for the calculation on the atomic systems
are all-order method, which is based on linear single double coupled cluster (LCCSD)
method, and the combination of configuration interaction (CI) and all-order meth-
ods. These methods are suitable to study open-shell atomic systems and capable of
calculating the electron correlations up to all order.

In this work, we carried out the following calculations. First, we proposed a
new method of determining transition matrix elements using the measurement of magic
wavelength in Sr lattice clock. Next, we calculated the blackbody radiation shift in T1™
and Hg, the magic wavelength in Hg, and the hyperfine quenching rate in Cd. Next,
we developed a method to calculate the specific mass shift in the all-order formalism
and apply it to Na, K, and Rb atoms. Next, we calculated Ra atomic properties for
electric dipole moment (EDM) experiments, and parity non-conserving amplitude of
Cs and Fr. Finally, we calculated the energies and transition matrix elements of highly

charged Mo and Tc ions.

Xvi



Chapter 1

INTRODUCTION

In this work, we applied high precision calculations using ab-initio methods in
the study of the electron in atomic systems. The systems that we mainly discuss here
are the particular cases of the open-shell atoms with one valence electron (monovalent)
and two valence electrons (divalent). The primary methods that we use in this study
are many-body perturbation theory (MBPT) [1] and all-order [2] methods for the
monovalent system, and CI [3], CI+MBPT [4], and CI4-all-order [5] methods for the
divalent system. The primary motivation of this work is the ongoing developments
of the atomic clock and the experimental searches for new phenomena beyond the

standard model.

1.1 Development of the ab-initio calculation methods for atomic system.

The calculation of electronic structure in heavy atoms is a quantum many-body
problem. In this type of calculation, the initial approximation is commonly carried
out by the application of Dirac-Hartree-Fock (DHF) method [6]. We can solve the
first few energy levels of the DHF wavefunction self-consistently in the central field
approximation, i.e. using Hydrogen-like wavefunctions to describe the one-electron
wavefunction with a spherically symmetric effective potential to account for the average
repulsion from the other electrons. Using these initial wavefunctions, we form a full
basis set using the B-spline interpolation [7].

Using the DHF basis set as the unperturbed wavefunctions (zeroth order), we
can calculate the next order of corrections using the many-body perturbation theory
(MBPT). This method has been developed and applied in the calculation of the elec-

tronic spectrum of the monovalent system up to the third order [1]. The number of



the correlation diagrams in MBPT method grows exponentially with increasing order
of the perturbation. For this reason, MBPT method is no longer practical past the
third order.

An alternative to MBPT method is the all-order method. In 1985, Lindgren
developed this method based on the linked-diagram theorem to automatically generate
higher order corrections from a set of iterative rules and carried out a non-relativistic
treatment of the energies and hyperfine structures of Li [8]. He called this method all-
order method since in principle it can calculate the perturbative effects to all orders by
iteration. It can be shown that an equivalent method can be derived from the coupled
cluster (CC) expansion [9]. A relativistic treatment of all-order method was developed
by Blundell et al. to calculate the energies of He [10] and the energies and matrix
elements of Li, and Bet [2]. Although all-order method had been quite successful for
calculations in small systems, it was shown, by comparison with MBP'T method, that
this treatment is incomplete at the third order of energy. Blundell et al. improved this
method to make it complete up to the third order of energy and calculated the energies
and matrix elements of Cs [11]. Using all-order method, Safronova et al. calculated
the energies and matrix elements of the rest of alkali atoms, Na, K, Rb, and Cs [12].
The all-order method has been shown to perform better than the third order MBPT
for alkali atoms [12].

For calculations in monovalent systems, the MBPT and all-order methods are
sufficient. To explore the system with more than one valence electron, a new approach
needs to be developed. Configuration interaction method (CI) has been used since
1927 to study systems with few electrons [13, 3]. The main drawback of CI method
is that the size of the configuration space increases exponentially with the number
of electrons. Therefore, in practical CI calculations, the core-core and core-valence
electron correlations are ignored. In 1996, Dzuba et al. proposed a way to combine CI
and MBPT methods for atomic calculations [4]. In the CI+MBPT method, the core-
core and core-valence electrons correlations are calculated first using the second order

MBPT method, and then later on added as effective terms in the Hamiltonian. The



Hamiltonian is then used to build the configuration space for the CI calculations. The
CI calculations will account for the valence-valence correlations. With this combined
technique, it is possible to carry out calculations which include all electron correlations
(core-core, core-valence, and valence-valence) in the system with more than one valence
electron. Using similar method, Safronova et al. combined CI and all-order methods in
2009 [5]. In Cl+4-all-order method, the effective correlation terms for the CI Hamiltonian
are calculated using the all-order method. This method is currently the most precise
method available for calculations of atomic systems.

We now discuss the motivations behind this work.

1.2 Extracting transition matrix elements from magic wavelengths

One of the most challenging problems in the experimental and theoretical atomic
systems is the accurate determinations of the transition matrix elements. Theoretical
errors has been showed to up to 0.2% [14] for alkali systems, but for more compli-
cated systems it can be about 1% [15, 16, 17]. More importantly, on the experimental
side, there is a lack of data available due to technical difficulties in conducting the
experiments. In practice, the transition matrix elements are extracted from the mea-
surements of the lifetimes which can be difficult to do if the branching ratios for the
corresponding transitions are too small.

Here, we propose an alternative method for obtaining the transition matrix
elements by utilizing the measurement of “magic zero” wavelengths. Magic zero wave-
length is the wavelength in which the dynamic polarizability of the corresponding state
turns to zero [17, 18]. Magic zero wavelengths have been measured before in Rb [19, 20],
K [21] and metastable He [22], therefore experimental techniques for measuring them
are readily available and well established.

In this work, we discuss the approach to obtain transition matrix elements of
5sbp 3P, state in Sr atom. Sr is chosen as the best available benchmark for several
reasons. First, the experimental techniques have been well developed due to its impor-

tance in atomic clock development [23] and studies of many-body effects in degenerate



quantum gasses [24, 25]. Next, the matrix element of Sr 5s5p 3Py — 5s4d 3D, transition
is known to 0.23% accuracy from the 5s4d?D; lifetime measurement [23]. Finally, in
theory, Sr is one of the best understood system from the recent calculation of blackbody

radiation (BBR) shift of 552 1.5, — 5s5p 3P, clock transition [26].

1.3 Improving the accuracy of optical clocks

An ultra-precise clock is a critical component in the advances of fundamental
sciences and practical technology. A better clock provides better measurements which
can be used to probe phenomena predicted by theories beyond the standard model
that are too small to observe using the current clock. Furthermore, it provides the
technology for a better GPS system which is a crucial tool for the development of deep
space probes.

It is shown in [27] that a higher transition frequency provides a better stability
in the atomic clock. This work leads to active researches of optical clocks that operate
at a higher frequency than that of the microwave clock. Currently, two types of optical
clock schemes are being developed, the single ion in an ion trap scheme [28, 29, 30] and
the neutral atoms in an optical lattice scheme [31, 32, 33]. Single ion clocks provide
better precisions with the decrease in atomic interactions and Doppler effects; however,
lattice clocks has the advantage of utilizing many atoms which result in better stability
[34]. Currently, the most accurate atomic clock has been achieved with an accuracy of
8.6 x 107! in Al* single ion clock [30].

By definition, the current standard of a second is determined by the transition
of the hyperfine ground state of Cs microwave clock operating at 0 K [35]. The Cs
clock itself is still under ongoing development with the latest NIST-F2 clock achieving
10716 level of accuracy [36].

When operating at the room temperature, the atomic clock is exposed to the
electromagnetic field perturbation from the BBR. This radiation creates a shift in the
energy level which in turn produces a systematic uncertainty in the transition frequency.

The BBR shift is the leading factor in the uncertainty of atomic clocks; therefore its



precise determination is crucial for the development of atomic clocks. In this work, the
BBR shifts for T1T and Hg are calculated in the CI+all-order formalism.

Previous analysis has shown that the polarizabilities of ns? 1S, and nsnp 3P,
state are almost equal for BT, Al* and In™ ions [17]. These values result in an anoma-
lously small BBR shifts in the ns?'Sy—nsnp?®P, transition of these ions. These ions
belong to the same IIIB group, two other systems in this group, Ga, and TI, have
not been studied yet. T1T based clock has been proposed in [37], therefore makes it
an appealing system for the BBR shift study. Frequency standard based on the T1*
6s*1Symp = 0 — 6s6p3Pymp = 0 transition has been proposed [37]. The radioactive
isotope of 2"*T1 has a half-life of 3.78 years, a spin of 2, and a small magnetic moment
of 0.0908 nuclear magnetons making it an ideal object for a very high-resolution laser
spectroscopy. Because of its small nuclear magnetic moment, the natural linewidth of
the clock transition in 2°4TI1* is expected to be orders of magnitude smaller than the
estimated value for stable T1 isotopes. Our calculation of BBR shift of T1* has been
published in [38].

Despite the difficulties of handling its operational wavelength in ultraviolet (UV)
range, Hg is one of the promising candidates for an atom clock among the other neutral
atom system. A recent study shows that its BBR shift ratio is smaller by at least an
order of magnitude compared to the other neutral atom clock candidates, Sr and Yb
[39]. Moreover, its large Z is convenient for the search of o variation since the clock
transition is sensitive to Z, ~ (aZ)?. The experimental work on the Hg atomic clock
is currently ongoing at RIKEN [33].

Other calculations that we also carried out in this work are the calculations
of hyperfine quenching rates of Mg, 8"Sr and 13Cd clock transition in CI+all order
formalism. The primary motivation for this is the development of Cd clock. We
also calculate hyperfine quenching rates of Mg and %"Sr to compare the accuracy
of our method with the available calculations [40, 41, 42]. Similar to Hg, Cd is also
a promising candidate for optical lattice clock due to its possible small BBR shift,

despite the difficulty of handling the operational range at UV frequency. Furthermore,



it has a variety of isotopes making it an excellent system for a variety of fundamental
physics experiments. In atomic isotopes with half-integer I, the electronic state may
mix with other states through hyperfine interactions. Thus, in this isotope, the 3P,
state may contain small admixtures from the state with J = 1 which allows for the

usually forbidden hyperfine quenched E1 decay.

1.4 Searches beyond the standard model in atoms

The standard model of particle physics is currently the best model which ex-
plains the particle interactions at the fundamental level (for a review of the standard
model see for example [43]). The standard model contains 17 known fundamental
particles which consist of six quarks, six leptons, and five bosons. This model fully
describes the electromagnetic, weak and strong interactions among these particles.

The standard model was formulated during the early seventies as the combined
model of the strong [44, 45] and electroweak [46, 47, 48] interactions. At the time,
not all particles predicted by this model, namely the charm quark, W, Z and Higgs
bosons have been discovered. The charm quark was discovered shortly after in 1974 as
the constituent of J/W¥ meson [49, 50]. Next, The W and Z bosons were discovered in
1983 in the proton-antiproton scattering experiment [51, 52]. Finally, the Higgs boson
was discovered in 2012 in the recent LHC experiment [53, 54, 55]. These discoveries
have shown that the standard model is still a strong theory even decades after its
formulation.

Despite its success, there are still lingering problems that the standard model
can not explain. Neutrinos are predicted to be massless particles, yet observations
have shown that their states oscillate among each other. This phenomenon means
that these states are mixed which can only happen if they are massive. Next, the
current matter-antimatter imbalance also does not have a satisfying explanation in the
standard model. Furthermore, astronomical data suggests the existence of unknown
matter called the dark matter. The particles in the standard model currently have no

good candidates for this new matter. Finally, gravity as the fourth fundamental force



is still untouched in the standard model. Therefore, a new theory beyond the standard
model is expected to answer this problem.

Experimental searches of new phenomena not predicted by the standard model
are currently ongoing. If these phenomena are discovered, they could signal the ex-
istence of new physics not yet explained in the standard model. These experiments
generally can be divided into two categories, the high energy, and the low energy test.
In the high energy, the experiments are carried out by colliding high-energy particles
to produce new particles outside of the standard model elements. In the low energy
regime, the experiments carried out in atomic systems to search for unusual properties
which are not predicted by the standard model. Indeed, these properties should be
minuscule since so far no one has seen it yet, therefore high precision measurements,
and theoretical calculations are paramount in these experiments.

In this work, the searches beyond standard model in atomic systems are studied.
We confine our discussion in the search of permanent EDM in Ra, and PNC study in

Cs and Fr.

1.4.1 The search of permanent EDM

The current matter-antimatter imbalance requires CP violating processes to
occur in the early universe. The present standard model allows such operations through
the Cabibbo-Kobayashi-Maskawa (CKM) matrix mixing, Pontecorvo-Maki-Nakagawa-
Sakata (PMNS) matrix mixing and the Quantum Chromodynamics (QCD) 6 term [56].
Interactions involving these terms at higher orders allow for processes that violate CP.
However, these processes are too small to produce the currently observed result.

Theories beyond the standard model such as supersymmetry predict new par-
ticles which allow for new CP violating processes. The search for these new particles
is still ongoing in high energy experiment. An alternative way to test these theories
is by searching for non-zero atomic electric dipole moment (EDM) in the low energy

regime. In the case of non-zero EDM, dg, there will be an effective interaction between



particle spin S and electric field E , dE§ - E. Under parity and time reversal transfor-
mations, the operator S and E transform as § 2 5, EZ Eand S L —5, ELE.
Therefore, the combination S E violates both parity and time reversal transformation.
Thus, assuming CPT conservation holds, the existence of non-zero EDM (dg) violates
the CP conservation. This nonzero EDM is predicted to be larger by several orders of
magnitude in these new theories than the one predicted by the standard model.

Ra is a suitable system for the search of atomic EDM. It has been shown recently
that the EDM in this system has an enhancement factor of up to 10° compared to other
atoms [57]. The Ra EDM experiment is currently ongoing by the Argonne group [58].
In this work, we carried out a preliminary study of the lifetimes, polarizabilities and
hyperfine constants of Ra using the CI+all order formalism which will be useful for the

experiment.

1.4.2 The study of PNC

Parity is one of the fundamental transformation in physics. It was shown by
C. S. Wu et al. in 1957 that the beta decay process in cobalt-60 violates parity [59].
This parity nonconservation (PNC) process is caused by the weak interaction which is
mediated by W and Z bosons in the standard model.

In atomic systems, the PNC experiments have been carried out in Cs [60] and
currently ongoing in Fr [61]. These experiments are carried out by measuring the highly
forbidden transition from which PNC amplitude can be extracted. By combining the
results from Cs PNC experiment and theory, Porsev et al. have managed to obtain
the weak charge Qyw [62]. Their calculation of Qy differs from the standard model
prediction by 1.50. It was shown in [63] that highly excited-states might have a larger
contribution to the uncertainty of the @)y than previously expected. Apart from
extracting the Qw value, it also possible to evaluate the nuclear anapole moments
and nuclear weak coupling constant from the PNC experiments. It is shown in [64]
that the nuclear weak coupling constant extracted from the Cs PNC experiment is in

disagreement with the other results obtained from nuclear parity violating experiments.



1.5 The calculations of isotope shift

Recent studies in quasar absorption spectra show a possible sign of a change
in the fine structure constant « [65]. Indeed, extra dimensional theories such as the
superstring theory predict variations in the fundamental constants [66]. Although
extensive analyses have been done [65, 67, 68], it is not yet entirely known whether
the change is real or caused by systematic errors. The possibility of different isotopic
abundance in the early universe compared to its terrestrial value might be an alternative
explanation for this change. This possibility can be tested if we know the values of
the isotope shift of the corresponding atomic transition. However, for the time being,
only a few of these are known experimentally. Therefore, precise calculations of these
quantities are an important key to understand this problem.

An accurate determination of the isotope shift is also necessary for nuclear
studies. By comparing the calculated and measured values of isotope shift, it is possible
to determine atomic nuclei charge distribution [69].

Finally, an accurate isotope shift calculation is necessary for solving the problem
of dark matter. It is possible that the mass deficit in the universe is due to the existence
of little black holes [70]. These elementary black holes, formed in the early universe,
might have electric charges which attract electrons and form black hole atoms. The
electronic spectra of the black hole atoms will have an isotope shift compared to the
corresponding atoms on earth.

The determination of the isotope shift requires the calculations of two-body
matrix elements. Previous works in the calculations of isotope shift in Na, K, and Rb
using third order MBPT have shown significant discrepancies between the theoretical
and experimental results [71, 72]. One possible cause of these discrepancies is the ex-
clusion of higher order corrections, therefore a logical approach to solving this problem
is to extend this formalism into the all-order method. Calculation methods for the two-
body matrix elements in the all-order formalism have not been developed yet. In this
work, we show for the first time, the development of the calculation methods of general

two-body matrix elements in all-order method and apply them to the calculations of



isotope shift in Na, K, and Rb.

1.6 The calculations of energies, matrix elements and lifetimes of highly
charged Mo and Tc

A highly charged ion is an atom with multiple of its outermost electrons stripped.
Several studies have shown that due to their smaller size compared to their neutral
counterpart, highly charged ions are less sensitive to external perturbation. This feature
results in a smaller fractional frequency shift, as a matter of fact, studies have shown
that this shift can be less than 1 x 1079 [15, 73]. This property makes them excellent
candidates for optical clock and the search of the spatial a-variation.

Tc is a rare element which naturally occurs as a product of radioactive processes
in heavy elements such as uranium or molybdenum. Only small amounts of this element
are found in the Earth’s crust. Due to this reason, there are currently little studies
on this element. However, the stellar spectra of some star have shown abundant of
Tc in them [74]. Since the half-life of Tc is far less than the age of the stars, then
this element must have been created after the formation of these stars. Therefore, a
better understanding of Tc can provide us with a better insight on the nucleosynthesis
in stars.

In this work, we carried out a preliminary study of highly charged Mo V, Mo
VI, Tc VI, and Tc VII. We carried out the calculations of energy spectra of the low
lying level, transition matrix elements, and lifetimes in these ions. The electronic
configurations of Mo and Tc differ by one electron, therefore apart from their nuclear
structure, they are similar. Since experimental data are available for Mo but not for
Tc, we use Mo as a testbed to test the accuracy of our calculations by comparing them

with the available experimental measurements.

1.7 Thesis structure

We organize this work as follows.
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In Chapter 2, the all-order and CI+all-order method are described. These meth-
ods are the methods mainly used for all the calculations in this work. The methods to
calculate the transition matrix elements within these formalisms are also described in
this chapter.

In Chapter 3, we proposed a new method for determining the transition matrix
elements from the measurements of magic and magic zero wavelength in an atom.

In Chapter 4, we provided the optical clock related calculation. In this chapter,
BBR shift of TI™ and Hg are calculated. Next, the magic wavelength of Hg is calculated.
Finally, the hyperfine quenching rate of Cd is calculated.

In Chapter 5, we provide the calculation related to the searches for new physics
beyond the standard model. In this section, we calculated the atomic properties of Ra.
Next, we calculated the PNC amplitude of Cs and Fr.

In Chapter 6, we provided the calculation of the isotope shift of Na, K, and Rb.

In Chapter 7, we provided the calculation of the energies and matrix elements
of highly charged Mo and Tec.

We concluded and summarized the whole work in chapter 8.

11



Chapter 2

CALCULATION METHODS

In this chapter, we describe the calculation method which will be used in this
work. The methods used to calculate the monovalent system is discussed in sec. 2.1

and for the divalent system in sec. 2.2.

2.1 Methods for monovalent system
For this type of calculation, we use all-order method [8]. There are two variants

of this approach, the single double (SD) and single double partial triple (SDpT).

2.1.1 The SD method

In SD all-order, a set of rules is defined to generate high order corrections
iteratively. Originally, this method was derived from the linked-diagram theorem [8],
later it was shown that it could be obtained equivalently from coupled cluster (CC)
expansion [10]. In this work, we will follow the derivation of SD all-order method from
coupled cluster (CC) expansion as given in [75].

The coupled cluster (CC) theory was first developed in [76] for the nuclear
physics studies. According to CC theory, the exact single valence atomic wavefunction

|W,) can be written as [11]

[Wy) = exp(5)|Dy), (2.1)

Where S is the cluster operator and |®,) is the zeroth order wavefunction. In CC
method, the cluster operator can be written as S = S; + Sy + S3 + ... where S, is the
n-th excitation term that describes the excitation of n electrons from the wavefunction

|®,). Here, the zeroth order wavefunction is taken to be the frozen core Dirac Hartree

12



Fock (DHF) wavefunction |®,) = af|0c) where |0¢) is a closed shell core electrons
state.
If we expand the exponential from Eq. (2.1) and using the expansion of S, we

obtain the CC expansion of the exact wavefunction
Lo 1o
o) = 1+ S1+ 5+ S5+ 550+ 555+ 515+ | [y). (2.2)

In open shell systems, the non linear terms of Eq. (2.2) contributes to the energy
corrections starting from the fourth order [9] and S3 contributes partially to the third
order energy [2]. The dominant contributions to the energy corrections in this system
comes from the single and double excitation terms. In SD all-order approximation,

only these terms are kept from Eq. (2.2), thus we obtain the SD wavefunction |¥U5P)

[WSP) = (14 5; + S2) |u). (2.3)

In the second quantization, Eq. (2.3) can be written as
|\P5D> = I+ Z pmaainaa + Z pmvainav +

1
5 Z pmnabainailabaa + Z pmnvaainaiaaav |(I)v>7 (24)
ab e

where we define pp.q, Pmv, Pmnab @A Prnve as the single core, single valence, double core
and double valence coefficients respectively. Furthermore, the labeling for the indices

uses the following conventions

a,b,c,d,... core states,

v, W, ... valence states,

m,n,o,p, ... excited states (including valence states),
1,7, k, L, ... other states.

Next we plug Eq. (2.4) to the Schrodinger equation

H|w,;P) = E|0;"). (2.5)
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Where we use DHF Hamiltonian in “no-pair” approximation [77]. In this approxi-
mation, contributions from the negative energy states (positron) are ignored. These
states contribute to small energy corrections at the order of o® a.u. that can be
treated separately with Quantum Electrodynamics (QED). We write the Hamiltonian
as H = Hy + Vi with

Hy = Zﬂajai, (2.6)

1
Vv, = 3 Zgijkla a;aay — Z U,]a a;, (2.7)
ijkl
where ¢; is the one-electron DHF energy of state 7, g;;n are the two-body Coloumb

matrix elements

o = [ @ [ @) 2 unmue), 2.8)

and Uj; is the core electron Hartree Fock potential
Uij = (Var)ij = Z(giaja — Giaaj)- (2.9)

We can obtain the relations for the excitation coefficients p and energy E by

identifying the following terms in the Schrodinger equation

all0g) — E,
al,a.al|0c) = pa,
al |0c) = P,
al al agapal |0¢) = prnas,
al al a|0c) = pPrmvas
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so that we get a set of iterative relations for the excitation coefficients

(6 - Em Pma = Z Gmban Pnb + Z gmbnrpnrab Z gbcanpmnbca

bnr ben
(2.10)
( —€n + 5E pmv Z Gmbon Pnb + Z gmbnrpnrvb Z gbcvnpmnbm
bnr ben
(2.11)
(eab - Emn)pmnab = Gmnab + Z GedabPmned + Z ggmnrsprsab
cd rs
o a<$>b
Z ImnrvPra — Z GenabPme + Z GenrbPmrac )
r c rc m<>n
(2.12)
(Evb — €mn + 5Ev)pmm)b = Gmnub + Z GedvbPmned + Z ImnrsPrsvb
cd rs
L v b
Z ImnrbPrv — Z GenvbPme + Z GenrvPmrve )
r c re m<+n
(2.13)
and core (0F¢) and valence (0FE,) energies
SE = 0Eq+0E,, (2.14)
1 N
5EC = 5 Zb Gabmn Prmbas (215)
6Ev - Z Gvavm Pma + Z Gabvm Pmuab + Z gvbmnpmm)b (216)

mab mna

Throughout Eqs. (2.10)-(2.16) we use the following definition to simplify the equations

Gijkl = Gijkl — Gijlk, (2.17)
Pijkl = Pijkl — Pijlks (2-18)
€; = € +E€j. (2.19)

Egs. (2.10)-(2.16) describes the SD all-order method. These equations are to

be solved iteratively where every iteration is equivalent to adding the next order of
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gijix into the wavefunction |W,). Therefore, every iteration effectively includes the
next order correlation function contributions to the wavefunction. Essentially we can
iterate endlessly to obtain contributions of all order of perturbation or until the required
accuracy has been achieved.
Finally, we would like to mention the symmetry of the double excitation coef-
ficient p;jr;. The Coulomb matrix element is symmetric under the interchange 7 < j
and k < [ (see Eq. (2.8))
Gijkl = Gjilks (2.20)

therefore from Eqgs. (2.12) and (2.13), this leads to the symmetric relation for the

double excitation coefficient

Pijkl = Pjilk- (2-21)

2.1.2 The single double partial triple (SDpT) method.

A direct comparison between the energy terms obtained by the SD all-order
method with third order MBPT [78] reveals that the SD energy terms are incomplete
at the third order of perturbation. Two approaches have been devised to circumvent
these problems, one by adding explicit third order terms [11] and another by including
the partial triple excitation terms [12]. In this section, we will briefly describe both
methods.

To show the incompleteness of the SD energy, we start by explicitly deriving the
first two iterations of the SD excitation coefficients. In the first iteration, the excitation

coefficients become

Pma = 0, (2.22)

) (2.23)
Imnab

mnab — 5 2.24

P ’ (Eab_emn> ( )
Gmnub

o = ————————. 2.25

P ’ (Evb_emn) ( )
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Therefore the valence energy becomes

Z GabomGmvat, | N GobmnGrmmub (2.26)

€ab — €Emo €vb — €mn

mnb
Which is exactly the second order MBPT valence energy.
In the second iteration, we have the following equations for the excitation coef-

ficients

Z gmbnrgnrab Z gbcangmnbc] ) (227)

Pma = i
m bnr ben
mv mbnrYnrov conYmnbe | 2.28
p (_€m+5E Zgbgb ;gbgb] (2.28)
1
Pmnab = 7 |9mnab + Z Gedab9mned + Z 9ImnrsGrsab
(Eab - Emn) cd rs
o a+b 5
+ 3 GenrbGmrac | + +0(g"), (2.29)
rc m <> n
Pmnvb = ! Imnob + Z GedvbGmned + Z ImnrsGrsvb
(Eab — €mn + 5Ev) od s
L v b 5
+ Z Genrb9mrve + O(.g )7 (230)
rc m<>n

where O(g?) is the terms that contain the third order of gijki- Using these, the valence

energy will now include the energy in the second, third and fourth order of g. The
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valence energy terms that contains the third order are given by

6E(3) _ gabvmgcdabgmvcd gabvmgmvrsgrsab
> =
mabed (Eab - 6vm)(ecd - Emv) mabrs (eab - Evm)(eab - 67’5)
+ 2 : gabvmgcvrbgmrac + Z gabvmgcmragvrbc
maber (Eab - 6vm)(eac - emr mabcr — €um (ebc - Evr)

+ Z gvavmgmbnrgnrab Z gvavmgbcangmnbc
— € 6 — € € €pc — €
mabnr m ab m“) maben ( a m)( be mn)
+ Z gvbmngcdvbgmncd + Z gvbmngmm"sgrsvb
mnbcd — €Emn (ecd - 6mn) mnbrs (Evb - Emn)(evb - ers)
+ Z gvbmngcnrbgmrvc ‘l‘ Z gvbmngcmrvgnrbc
mnbrc €vb — 6mn)(€vc — Emr mnbrc 6mn)(€bc — Em")

(2.31)

Comparing these terms with the third order MBPT energy [11], we found that the

following set of terms are missing from the SD all order third order energy

GabmnYemavGnobe

5Ev extra Z

mnabc

+ gabmngcvbvgmnca

+
(Gab — 6mn)(€bc — Gnv)

gabmngnvasgmsvb
(Eab — Gmn)(evb — 6ms)

mnabs

gabmngmvsvgnsba

mnabc

(Eab — Gmn)(eca — Emn)

_|_

(Eab — 6mn)(€ab — 6ns)
mnabs

gabmngmvsvgnsba

+ gabmngcvbvgmnca
(Eab — Gmn)(eca — Emn)

mnabc

+ gabmngmnvsgvsba

(eab -

mnabs

3

Gabmn gcmabf]vnvc

Emn)(eab - Evs)

(eab -

mnabc

2

€mn)(€c — €n)

_|_

(Eab — 6mn)(€ab — 6ns)
mnabs

2

mnabc

gabmngcvbagmnvc
(eab - 6mn)(evc - 6mn)

gabmngmnasgvsvb
(eab - Emn)(eb - ES)’

mnabs

(2.32)

Therefore the SD third order energy is not complete.
To make the energy from the SD all-order complete, we can manually add the
missing terms from Eq. (2.32) to the total energy so that 5E§})) = 0E® + §EY

v extra*

An alternative way to solve this problem can be done by adding the triple excitation
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terms to the wavefunction |V,)

1
|\Ilv> = |\I]§D>+ 6 Z pmnrvabajnallaia’baaav

mnrab

1
1,1
+ﬁ Z pmnmbcamanaracaaba]\<I>U>. (2.33)

mnrabc

Inserting Eq. (2.33) to the Schrodinger equation using the same the Hamiltonian as

we did in the previous section and then identify the following terms with the operators

ajnajzaia’aaba'ca'uOC) — Pmnrabes (234)

aina'izaina'aame) — Pmnrvab; (235)
yields the iterative equations for the triple excitation coefficients

(Ea +ept+ € —€n— €y — Er)pmnrabc -

1/(1
Z B) <§9121f2'p33' - ;gld1’2’p23d3’ + ; 92333'0151'2')

123={mnr}
1'2'3'={abc}

+O(pigiryi) (2.36)
(Ea + e+ € — €y — €, — 6+ 5Ev)pmm"vab =

1(1
Z 9 (59121/2%33' - ; Jier2 P23ey + ; g2333/p151'2'>

123={mnr}
1/2'3'={vab}

+O(pigiry) (2.37)

where the second terms in both equations refer to the terms containing triple excitation
terms pijkimn. The notation in the summation 123 = {ijk} means that the index 123
range over the permutation of index ijk with positive (negative) sign for even (odd)

permutation. With the inclusion of triple excitation terms, the all-order equations
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become

ok, = (SD) + Z Gabmn Pmnvvab, (238)
mnab

(Ea - Em)pma = (SD) + Zgbcnrpmnrabca (239)
nrbc

(EU — €n + 5Ev)pmv = (SD> + Z Gabnr Pmnrvabs (240)
nrab

(Ea + €y — €m — Gn)pmnab = (SD> — Z Gedar Pmnrbde — Z Gedbr Pnmrade
red red

- Z GemrsPsnrbac — Z YenrsPsmrabes (241)

(Ea + €y — €m — €p + 5Ev)pmm)a - (SD) + Z Gbcar Pmnrvch + Z Gbcvr Pmnrabe
rcb rc
+ Z GbmrsPsrnuvba + Z 9onrsPsrmovab- (242)
rsb rsb

It has been shown in [12] that to include the whole third order terms, only the changes
in 0F, and p,,, due to triple excitation addition are necessary. Thus, for the present
work we ignore the changes in the other coefficients pia, Prmnay and pPrnve. Plugging
the triple excitation terms from Eqgs. (2.36) and (2.37) into Eqs. (2.38) and (2.40) and

removing the relatively small terms with the power of g greater than three we obtain

6Ev ~ Z gvavmpma + Z gabvmﬁmvab + Z gvbmnﬁmnvb

ma mab mnb
2 : gabmn ~ ~ ~ ~ ~
+ - E Gemav Prube + E GnvasPmsvb + E GevbvPmnca
€ab — €mn
mnab c s c

+ Z gmvsvpnsba + Z gcmabﬁvnvc + Z gmnasﬁvsvb

+ > GmnvsPosba + D gwbapmmc} , (2.43)

(Gv_‘sm + 5Ev>pmv ~ Z gmbvnpnb + Z gmbnrﬁnrvb — Z gbcvnﬁmnbc
bn

bnr ben

- Z M {Z gncyaﬁrmcb - Z grmsaﬁsnvb + Z gmcvapm’cb

€ab — Enr
nrab
- E grmsvpnsab+ E gncabﬁrmcv - E gnrsaﬁsmvb
s c s
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- Z GnrsvPmsab + Z gmcabpnrcu} . (244)

These are the single double partial triple (SDpT) equations. With these equations,

the third order energy of the MBPT is recovered after one iteration.

2.1.3 Transition matrix element

In the second quantization formalism, the matrix elements are obtained using
the one- and two-body operator applied to the wavefunction. The one-body opera-
tor is used to calculate most of the matrix elements such as the radiative transition
matrix element, and the two-body operator is used to calculate the two-body part of
the specific mass shift matrix element. The calculation method for one-body matrix
elements in all-order formalism has been developed in [2]. In this work, we developed
the calculation method for two-body matrix elements in all-order formalism for the
first time.

In this section, we will derive the one- and two-body operators in the SD for-
malism. For simplicity, we only show the general form of the operators. The reduced

forms after the angular reduction are given in Appendix B.

2.1.3.1 The one-body operator
In general, the one-body operator Z can be expressed using the ladder operator

as

Z = Z 2z alag (2.45)
]

where z;; is the matrix element of the corresponding Z operator between one particle
wavefunction z;; = (j|Z|i). The product of operators inside the two colons indicates
the normal ordering of the operator [79].
Subsequently, the matrix element between SD wavefunction ¥, and ¥, is given
by
(V| Z]Wy)

o T (Ul Ta) (246)
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The terms inside the brackets in Eq. (2.46) can be simplified by using the Wick’s

theorem [79]. We group the terms in the brackets using the following designation
(U |Z|Wy) = Suwlo+ Zyal + Zaa, (2.47)
(U,|¥,) = 14 Ng+ N,. (2.48)
In Eqgs. (2.47) and (2.48), N¢ and Z, contain the core contribution terms; NN, and

Z1 contain the valence contribution terms; Z,q contains the additional terms. Those

terms are given by

No = 3 a5 3 P (2:49)
N, = i PrsulPrm — fjiapva + > Pralomva
f > ﬁimvapma: Zb Piimab;;ba > PhunvaPrmvas (2.50)
Zy = Zm:ampma +y Zap,’;a + X:b Za;ancﬁnmac - szmnpimabﬁmba

- Z Zabp;bpmta+ > Zmnp;:;; - zampzbﬁn:z:a— > ZmaBhmabPnb:
o ot b b -
Zaa = Zwo X Ne+ Y ZmaliaPur + Y Zam PP (2.52)
Zal = 2 + 2\ + o 4 20 (2.53)

where

Z9 = zambumwa + Y ZmaPima (2.54)

ma

70 = _ Z ZavPwa — Z ZwaPags (2.55)

a

Z7© = Z Zwm P + Z Zmw P (2.56)

AL sznp:uupnva (2'57)
Z9 =3 zawpipua (2.58)
ab
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VAY)

- Zavpmwpma - Zwapmapmm
ma ma

- vapmapwa - Zwmpvapmav
ma

ma

§ * o~ § ~%
Zampnwpnmva + Zm[lpnmwapn’lM

mna mna
* o~ ~k
Zmn PmaPwnva + Zmn PymwalPnas
mna mna
* o~ ~%
- ZabPmbPwmva — ZabPymwbPmas
mab mab
* o~ ~%
Zam PybPwmab + ZmaPymabPwb)
mab mab
* o~ ~%
- Zav PmbPwmab — RwaPymabPmbs
mab mab
~% * o~
- vapnmwapna - Zwmpnapnmvaa
mna mna
% ~
ZabPrmnwbPrnmuas
mnab
~k ~
ZabPymbe Pwmacs
mabc

: : ~x% ~
ZmnprmwaanUa Y

mnra

% ~
E Zmn PymabPwnba

mnab

s - ok -
- § Zam PypwbPrmab — § ZmaPrmabPwnuvb,

mnab mnab

* ~ * ~
§ Zav PrnwbPrmab + § ZwaPmnabPrmuvbs

mnab mnab

* ~ * ~
- § Zmv PrmabPwnba — § Zwm PynabPrmba-

mnab mnab

(2.59)
(2.60)
(2.61)
(2.62)
(2.63)
(2.64)
(2.65)
(2.66)
(2.67)
(2.68)
(2.69)
(2.70)
(2.71)
(2.72)

(2.73)

Within this work, we are only interested in the nonscalar one-body operator.

For such case of an operator, it has been shown [2] that the core contribution and

disconnected diagrams vanish. Therefore the one-body operator reduces to

Zwv + Zval
VI +N)(1+Ny,)

wv T
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2.1.3.2 The two-body operator
In general, the two-body matrix element P can be expressed using the ladder

operator as the sum of one-body operator S and two-body operator T’

P = S+T, (2.75)
where
1 ot
S = 5 Ztm La;aj o, (276)
ij
1
T = 5 %tijkl . ala}alak s (277)

The treatment of the one-body part is the same as we have done in the previous section.
The two-body operator will be used in this work to calculate the specific mass shift
[80] term which is a diagonal matrix element. In the diagonal case, the matrix element

for operator T is given by
<\IIU|T|\IJU> = 1o+ Tva, (2.78)

where we used similar designation as in the previous section for the terms on the right
side. The T} contains the core contribution and 7., contains the valence contribution.

After simplifying with the Wick’s theorem [79] we have

Ty = T+ +T (2.79)
Tt = TW ... 4 TW (2.80)
where

T(](a) - %tabmnﬁnmba + %tmnabﬁzmba (281)

b g * o~ ng ~k
T()( ) = _% abmePrecPrnmba — % mabcPrmebPra (282)
T()(C) == %Emam“p:(nbﬁrnab + %gmm“aﬁ;mabprb (283)

d g * ~x

TO( = _%tmanbpmbpna + %tmnabpnmba (2.84)
T()(E) - _itabcdﬁ:(rmdcﬁnmba - Emanbﬁ:mbcﬁrnac (285)
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— 2 yqum Py Promab
—2tvamn Pop Prmab
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2t amnr P Prova
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ke ~
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o ~
2tmm"apnmabpvrvb

g - . -
tmanbpvmbcpvnac - tmanbprmvbprnva

1 ~x ~ 1 Sk =
—gtabcd/)vmdc/)vmba + Etmnrspnmvapsrva +
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% vavbﬁ;krmbcﬁnmac (2 . 109)

Eq. (2.86)-(2.109) are the complete two body terms of the SD all-order formalism.

2.2 Methods for divalent system

The SD and SDpT methods that we have described in the previous sections are
only applicable for single valence electron systems. A method was developed in [4, 81]
where the combination of configuration interaction (CI) [9] with MBPT is applied to
calculate the energy of a multivalence system. In this method, the CI is used to ac-
count for the valence-valence electrons correlations while the MBPT is used to account

for the core-core and core-valence electrons correlations. We will briefly describe the

CI4+MBPT method in this section.

2.2.1 CI+MBPT method

We assume that the electrons in the atom can be divided into two groups, the
valence and core electrons. The number of electrons in the core, N.ge, is chosen such
that the valence and core electrons energies are well separated. For example, For Sr
(38 electrons) we can choose Neore = 36 with two valence electrons. Next, we divide
the atom many-electron Hilbert space into two subspaces, P and (). The subspace
P contains the states where all the core electron states are filled and the subspace @)

contains the rest of the states. From the completeness relation we have
P+ Q=1, (2.110)

where P and Q are the projection operator to the subspace P and @) respectively.

In general, the subspace P has infinite dimensions so using it in calculations is
impractical. We can, however, approximate it by defining a large enough configuration
I, which is a subset of P, such that most of the low-lying states of P are contained in
I. In this approximation, the wavefunction of the system can be expressed as a linear
combination of this configuration

b= CilI). (2.111)

IepC!
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Putting this wavefunction to the Schrodinger equation we obtain an eigenvalue problem

> H.,Cy=EC. (2.112)

JepCl
Therefore the Hamiltonian of the configuration space H¢y is a crucial part in obtaining
the energy matrix.
The configuration Hamiltonian can be obtained by projecting the exact Hamil-

tonian H onto the configuration subspace
HO = PP (2.113)

We now assume that the configuration I can be made such that the Schrodinger equa-
tion solution from it can be obtained within the required accuracy. Henceforth, we are
not going to explicitly put the label “CI” so that P°! is now written as P.
The projected Hamiltonian is given by
_ cr 1
where E.. is the core electrons energy which includes the kinetic energy, the nucleus-
core Coulomb interactions, and the core-core Coulomb interactions. The h{! is the one
body operator for the valence electrons which includes the kinetic terms, the nucleus-
valence Coulomb interactions, and the core-valence Coulomb interactions. The last

term is the Coulomb interaction between the valence electrons.

From Eq. (2.110) we can write Eq. (2.113) as
H=PHP +PHQ+ QHP + QHO, (2.115)
and the exact wavefunction ¥ as
U=PU+QU=2>+4 . (2.116)

The Schrodinger equation
HY = EV, (2.117)
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now becomes two equations of two functions ® and y

(PHP)® + (PHQ)x = E®, (2.118)
(QHQ)x + (QHP)P = Ex. (2.119)

Next, we define the Green function
Ro(E) = (E— QHQ)™*, (2.120)
so that Eq. (2.119) can be written as
X =Ro(E)(QHP)D. (2.121)
Using Eq. (2.121) we can then write Eq. (2.118) as
(PHP + 2(E))® = EQ, (2.122)

where

S(E) = (PHO)Ro(E)(QHP). (2.123)

Eq. (2.122) is the CI+MBPT equation. After the CI diagonalization, the first term
of the equation will account for the valence-valence correlation (see Eq. (2.114)).
The second term, 3(FE), essentially connects the space P (all core electrons in ground
state) and Q (at least one core electron is excited) thus it accounts for the core-valence
and core-core correlations. In this formulation, the first term is considered as the
unperturbed Hamiltonian, it is evaluated using CI while the second term is evaluated
with MBPT. Finally, since ¥(F) is a function of the energy, it is necessary to solve the
equation by iteration.

We will now explicitly derive 3(FE) using the perturbation formalism. The
starting approximation will be the Dirac-Fock Hamiltonian as the unperturbed Hamil-
tonian. The number of electrons in the averaged potential used in the self-consistency
procedure Npp can be varied with the condition N < Npgr < Ncge. In the simplest ap-
proximation, we can choose Npgp = N o Which is the approximation used throughout

this work.
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We define the one-electron unperturbed Dirac-Fock Hamiltonian hApp
_ s 4 N
ho = hpr = ca X p+ (B — 1)mc® — — + Vpp, (2.124)
r
such that
hpral|0) = €al|0) (2.125)

where ¢; is the Dirac-Fock energy of orbital i. The potential V;}, is chosen to approxi-
mate the average repulsion from all the core electrons [6], it is solved self-consistently.

The many-electron the Dirac-Fock Hamiltonian can be written as
Hpr = Eeore — Z €aalag + Z €m@l m = Feore + Hpr, (2.126)
where F.... is the matrix element of the exact energy of the core electrons
Eeore = (Veore| H[Vcore), (2.127)
Veore = ajal---aly, 10). (2.128)

From Eq. (2.126) we can see that the operator Hpr commutes with both P and Q so
that
PHprQ = QHprP = 0. (2.129)

We can now write Eq. (2.123) as
Y(E) = (P(H—Hor)Q)Ro(E)(QH — Hpr)P)
= (P(V =V )QR(E)(Q(V — VPr)P), (2.130)

where V' is the exact potential. Thus, (V — V{),) is the residual potential that will be

used as the perturbation. Using the usual MBPT technique we can write down Eq.

(2.120) as

Ro(E) QIE—-H)'Q
= Q(E—Hpr)'Q
+Q(E — Hpr) ' Q(V — V") Q(E — Hpp) 'Q + - - -

(2.131)
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Putting the above equation back to Eq. (2.130) and writing them in the matrix element

form we obtain

UnU UrniUpn U,
Y, = Z MYng Z MUnmrUry

o E— Ey vt (E—Ey)(E—EL)

= 2420 4. (2.132)

where U is the residual potential (V — V{%). If we only take the expansion of %(E) to
its lowest order then the Eq. (2.122) becomes

UrnU
3 (HU +y M) C, = EC, (2.133)

JEPCI ieg B Bu

which is the CI+MBPT equation in the explicit matrix element form. Notice that the
Eq. (2.133) corresponds to the Brillouin-Wigner variant of the MBPT [9]. The other
alternative using the Rayleigh-Schrodinger approach has its disadvantages as it will
make the matrix on the left-hand side of the above equation becomes nonsymmetric
82].

The complete evaluation of the second term in Eq. (2.133) is shown in [4].
Following the notation used in [83] we divide X(E) into a one body operator ¥ (E)
and a two body operator 35(E). The one body operator can be written as [5]

2 Im abgmmab gmmvagmnva
(Zg ))xy = Z . + = (2.134)

— €ab — €xm T €y — € — ey + €, — €Emn

and the two body operator as

(252)) _ Z Guwed9mned
mnow = =
od €cd — €Emn T €y — €y F €y — €y

m<<n

Z _ gwrncgmrvi + ’ (2135)
C€v+€c_€mr+€w_€w VS w

where € is the trial energy from the subsequent iteration.

2.2.2 Cl+all-order method
In the Cl+all-order formulation, the perturbative effect from >; and ¥, are

evaluated within the framework of all-order method [5]. To do this, first, we express the
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excitation coefficient p in terms of the matrix element Y. Furthermore, an additional

all-order equation need to be made for coefficient p,;,p Which is the coefficient p,u0p

with the index b replaced by w.

The matrix element ¥ can be expressed using the excitation coefficient p as

following
Yina = Pmal€a — €m),
Yimnab = Pmnab(€ab = €mn);
Ymnva = Pmnva(€ + €0 = €mn),

Z:mv = (21)mv = prrw(gv - Em)u

me}w = (22)mnvw = Pmnovw (gv + gw - Emn)-

The terms ¥; and X, are essentially the coefficients p,,, and p,,n. multiplied by the

appropriate energy differences. In this method, the core excitation coefficients p,,, and

Pmnab are not modified. The rest of the equations are obtained by rewriting Eq. (2.11)

and (2.13) replacing p with ¥ and removing the terms that are already accounted by

the CI procedure

Yoo = (El)mvzz Gmbonnb _Z Gbevn Xmnbe

€bec — €mn + EU — €

Gb_€n+€v_€v

nb
gmbnrznrvb
€v + € — €nr
bnr

2mnvb = gmnvb+z

. Z gcnvbzmc + Z gmnvrzrb
- Ec_€m+gv_€v Eb_€r+€v_€v
. Z Gmeuvd ch Z gcnrbzmrvc
Ec_en_l'gv_ev 6v_l'ec_

mr
Z gcnrbzrmvc Z gmcrbzrnvc
or €U+€c_€mr €U+€C_

nr

gcdvbzmncd + gmnrszrsvb
decd_emn+€v_€v s Ev_'_eb_ers

+ 2 : gmcvr rncb N 2 : gmcvr nerb
Ecb_enr+€v_€v ecb_enr+€v_€v

_ 2 : gcm)r mrch
or €cb — Emr + EU - EU
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(22 ) mnow
o Gedvw Z:mncd Genvw 2mc
2T

ch_‘smn_'_gv_ev_'_gw_ew _€m+gv_€v+gw_€w

Emnvw

cd

gcnrw Zmrvc

_2 : gmcvwznc +§ :
Ec_€n+€v_€v+€w T,Ev_'_ec_emr_'_gw_ew

w

2 : gcnrw rmuc 2 : gmcrw rnuvc
ev_l'ec_emr_l'ew_w or €v+€c_€nr+€w €w

+ § : gmcvr rncw . 2 : gmcvr rnwc
Ec_l'ew_em“_l'ev_ev €c+€w_€nr+€v_€v

Ccr

. Z - gcnvr rmwc (2143)

+€w_€mr+€v_€v

these are the CI4-All-order equations. These equations reduce to Eqgs. (2.11) and
(2.13) when €, = ¢,. The term containing p,, in Eq. (2.11) corresponds to valence
excitations which is accounted in CI procedure, thus it does not appear in Eqs. (2.142)
and (2.143). The first, third and fifth term of Eq. (2.142) also correspond to valence
excitation in the case of b = w, therefore, they are omitted. Furthermore, Eq. (2.143)
does not contain X,,,,, on the right-hand side, so it is not an iterative equation.

Therefore ¥, can be calculated last, once the other coefficients have converged.

2.2.3 Remarks on the Hamiltonian Diagonalization

The size of the Hamiltonian matrix formed in the CI+MBPT and CI+All order
methods depends on the size of the configuration space. In practice, this space can be
too large so that diagonalizing the whole matrix will be unrealistic. For such case, we
can diagonalize a subset of the whole matrix using mathematical procedures, in our
code, this is implemented by using Davidson diagonalization method [84]. This way, it

is possible to obtain the wavefunction of the first few levels and their energies.

2.2.4 The transition matrix element.
Currently, the calculation of the transition matrix elements in the CI+MBPT
and CI4All order methods have been developed to include the second order and the
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random phase approximation [9] (RPA) terms. This calculation is done by first calcu-
lating the “bare” matrix element terms and then using the obtained radial integrals to
calculate the second order and RPA terms. Finally, the bare terms are replaced with
the effective “dressed” terms which include higher order corrections. In this section,
we will briefly discuss the calculation method of the matrix element.

Consider many-electron states |JM) where J is the total angular momentum,
and M is its projection. The matrix element of the spherical component of operator a

rank L operator T', T)", is given by
(J' M'|TFIIMY = Trpugjmpr e (WU 'm! | TF nljm), (2.144)

where |nljm) is the one electron state and “Tr” means the summation over all quantum
numbers nljm,n'l'j'm’. In Eq. (2.144), puijmprjm s the transition matrix element
given by

Putjmatvim = (T M'|al 0G| JM). (2.145)

We can obtain the reduced matrix element by using the Wigner-Eckart theorem. Sum-
ming over the magnetic quantum number m, the reduced transition matrix element of

rank L is given by

-1

J L J o i Lo

L J—M' —m L
Pl ol (_1) (_1)] Pl im,n/l'j'm’»
Y —M’qM% —m’ q m)
(2.146)
therefore
(JNTHNT) = Tephys ey (UGN T [01G). (2.147)

Using Eq. (2.147) we can obtain individual transition matrix element given the diagonal
wave vectors.
Since we can only have several diagonalized wave vectors, there are only limited

transition matrix elements than can be calculated. For some cases, it is required to
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calculate the summation of transition matrix elements over the whole basis set. For

example, the static E1 polarizability is given by [39]

where D is the electric dipole operator. For this case, we calculate the matrix elements
using an inhomogeneous equation [85, 86] which will be discussed next.

Suppose we solve the inhomogenous equation
(Ey, — H)| Xy ) = Dylv, Jy, M), (2.149)

where ¢ = 0, %1 and M’' = M, + ¢. The inhomogeneous function X, py in general can

be decomposed in terms that correspond to a particular angular momentum J’

vaM,z Z Xy (2.150)
=Jy,JoEl

If we revert the reduced matrix element from Eq. (2.148)

—2

_72 Z(_ )—Ju-i-Mu Sy L Jy |<UJUMU|DQ|anMn>|2’
(2.151)

ag(0) =

the last term can be expressed in terms of the inhomogeneous function X, j a

|(vJ, M, | Dy|nJ, M,)|? (vJy M, | D_g|ndy M) (nd, M,|D,|vJ,M,)

E,—E, E,—E,
_ Z (vJu My | D—g|ndpy Mp) (nJp My |(Ey — H)| Xo,,00)
— E,—E,
= Y (I, My|D_g|ny M) (nJu M| X, 1) (2.152)
~

In the third step, the Hamiltonian is operated to the left to cancel the denominator.

If we plug Eq. (2.152) to Eq. (2.151) and carry the summation over n we obtain

2 J, 1 J
v = 1)Lt My v, M| D_o| Xy 50 010)-
0 = gy S| ) 0 MIDfSesr)

(2.153)
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Therefore the summation over the transition matrix elements can be obtained if we
solve the inhomogeneous function X, j p from Eq. (2.149). Note that the 3.J symbol
on the right-hand side of Eq. (2.153) is not always non zero, in the case of zero 3.J
symbols, the equation is no longer valid, so it is necessary to do the calculation with

q = *1.

2.3 One electron reduced matrix elements

In this work, a lot of our calculations utilize the one-electron reduced electric
dipole matrix element (a||D||b) and the one-electron reduced matrix element of tensor
operator T of rank 1 (a||T™||a). In this section, we will list the formulas for these
matrix elements.

The one-electron reduced electric dipole matrix element (k||D||v) is calculated

using the following formula [6]

_\/Efooo dr fo (di
Vig+1 fooo dr fy (di —

where f is the large component of the Dirac wavefunction and [ is the orbital quantum

(allDI]b) =

A =1, — 1
“zf forly (2.154)

) a,forlb—l +1

number. The one-electron reduced matrix element of tensor operator T of rank 1

(a|]|TM]|a) is given by [6]

2K dr
a T(l) a) = N a / aYas 2155

where x is the total relativistic angular quantum number and g, is the small component

of the Dirac wavefunction.

2.4 Basis states
Unless otherwise noted, the basis set used in this work is constructed using B-
spline technique [6] with principal quantum number n = 35 for each partial waves with

[ < 5. This set is formed in a spherical cavity with radius 60 a.u.
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Chapter 3

EXTRACTING TRANSITION RATES FROM ZERO
POLARIZABILITY SPECTROSOPY

In this chapter, we discuss the method to extract the transition matrix element
via measurement of magic wavelength [87]. We choose Sr as the currently best system
available for this study. First, we provide a brief review of the magic wavelength and

magic zero wavelength theories.

3.1 Method
An atom inside an oscillating electric field will form an induced electric dipole
moment which oscillates with the driving frequency w. The induced dipole moment p

will interact with the electric field E and create an effective potential [88]

1 1

where €y, ¢, « and I are the vacuum permittivity, speed of light, dynamic polarizability
and electric field intensity respectively. In the previous equation we have used the
relation between the dipole moment amplitude p and the electric field amplitude E,
p = aE. Atomic optical trap is created by using two counterpropagating laser beams
that formed a standing wave of an electric field. This standing wave effectively creates
a periodical potential well with a depth given by Eq. (3.1).

The dynamic polarizability that determines the depth of the optical trap de-
pends on the electronic properties of the atom. In practice, a lattice clock utilizes two
electronic states, |A) and |B), as the primary clock transition. By changing the laser
wavelength, we can change how the atoms interact with the optical lattice. There are
two important types of the wavelength that we will consider, the magic and magic zero

wavelengths.
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The magic wavelength wpagic is defined as the wavelength when both the po-
larizabilities of the state |A) and |B) are equal (ol (wmagic) = @B (Wmagic)) at the
leading order of multipole expansion (electric dipole). When this condition happens
the lattice depth for both states |A) and |B) are equal. This condition enables the
transition between both states with a transition frequency which, at the leading order,
is independent of the electric field intensity [31]. Neutral atom lattice clocks operates
at the magic wavelength.

The magic zero wavelength w,,, is defined as the wavelength when one of the
polarizabilities of the state |A) and |B) is zero (@ (wyero) = 0 or alP) (Wyero) = 0) at the
leading order of multipole expansion. When operating at this wavelength, the optical
lattice interacts exclusively to one of the states. The determination of this wavelength
enables the use of multiple laser beams operating at different magic zero wavelengths
to create lattices for various purposes (e.g. to create “storing” and “transporting”
lattices in quantum computer [89]).

Measurements of the magic and magic zero wavelengths enable us to precisely
determine F'1 transition matrix elements. Because by knowing the magic wavelength,
we can determine the dynamic polarizability which is given by [39]

oo 2 (k||D||v)*(Ey — Ey)
%) = 3577 ; (BB (3.2)

where J and D are the total angular quantum number and electric dipole operator
respectively. From Eq. (3.2) we can extract the transition matrix element.

Note that the contribution of the virtual state k to the total polarizability
depends on the vicinity of the driving frequency w to the corresponding resonance
frequency Ey— FE,. In other words, some contributions will have an enhancement factor

depending on how close the measured wavelength to the corresponding resonance.

3.2 Results
Using ClI+all order formalism, we evaluate the magic and magic zero wave-

length of Sr. To increase the accuracy of our calculation we replace several transition
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energies with their experimental values and the transition matrix elements with their
recommended values.

We replace the first ten 5s5p3 Py and the first four 5s% 1S, transitional energies
with their experimental values taken from [90]. In the current Cl+4-all order code,
the transition matrix elements are evaluated with the second order and RPA terms.
Higher order terms of the Sr transition matrix element has been shown to contribute
to 0.4-1.7% of the total values [26]. Recommended values for the first few matrix
elements has been extracted in [26] from 5s5p ! Py lifetime [91], 5s?1Sy — 5sb5p3 P,
transition stark shift [92] and 814 nm magic wavelength [93]. The recommended values
for 5sbp 3Py — bs4d®D; transition matrix element has been extracted from the recent
Sr clock BBR shift measurement [23] and the 5s5p P, — 5515 from the 5s5p ' Py
lifetime [91]. The summary of all the replacements made in the calculation is shown
in Table 3.1.

We calculate the dynamic polarizability of the 5s%1S, and 5s5p 3P, state and
plot their result. For clarity we made two plots of dynamic polarizability (a.u.) vs
wavelength (nm) in different range, 350 < A < 460 nm and 460 < A < 840 nm. These
plots are shown in Figures 3.1 and 3.2. The 55215y and 5s5p 3P, polarizabilities are
shown by the red and blue lines respectively. The magic wavelengths are shown at the
crossing between the blue and red lines as red circles and the magic zero wavelengths
are shown at the crossing between the polarizability lines with the horizontal axis.
Note that the 813.4 nm magic wavelength is shown on the right side of Figure 3.2. The
5sbp 3 Py transition resonances are shown as dashed black lines.

We list the Cl+-all-order and recommended values of the magic and magic zero
wavelengths in Table 3.2. The recommended values are obtained after the energies and
matrix elements replacements as explained previously. We have found five additional
magic wavelengths apart from the 813.4 nm. There are eight 5s5p 3P, and one 552 19
magic zero wavelengths. The 552 1S, magic zero wavelength agrees with the results of
the previous works [89, 94]. The 5s5p 3Py magic zero wavelength at 632(2) nm is 5 nm
longer than the result in [89] which gives 627 nm.
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Table 3.1: The resonance wavelengths A and reduced dipole matrix elements D
in Sr. Vacuum wavelength values are given in nm. The calculated and

recommended matrix elements are given in a.u.

Transition Wavelength Matrix elements D
Cl4all Expt. Cl4all Recomm. [26]
5s5p 3Py 5sdd 3Dy 2642.4 2603.1  2.714 2.6707(62)*
5s5p 3 Py 5s6s3S;  682.0 679.3  1.972 1.962(10)°
5s5p 3P, 5s5d 3D,  484.2  483.3  2.458 2.450(24)°
5s5p 3Py 5p? 3P, AT1.5 4743 2.627 2.605(26)°
5s5p 2Py 5s7s3S)  433.3 4328  0.522 0.516(8)°
5s5p 3Py 5s6d 3Dy 394.3  394.2  1.175 1.161(17)°
5s5p 3Py 5s8s3S;  377.1 3782  0.302
5s5p 3Py 5s7d 3D,  361.4 363.0 0.822
5s5p 3Py 5s9s 3S; 3484 3554  0.270
5s5p 3Py 5s8d 3Dy 336.7 334.8  0.820
5sbp 3Py 55215,  678.7 689.5  0.158
5s5p 1Py 55215,  458.3  460.9  5.272 5.248(2)°
5s6p 3Py 55215, 2936 2953  0.035
5s6p 1P 5s2 1Sy 2915  293.3  0.283
“Ref. [23].
"Ref. [26].
"Ref. [91].
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Figure 3.1: The plot of dynamic polarizability (a.u.) vs wavelength (nm) in the
range 350 < A < 460 nm. The polarizabilities of 5s5p 3Py and 55215, are
shown by the blue and red lines respectively. The intersects between the
blue, and red lines are the magic wavelengths shown by red circles. The
intersects between the lines and the horizontal axis are the magic-zero
wavelengths shown by blue circles. The resonances between the 5s5p 3P,
and the corresponding states are shown by black dashed lines.
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Figure 3.2:

Polarizability a (a.u.)

Plot of dynamic polarizability (a.u.) vs wavelength (nm) in the range
460 < X\ < 840 nm. Polarizability of 5s5p3P, and 5s%1S; are shown
by the blue and red lines respectively. The intersects between the blue
and red lines are the magic wavelength shown by the red circle. The
intersects between the lines and the x axis are the magic-zero wavelengths
shown by the blue circle. The resonances between the 5s5p 3P, and the
corresponding states are shown by the black dashed lines.
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Table 3.2: Magic-zero Ae, and magic Apagic Wavelengths. See text for the explana-
tion of the recommended value calculations.

)\zero
Cl+4-all-order

)\magic

Recomm. Cl+all-order

Recomm.

585]9 3P0 582 150 — 585p 3P0
355.92 354.9

367.0 368.45 358.5 360.0
377.8 378.81 376.8 377.75
403.35 403.428 390.1 389.9
434.35 433.85 497.0
478.35 479.126
634.7 632.83
1672.9 1666.6

582 150
679.55 689.20

Tables 3.3 and 3.4 show the contributions from the ten lowest transitions to the
total polarizabilities of 5s5p 3P, state at the magic zero wavelengths. The contribution
to total polarizability from the transition is calculated using Eq. (3.2) and given in a.u.
The dominant contributions at the corresponding magic zero wavelength are shown in
bold. The total polarizability is calculated by solving the inhomogeneous equation as
explained in Sec. 2.2.4. The “other” contribution is obtained by subtracting the ten
contributions from the total polarizability. The total polarizability is zero within the
numerical accuracy.

In theory, a global fit can be done to extract the transition matrix elements if all
the magic zero wavelengths have been measured. We propose a second simpler method
to extract the transition matrix elements from the magic zero wavelength measure-
ment. First, the transition matrix elements from the first and second contributions of
Tables 3.3 and 3.4 have been critically evaluated. The 5s5p 3Py — 5s4d 3D; matrix ele-
ment is known to 0.5% accuracy from the 5s4d 3D, lifetime measurement [23] and the

555p 3Py — 5s6s 35, matrix element to 1% accuracy from the BBR shift measurement

42



Table 3.3: The breakdown by the transition of the contributions (in a.u.) to the dy-
namic polarizability of 5s5p 3 P, state, at the eight magic-zero wavelengths.
The first ten rows give the contributions from the transitions, and all other
contributions are grouped together in row “Other”. The chain of domi-
nant contributions relevant to the extraction of matrix elements (see text
for a discussion) is highlighted in bold.

Contribution 1666.6 nm 632.84 nm 479.127 nm  433.85 nm
5sbp 3Py - bs4d 3D, -188.7 -17.1 -9.5 -7.8
5sbp 3Py - 5s6s 35, 45.9 -251.4 -37.9 -26.4
5s5p 3Py - 5sbd 3Dy 46.3 101.9 -2404 -176.0
5sbp 3Py -  5p? 3P 51.2 107.5 2361 -241.2
5sbp 3Py - 5sTs3S, 1.8 3.2 9.2 337.9
5sbp 3Py - 5s6d 3D, 8.2 12.7 24.1 44.6
5sbp 2Py - 5s8s 35 0.5 0.8 1.3 2.1
5sbp 3Py - 5s7d 3Dy 3.8 5.4 8.4 12.0
5sbp 3Py - 5s9s 35 0.4 0.6 0.8 1.2
5sbp 3Py - 5s8d 3D, 3.4 4.6 6.4 8.1
Other 27.1 32.0 39.2 44.8
Total 0.0 0.0 -0.3 -0.7
Uncertainty in « 11.6 8.7 10.5 6.6
Uncertainty in A,ero 0.1 nm 0.2 nm 0.05 nm 0.25 nm
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Table 3.4: The breakdown by the transition of the contributions (in a.u.) to the dy-
namic polarizability of 5s5p 3 P, state, at the eight magic-zero wavelengths.
The first ten rows give the contributions from the transitions indicated,
and all other contributions are grouped together in row “Other”. The
chain of dominant contributions relevant to the extraction of matrix ele-
ments (see text for a discussion) is highlighted in bold.

Contribution 403.429 nm 378.81 nm 368.45 nm 355.92 nm
5sbp 3Py - bs4d 3D, -6.7 -5.9 -5.6 -5.2
5sbp 3Py - 5s6s 35, -20.8 -17.3 -15.9 -14.5
5s5p 3Py - 5sbd 3Dy -97.5 -67.6 -58.9 -50.3
5sbp 3Py -  5p? 3P -123.2 -82.9 -71.7 -60.7
5sbp 3Py - 5sTs3S, -11.2 -5.5 -4.4 -3.5
5sbp 3Py - 5s6d 3D, 171.7 -93.8 -53.8 -34.3
5sbp 3Py - 5s8s 35, 4.2 147.2 -9.5 -3.9
5sbp 3Py - 5s7d 3Dy 18.9 44.0 122.7 -89.1
5s5p 3Py - 559535, 1.7 3.2 5.5 142.7
5sbp 3Py - 5s8d 3D, 10.6 15.1 18.9 28.6
Other 52.3 64.0 72.7 90.6
Total 0.0 0.4 0.0 0.4
Uncertainty in « 12 67 4.3 2.2
Uncertainty in A,ero 0.05 nm 0.1 nm 0.6 nm 6 nm
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[26]. The measurements of the magic zero wavelengths at 1666, 632 and 479 nm should
let us determine the matrix elements from the first four contributions as well as the
accuracy of the “other” contribution. Note that the third and fourth contributions are
very dominant at the 479 nm magic zero wavelength. From the measurement of this
magic zero wavelength, we should be able to determine these contributions. Therefore,
magic zero wavelength measurement at 479 nm should be the priority.

Once the first four matrix element is determined, we can go to the next mea-
surement, the magic zero wavelength at 433 nm. The dominant contribution at this
magic wavelength comes from the fifth transition. Therefore, measurement of this
magic zero wavelength should let us determine the transition matrix element from the
fiftth contribution. We can keep repeating the same procedure for the rest of the magic

zero measurements until we obtain all the possible transition matrix elements.
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Chapter 4

CALCULATIONS FOR THE DEVELOPMENT OF OPTICAL ATOMIC
CLOCKS

In this chapter we calculate the BBR shift of T1*, magic wavelengths and BBR

shift of Hg, and hyperfine quenching rates of 1**Cd.

4.1 BBR shift in 6s%'S, — 6s6p 3P, clock transition of T1*

In this section, we calculate the BBR shift of TIT as done in [38]. First, we
briefly discuss the theory of BBR shift. The derivation of the BBR shift formula
was first done in [95], later on, a generalized multipolar formula was derived in [96].
Previous calculations for BBR shift have been done for singly-charged ions [17, 97, 98]
and neutral atoms [96].

BBR shift can be found by integrating the perturbation due to the radiation
over the whole BBR spectrum. The BBR energy density spectrum u,(7") in atomic

units is given by the Planck’s law

o? w?

7T2 ew/kBT _ 1’

uy,(T) = (4.1)

where « is the fine structure constant, w the BBR frequency and kg the Boltzmann
constant.

Assuming the time evolution of excited state amplitudes adiabatically follow the
reference state v, the BBR shift is given by (for complete derivation see [95] and [96])

(Oé]{?BT

SEBBR _
Y 2J,+1

Z| (vl DI[n)[*F (yn) (4.2)

where J, is the total angular momentum of state v, D is the E1 transition operator, and

Yn = (E,, — E,)/kgT. The summation runs over the intermediate states n. Function
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F(y,) is the function that corresponds to the integration of the electric fields from

BBR over its whole spectrum [95]

o 1 1 r?dw
F(y) = . 4.3
(v) /0 (y+:c+y—:c)em—1 (43)

It should be noted that Eq. (4.2) is obtained by using the multipole expansion

of the electromagnetic coupling taking only the E1 leading term into consideration.
The next to leading term (M1) is not required at the current accuracy level. However,
it is required at 107'® accuracy level [96].

In our system, the energy difference between the states is far greater than the
ambient temperature at 300 K ((E, — E,) > kgT). In this limit, the function F(y)

can be expanded as [96]

478 n 3275 n 3277 n 51277
45y  189y3  45y5  99y7

F(y) ~ (4.4)

Using this expansion and the formula of the E1 polarizability

ag(w) =

2 (En — E)[{v]|D]In)?
eR AT D Ry S (45)

we can express the BBR shift in Eq. (4.2) in term of static E1 polarizability af(0)
2
SEJPR = — 1 (@) (ks T) ag(0)(1 + n). (4.6)

In the Eq. (4.6), we have separated the contribution to the BBR shift into the static
(the first term) and dynamic (the second term) contributions. In our system, the
static contribution dominates over the dynamic contribution. From Eqs. (4.2)-(4.5),
it is straightforward to see that the dynamic term 7 in Eq. (4.6) is given by

80 | nHDH 2172 3367t
_ _ (4.7
N TP A kBTZ EE 52 aagr ) A7)

Previous analysis has shown that the polarizabilities of ns? 1S, and nsnp 3P,
state are almost equal for BT, Al*™ and In™ ions [17]. These polarizabilities result
in anomalously small BBR shifts in the ns?'Sy—mnsnp?P, transition for these ions.

These ions belong to the same IIIB group, two other atoms in this group, Ga and
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T, have not been studied yet. Frequency standard based on the TI* 6s2'Symp =
0—656p 3Py mp = 0 transition has been proposed [37]. The radioactive isotope of 4TI
has a half-life of 3.78 years, a spin of 2, and a tiny magnetic moment of 0.0908 nuclear
magnetons making it an ideal object for a very high-resolution laser spectroscopy.
Because of its small nuclear magnetic moment, the natural linewidth of the clock
transition in 2°4T1% is expected to be orders of magnitude smaller than estimated for
stable T1 isotopes.

To test our precision, we first calculated the energy of TIT for several low-
lying states. These energies are shown in Table 4.1 along with their comparison with
experimental values obtained from [90]. The two electron binding energies are given
in the first row, and the other energies are counted from the ground state. We used
four different methods to calculate the energies, pure CI, CI+MBPT, Cl+all-order and
Cl+-all-order with Breit interaction [99] included. Breit interaction is the leading QED
effect which is not accounted in our “no-pair” approximation. We show that compared
to the experimental values, the best result was obtained by the CI+all-order method
with an error of less than 1.7%.

Comparisons between the experimental and CI+all-order transition energies are
given in Table 4.2. As can be seen, compared to the theoretical energies relative to the
ground state, the transition energies has significantly better precision with an error of
less than 0.35%.

Next, we calculated the polarizabilities of the states 6s21S, and 6s6p3P,. We
separated the contributions from the core and valence states. Furthermore, the core
polarizability is divided into two parts, ac and ayc. aye is the small counter term
that accounts for the part of a that contains the forbidden excitation from core state
to the occupied valence state. For this system, we approximate the value of ayc to
be the sum of its value for single valence system. Therefore, for we use 6s? state
aye(6s?) = 2ayc(6s) and for 6s6p state avc(6s6p) = ayve(6s) + aye(6p). Both these

contributions are calculated with RPA (see section 2.2.4).
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Table 4.1: Comparisons between the experimental and theoretical values of energy
levels in cm™! for the first few even and odd configuration states. The
energies are given in cm~! in column Expt. and CI+all respectively for the
experimental and theoretical values obtained using Cl+all-order method.
The first entry is the values of two-electron binding energy. The remaining
entries are the difference between the corresponding energy and the ground
state (6s? 1Sp). Differences in percent with the experimental values are
given for other calculation methods. CI+all® refers to the values from the
Cl+all-order method with Breit interaction [99] included.

Differences (%)
CI CI+MBPT CI+all Cl+all®

State Expt. Cl+all

65 1S, 405365 407125  -7.22 1.8 0.43 0.63
6s7s3S; 105229 106028 -11.67 2.66 0.76 1.03
6s7s 1Sy 108000 108904 -10.83 2.63 0.84 1.11
6s6d 1D, 115166 116194 -12.09 3.05 0.89 1.18
6s6d 3D; 116152 116857 -11.04 2.45 0.61 0.89
6s6d 3D, 116436 117284 -11.06 2.49 0.73 1.00
6s6d 3Ds 116831 117758 -11.06 2.45 0.79 1.06
6p? 3P, 117408 118450  -7.59 2.95 0.89 1.17
6p? 3 Py 125338 126440 -8.28 3.24 0.88 1.19
6p? 3Py 128817 129839  -8.61 3.06 0.79 1.09
6s8s3S; 133568 134187 -10.05 2.1 0.46 0.71
6s8s 1Sy 134292 134950  -9.83 2.11 0.49 0.73
6s6p 3Py 49451 50288 -15.64 5.8 1.69 2.01
6s6p 3P 52394 53060 -14.6 5.19 1.27 1.60
6s6p 3P, 61728 62669 -14.37 5.37 1.53 1.89
6s6p P, TH663 76145  -6.73 1.59 0.64 0.92
6sTp3P 119361 120155 -10.64 2.46 0.67 0.92
6s7p 3P 119576 120472 -10.44 2.53 0.75 1.01
6sTp 3P, 122209 122675 -10.65 2.33 0.53 0.79
6s7p P, 122379 124019 -9.17 2.97 1.34 1.60
6s5f 3F, 136216 136600 -10.28 1.95 0.27 0.52
6s5f 3Fy 136115 136577  -10.2 2.02 0.35 0.61
6sbf 3Fy 136230 136595 -10.24 1.94 0.27 0.53
6s5f 'F3 136263 136756 -10.23 2.01 0.36 0.62
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Table 4.2: Comparison of transition energies between the experimental [90] and the
CI+all-order values in cm~!. The last column gives the relative differences

in percent

Transition Expt. Cl+all-order Difference (%)
6s6p 2Py - 6s7s 3S;  HHTTS 55739 0.07
6s6p 3P, - 6s6d 3D; 66701 66569 0.20
6s6p 3P, - 6p2 3P, 75887 76152 -0.35
6s6p Py - 6s8s 35, 84117 83899 0.26

The breakdown contributions for the polarizability is given in Table 4.3. The po-
larizability is given in a} with the few dominant contributions shown, these are obtained
using the corresponding dipole matrix elements from Table 4.4. The ”Other” contri-
butions is obtained by subtracting the dominant ac and ay ¢ contributions from the
the total polarizability. To evaluate the uncertainty due to the correlation corrections,
we carried out the calculation with CI, CI+MBPT, Cl+-all-order and Cl+all-order
with Breit interaction (CI+all®) method. Furthermore, we also calculated the polariz-
ability with CI+all-order method using the experimental energy (CI+all®) to evaluate
uncertainties due to the energy. We showed that using the experimental energy, the
polarizability changes by 0.5% for 3P, and 'P; transition and by 0.07% for 3S; and
3D, transition. These uncertainties agree with the energy uncertainties shown before
in Table 4.1 and 4.2.

In Table 4.5 we demonstrate the calculation of the dynamic term n to BBR
shift defined in Eq. (4.7). In our calculation, only the dominant terms from the
nearest transitions are considered. It can be seen that 7 is small and the difference
An = n(6s?) — n(6s6p) ~ .00001 which is < 1. Therefore, we can safely say that the
dynamic factor only gives small contributions to the total BBR shift.

The final result of the T1™ BBR shift for all different calculation methods are
given in Table 4.6. We calculated the absolute ratio between the BBR shifts with the
652 1Sy — 656p 3P, transition frequency vy = 1.483 x 1071° Hz.
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Table 4.3: Contributions for 6s? 1Sy and 6s6p 3Py polarizabilities in aj. The val-
ues given in CI4+All° are calculated using CI4+All order method with ex-
perimental energies. The leading contributions from the valence electron
are listed for each state, the remaining valence contribution is given in
”Other”. The contribution from the core and its correction due to the
presence of valence electron is given by a¢ and ay ¢ respectively.

o

State  Contr. CI  CI+MBPT CItall Cl+all® Cl4all®

65215, 652 1S, — 6s6p 3P, 0.589 1.149  0.984  0.985  0.997
65218, —6s6p 1P, 16.131 13.057 13.450 13.351  13.535

Other 0.269 0.143 0.383  0.155  0.155

ac 4.983 4983 4983  4.983  4.983

ave -0.071 20.071  -0.071  -0.071  -0.071

Total 21.901 19.261 19.501  19.402  19.599

6s6p 3P, 6s6p 3Py — 6s7s39;  3.113 2.499 2519 2504  2.517
6s6p 3Py — 6s6d 3D, 9.563 786 7.912  7.857  7.897

6s6p 3Py — 658535, 5.219 4603  4.69  4.657  4.706

Other 1.782 163 166  1.652  1.660

ac 4.983 4983 4983  4.983  4.983

ave -0.338 0.338  -0.338  -0.338  -0.338

Total 24.322 21.236 21.426 21.316  21.425

Aap(1Sy =3 Py) 2.421 1.975 1925 1914  1.826
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Table 4.4: The dipole matrix elements used to calculate the dominant contribution
to total polarizability in a.u. The values obtained from CI, CI+MBPT,
CI+all and CI+all® are given.

N D
Transition CI  CLLMBPT Cliall Cltall®
652 1Sy — GsGp °P,  0.424 0.658 0597  0.509
652 1S, — 6s6p 1P, 2789 9619 2646  2.640
656p 2Py — 657535, 1.044 0.975  0.9%0  2.504
656p 3Py — 656d°D;  2.007 1893 1897  T7.857
656p 3Py — 6585 %S, 1.616 1557 1562  4.657

Table 4.5: Detailed calculation of the dynamic factor n using Cl+all order method.
The corresponding E1 transition matrix elements in a.u. are given in
column D. Only the leading contributions from the first few dominant
transitions to n are considered.

State Contr. D Npg

65215y 65215, —6s6p 3P, 0.597 0.000014661
65215y — 6s6p 1P, 2.646 0.000097255
1(652) 0.00011191

656p 2Py 6s6p 3Py — 6s7s3S;  0.980  0.000030947
656p 2Py — 6s6d 3D,  1.897  0.000068140
656p *Py — 658535,  1.562  0.000023075
n(6s6p) 0.00012216
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Table 4.6: The values of blackbody radiation shift frequency for each method. Aay
is the polarizability difference between the 6s521S; and 6s6p 3P, state in
cm~t. The correction n for each 6s* and 6s6p state are given in their
corresponding column. The blackbody radiation shift frequency is given
in column labeled Avggg in Hz, and the last column gives its absolute
ratio compared to the absolute transition frequency vy which, for T1, is

given by 1y = 1.483 x 107° Hz.

Method — Aap  n(6s?)  n(6s6p) Awvppr (Hz) | Avepr/w |

CI 2.421 0.000132 0.000151 -0.02084  1.406 x 10717
CI+MBPT 1.975 0.000109 0.000112 -0.01700 1.147 x 10717
Cl+all 1.925 0.000112 0.000122 -0.01657 1.118 x 10717
Cl+all® 1.914 0.000111 0.000121 -0.01648 1.111 x 10717
Cl+-all® 1.826 0.000114 0.000130 -0.01572  1.061 x 10717

Taking the CI+all® value as our final result, we estimated the uncertainty by
evaluating the difference between the total polarizability difference calculated by all
methods. The BBR shift differs by 5% between CI+-all and CI+all® and by 2% between
Cl+all and CI+MBPT. Also, note that the inclusion of Breit interaction only changes
the total polarizability difference by 0.5%. By considering these differences, we can
safely assume that the total uncertainty of the BBR shift should not exceed 10%.
Therefore we arrive at our final result of the BBR shift Avggr = 0.0157(16) Hz.

In Table 4.7 we give the comparison between the calculated BBR shift of T1™
and the other previously estimated ions B, Al™ and In™ [17]. It can be seen that T1*,

with the exception of Al™, has the smallest BBR shift among these ions.

4.2 Magic Wavelengths and BBR shift of 6515, — 6s6p3P, clock transition
of Hg
In this section, we evaluated the BBR shift, magic wavelength and magic zero
wavelength of Hg using CI+all-order method. We also use CI+MBPT and experimental

energies to evaluate the uncertainties of our result.
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Table 4.7: Comparison of the BBR shift calculation in group IIIB ions. The results
for BT, Al™ and In* are taken from [17]. Polarizability differences in a.u.,
BBR shift, transition frequency, fractional BBR shift, and uncertainty are

given.
Ton Aoy  Avgpr (Hz) vy (Hz)  |Avgpr/vo| Uncertainty
B+ -1.85(19) -0.0159(16) 1.119x 10" 1.42x10~17  1x 10718
AF 0.495(50) -0.00426(43) 1.121 x 101 38 x 10~18 4 x 10719
It 2.01(20) -0.0173(17) 1.267 x 10 1.36 x 10717 1 x 10718
TI* 1.83(18) -0.0157(16) 1.483x 10 1.06 x 10°17 1 x 10~1®

For this calculation we use four different approaches to estimate the total un-
certainty: (1) Cl+4all order with theoretical energy (AO-th), (2) Cl+all order with
experimental energy (AO-exp), (3) CI+MBPT with theoretical energy (MBPT-th)
and (4) CI+MBPT with experimental energy (MBPT-exp). The energy replacements
were done for the first four transitions of 6515, state and the first eight transitions of
6s6p 3 P, state.

In Table 4.8 we give the energies and transition matrix elements of 6s'S, and
6s56p 3Py transitions. The values for the first four 6515, and the first eight 6s6p3P,
transitions are given. We show the experimental energies as well as the theoretical en-
ergies obtained using CI+all-order and CI+MBPT. Theoretical values of the transition
matrix elements obtained using Cl+all-order and CI+MBPT are also given. As can
be seen for the given transition energies, the Cl+all-order results differ by 0.6-4.6%
from the experiment while the CI+MBPT results differ by 1.5-6.1% from the experi-
ment. Note that the theoretical 65215, — 6s6p>P; transition energy differs from the
experimental energies by twice as much compared to the other 6s?1S, transition. In
particular, the energy from CI+MBPT differs by 6.1%, and the CI+all-order differs by
1.6% when compared with the experiment which shows that the higher order correlation
for this transition accounts for about 4.6%. Also, note that the 6s6p 3P, —6s8d 3D, en-
ergy differs by 4.6% for CI+all-order and 5.0% for CI+MBPT when compared with the
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Table 4.8: Transition energies and transition matrix elements for the first four 6s*Sj
transitions and the first eight 6s6p 3P, transitions of Hg. Theoretical en-
ergies obtained using CI+-all order and CI+MBPT are given in AFE,o and
AEy\ppr respectively. Experimental energies taken from [90] are given in
AFEe,. Electric dipole transition matrix elements obtained using CI+all
order and CI+MBPT are given in Dpo and Dygpr respectively.

State Contribution AEAO AEMBPT AEOXp DAO DMBPT

6s21Sy 6515y — 6s6p3 P 40029 41893 39412 0.517  0.573
65215y — 6s6p ' Py 54478 595457 54069 2.940  2.913
65215y — 6s7p3 Py 70087 71689 69662 0.033  0.041
65215y — 6s7p' Py 71873 73364 71295 0.654  0.629

6s6p3Py 6s6p3Py — 657539 24396 24152 24705 1.357 1.367
6s6p3Py — 6s6d3D; 33269 33153 33691 1.903 1.896
6s6p 3Py — 658535, 35864 35721 36316 0.419  0.418
6s6p3Py — 6s7d3D; 38994 38856 39439 0.942  0.942
6s6p3Py — 6s8d*D; 40130 39970 42034 0.239  0.237
6s6p3Py — 6s10s3S; 41612 41475 42623 0.631 0.626
6s6p3Py — 6s9d3D; 42396 42239 43426 0.189  0.180
6s6p3Py — 6s10d3D; 43599 43465 44259 0.614  0.616

experimental values. These differences are particularly significant when compared with
the other 6s6p 3 Py transition energies. The Cl+all-order and CI4+MBPT transition ma-
trix elements mostly agree with up to 4.9% difference except for the 6s?1S, — 6s7p3 P,
transition matrix elements which differ by 21.6%.

Contributions to the static polarizability in all four approaches along with their
comparison with other results are given in Table 4.9. We show the contributions
of the first four 65215, transitions and the first eight 6s6p 3P, calculated using sum
over states are given. Total polarizability is obtained by solving the inhomogeneous
equation (see chapter 2). Other contributions are obtained by subtracting the dominant
contributions from the total polarizability. Contributions from the core electrons are

accounted by the Core and VC terms. Taking the result from AO-th as our final
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value, we approximate the numerical error by evaluating its difference with the results
from the other three approaches. Thus, our final values of the static polarizability are
ap(0) = 33.326(1.014) a.u. for 6s*1S; and ap(0) = 55.284(442) a.u. for 6s6p>Fy. Our
results are in good agreement with the previous CI+MBPT results from [32].

The breakdown of the dynamic contribution to the BBR shift is given in Table
4.10. We calculate the term n used in Eq. 4.6, this term accounts for the dynamic
part of the BBR spectrum. As can be seen from the table, the final dynamic BBR
shift Avgiy < 1 thus its effect is insignificant in the current precision limit. Using Eq.
4.6 we calculate the total BBR shift of Hg 652 1S, — 6s6p 3P, transition and obtain the
final value of Avgpr = —0.189(11) Hz. With the 6s*1Sy — 6s6p 3P, clock transition
frequency vy = 1.1286 x 10> Hz we have the final value of the ratio of the BBR shift
to clock transition Avppgr /vy = —1.68(9) x 10716,

We plot the dynamic polarizability around the magic wavelength at 368 nm
in Figure 4.1. Similar to the BBR shift calculation, the AO-exp is taken as the
final value, and the other results are used to evaluate the uncertainty. We found
that for Hg 65215, — 6s6p 3P, transition our final value for the magic wavelength is
Amagic = 367.7(1.7) nm with ayage = 41.90(64) a.u. Our result differs by 4-8 nm
from other works Apagic = 363 nm [101] and Apage = 360 nm [32]. 6s6p3P, state
dynamic polarizability around the magic zero wavelength 384 nm is plotted in Fig-
ure 4.2. For the magic zero wavelength of 6s6p®P, state; our final value is given by

Amagic—zero - 3839(51) nm.

4.3 Hyperfine quenching rates of '3Cd 55?15, — 5s5p 3P, transition

In this section, we carried out an original derivation of the formula for the
hyperfine quenching rate in the special case where the total initial and final angular
momentum equal to zero. In the case of non-zero nuclear spin I, the radiative transition

from state a to b in atomic units is given by [104]

4awd, 1
—_ab IFy||D||vad oI Fu) |, 4.
3 [Ja][]]b;Fbebeb bH ny‘] >| ( 8)

Aa—)b =
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Table 4.9:

Contributions to the static polarizability calculated using AO-th, AO-
exp, MBPT-th and MBPT-exp. Contributions from the four dominant
65215, transitions and the eight dominant 6s6p 3P, transitions are given.
The other terms provided in “Other” are obtained by subtracting the
dominant contributions from the total polarizability. The core and VC
terms calculated with the second order MBPT + RPA are shown in Core
and VC respectively. Other theoretical and experimental results are shown
for comparison.

MBPT—th ago—exp al(;/IBPT—exp

State Contribution b0t af

6s*1Sy 65215y — 6s6p® Py 0.978 1.145 0.993 1.218
6515y — 6s6p ' Py 23.218 22.386  23.393 22.961
6s% 1Sy — 6sTp® Py 0.002 0.003 0.002 0.004
65215y — 6s7p' Py 0.871 0.790 0.879 0.813
Other 0.763 0.691 0.763 0.691
Core 7.376 7.376 7.376 7.376
VC -0.080 -0.080  -0.080 -0.080
Total 33.128 32312 33.326 32.982
Theory [100] 34.036
Theory [101] 31.32
Theory [32] 33.6
Expt. [102] 33.91(34)
Expt. [103] 33.75

6s6p3Py 6s6p>Py — 6s7s3S) 11.093 11.309  10.903 11.056
6s6p 3Py — 6s6d 3D, 15.965 15.874  15.719 15.620
6s6p> Py — 658535 0.718 0.712 0.707 0.700
6s6p 3Py — 6s7d 3D, 3.331 3.342 3.291 3.293
6s6p 3Py — 6s8d 3D, 0.209 0.206 0.199 0.196
6s6p 3Py — 6510535 1.398 1.383 1.365 0.112
6s6p > Py — 6s9d 3D, 0.124 0.112 0.121 0.109
656p 3Py — 6510d 3D, 1.266 1.278 1.247 1.255
Other 14.789 14.387  14.789 14.387
Core 7.376 7.376 7.376 7.376
VC -0.496 -0.496 -0.496 -0.496
Total 55.669 595.483  55.284 54.842
Theory [101] 55.32
Theory [32] 54.6
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Table 4.10: The breakdown of the dynamic contribution 7 to the BBR shift frequency
in Hz. All-order dipole matrix elements and experimental energies are
used for the calculation.

U a;(0) Avpiy
65° 1Sy — 656p> Py 0.000196
65215y — 656p ' Py 0.000016
65% 1Sy — 6sTp> Py 0.000000
65215y — 6s7p' Py 0.000000
Total (65> 1Sp) 0.000216 33.326 —6.21 x 1077
6s6p 3Py — 657535, 0.000266
656p° Py — 656d 3D, 0.000206
656p° Py — 658535, 0.000008
656p° Py — 657d>D; 0.000031
656p° Py — 658d°>D; 0.000002
656p> Py — 65105°S; 0.000011
656p° Py — 659d 3D, 0.000001
656p° Py — 6510d° D, 0.000009
Total (656p° Py) 0.000534 55.284 —2.54 x 10~
Final Avghy (6521, — 656p° Py) ~1.92 x 107
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Figure 4.1: Dynamic polarizabilities of 652 1S, and 6s6p 3P, states of Hg in different
approximation for the wavelength region of A = 360 — 372 nm. Wave-
length is given in nm and polarizability in a.u. Results obtained using
AO-th, MBPT-th, AO-exp and MBPT-exp approximation are shown in
red, light red, dark blue and light blue color respectively. Magic wave-
lengths are shown at the intersections between 652 1S, and 6s6p 3P, lines.
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Figure 4.2: Dynamic polarizabilities of 6s6p 3P, state of Hg in different approxima-
tions for the wavelength region of A = 375—390 nm. Wavelength is given
in nm and polarizability in a.u. Results obtained using AO-th, MBPT-th,
AO-exp and MBPT-exp approximation are shown in red, light red, dark
blue and light blue color respectively. Tuneout wavelengths are shown at
the intersections between 6s56p 3Py line and o = 0 axis.
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where J is the total electron angular momentum, F' is the total angular quantum
number F =1+ J | 7 contains the rest of the other quantum numbers, and D is the
dipole operator. The number in the square bracket is defined as [A] = 2A + 1.

The presence of a nuclear magnetic moment creates small shifts in the electron
spectrum. These shifts can be represented as a state mixing due to the hyperfine
interaction. Therefore, given a hyperfine interaction operator Hyg, the mixing of the

state can be introduced via the perturbation expansion of the state |y[JF Mp)

(0) <7n[JnFnMFn‘(O)ths"}/IJFMF>(O)

IJEM:) = |vIJFM)© I FM

Tn JIn

(4.9)
The hyperfine interaction is given as a series of the product between the multipole

nuclear moment M*) and even-parity electronic coupling 7'%*) [9]

Hy =Y M®T®), (4.10)
k

In the current work we only consider the monopole contribution (k = 1) of the hyperfine

operator. In this case, the nuclear moment is given by [9]

MO ) = \/ e 1),%' (4.11)

Furthermore, since Hyg is a scalar operator it conserves the quantum numbers M and

F'. Taking this into consideration, we can write Eq. (4.9) in the reduced form

© L TnF (| Hyg| [y [T F)©

WIJF) = |7 IJF)® + > |y,1J,F) (4.12)

Tn In

With the expansion in (4.12), the dipole matrix element in Eq. (4.8) becomes

(W I F||D|[Vadul Fo) = (ol Fy||D||[Vadod Fo)®

wI I Full ool JuT Fi
+ 5 I Bl Dl oIy 2T Fell sl o T )

Yndn En - Eﬂm Ja
Wwpd Fy|| Hugs| | Yn S L Fy
_'_Z < EH EvH ><7anIFbHDH7aJa[Fa>
A n — Hydp
- Mc(z)b_‘_M;b_l_Msb' (413)
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So in addition to the unperturbed dipole matrix element MY, we have two extra
terms M), and M?%. These terms will produce a small shift in the dipole transition
rate called the hyperfine quenching rate. We will now derive the formulation of the

hyperfine quenching rate.

4.3.1 Derivation of the Hyperfine Quenching Rate
The dipole and hyperfine matrix elements can be written in the reduced form

by using the Wigner 6-j symbol

I I k

(Y JIF||Hug|lyJIF) = (1)) g (MBI TNTP ),
k
(4.14)
IR J'+I+F+1 / J/ FI a7
(Y JIF|[D|yJIF) = (1) [F][F] I (' J|D[|vJ). (4.15)

We now evaluate each terms in . o [(Y oI Fy||D||7aJal Fy)|? for the special case
Jo=Jp,=0.

4.3.1.1 The Direct Terms
The first term Y, 5 [Mg,]* is given by

B, B oI |0 B
(][ Dl |Yala)?

Do IMP = Y [RIIR)

FoFy FoFy Fa Ja 1 Fa Ja
Fy
S s RE ) G Dl (4.16)
Fy 17

Where we have used the orthogonality condition of the 6-j symbol

BRI f b = AR (117

Since

> [F] =], (4.18)

62



The first term simplifies to

D IMLE = (0ol Dl ada). (4.19)
FuF
The second term -, o |[My|* is given by

DMyl = Y Z JE MOV (1] | D]y ) s T || D* | a5

F, Fb Y- J,
‘ At Tt FiF,

oo [T [y T} inul T PNedy) ) S0 By I\ fJwr Fa 1

X
I By — By, E, J, 1| |B J 1
I I k I I k
(4.20)
Jn/ Jb Fa Ja JTL F[l
In the case of J, = J, = 0 the 6-j symbols reduce to
0 F, I F, J, I 0710
b _ _ 191 (4.21)
F, J, 1 0 F 1 3[]
Jo F, 1 07 10
= M (4.22)
B o0 1 3]
After summing over J,, and J,» we applied the condition J, = J,; = 1 so that
I I k I I k 0r10
= FURT (4.23)
10 F| o1 E 3[1]
Thus, the second direct term simplifies to
2
(I)[m)|1)2 (11| TM]|740)
2 n a
_ 0| D||v,1 4.24
S 13 = S |57 o Dl ) P (424
Fan Tn
Following a similar procedure the third direct term Y, - [M3[* is given by
IMOUD? |~ (I ) 2
Vb Tn
D IMGP = > (7a1]|D][740) (4.25)
Fan Tn En o E’Ybo
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4.3.1.2 The Interference Terms

The first interference terms . . Mgy My, + h.c. are given by
Z Mgl;kMib + Z M;;Mgb _ Z Z(_1)Ja+Jb+Jn+2Fa+Fb+31[Fa] [Fb]<]||M(k)||I>2 >
FuFy F.F, FoFy 0 Jn

<7an||T(k)||7aJa> %
En - E'YaJa

Ja Fa ] e]b Fb ] [ ] ]{7
+ [a < b,
A | F, J, 1 Jo Jn Fy

(Yaal D[ 1o To) ol | D] [ YT

(4.26)

where the second term in the previous equation refers to the term similar to the first
term with index a and b interchanged. These terms are non zero in general, however
when J, = J, = 0, the first 6-j symbol in Eq. (4.26) does not satisfy the triangular
inequality {J,Jy1} so these terms are zero. Similarly, the second interference terms
>omr M, % M2 + h.c. for the case where initial and final total angular momentum are
zero also vanish

> MYML A+ MM, =0. (4.27)

FoFy FoFy
The third interference terms -, . My M2 + h.c. are given by

STMEMELY T MEMY = 3T N (<) et I e 22 (7| M B[ 1)

Fo Fy FoFy FoFy ndn

Yn! Jn’

<7aja“T(k)*||7an> <’7beHT(k)H’7n’Jn’>
ndn | |D* ||,
AV gty 2

I I k I B, I I I k Jo Foo 1

+la b (4.28)
Jo Jo EN VR o 1| | Jw b B R g1
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The second term in the previous equation is equal to the first one since it is symmetric

under the interchange of a <> b. Next, if J, = J, = 0 the 6-j symbols reduce to

I I k I F, 1 I I k Jo Foo 1
Jn 0 I, F 0 1 J 0 F F, 0 1

_ 0p,107,k 0F, 105,10 OF 100,k OF,10.,,1

VK /] VIR /T
1
- WéFaféJnkéFbléJn15Fb15Jn,k5Fa15Jn,1_ (4.29)

Therefore after summation over the quantum numbers the interference terms reduce

to

2(I||MD]|1)? (YOl T |, 1)

1% 12 2 1 _ a n *

D MM+ D MM, = =g D g e 1D 0)

Fan Fan YnYn!
(WOl TD] |y 1)

Eny — Eop0

)

(Y L[ D[17a0)- (4.30)

With all the non zero terms taken care of, the transition rate is now given by

403 3 1

Aasp ?wab m

Z (IMG[? + [ Mgy [ + | ME | + 2M g M), (4.31)

FuF,

To check the quality of our method, we first calculate the hyperfine constant
A of Mg, 8Sr and "3Cd. The monopole nuclear moment matrix element is given
in Table 4.11 and the hyperfine constant A in Table 4.12. Our result differs by 0.2-
7.4% from the experimental measurements; these differences are more prominent in the
heavier atoms. The results in [40] agree slightly better with the experiment with only
0.5-1% difference. In [40], CI+MBPT is used with theoretical energies semiempirically
shifted toward the experimental spectrum.

We give the breakdown of the hyperfine quenching terms M}, and M? in Table
4.13 and 4.14 respectively. The initial and final state, |7,0) and |y,0), are the states
that correspond to the clock transition of each atom. They are 3s%1Sy — 3s3p 3P, for
Mg, 552 1Sy —5s5p 3P, for St and 55 1S, —5s5p 3 Py for Cd. For our calculation, we only

consider the first three to four dominant contributions to the hyperfine quenching rate.
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Table 4.11: The values of the monopole nuclear moment matrix element for 2>Mg,
87Sr and M3Cd. These values are calculated using Eq. (4.11) with the
given nuclear spin I and nuclear magnetic moment in the unit of nuclear
magneton 4/ py taken from [90].

Isotope 1 p/uy  ([IMO|D)

Mg 5/2 -0.85546  -2.479
8Sr  9/2  -1.093 -3.821
Wcd  1/2  -0.6217 -1.523

Table 4.12: The values of diagonal even parity matrix elements , the hyperfine con-
stants A and their comparison with other theoretical and experimental
results are given in MHz.

state  (yJ|TM|y.J) A th. [40]? exp.
(MHz) (MHz)  (MHz) (MHz)

251\/1g

3s3p 3P, 421.25 -144.15 -146.1 -144.977(5) [105]

3s3p 3Py 37475 -128.23  -129.7  -128.445(5) [105]
87Qr

Bs5p 8Py 111140 -269.95  -258.7  -260.083(5) [106]

BsSp 3Py 92048 -22357  -2114  -212.765(1) [106]
113Cd

5s5p B, 3226.10  -4011.33 - -4123.813(1) [107]

5s5p 3P3 2572.20 -3198.27 - -3444.634(2) [107]
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Table 4.13: Contributions of the excited states |y,1) to M}, hyperfine quenching
term of Mg, Sr and Cd. |vy,0) and |v,0) refer to the initial and final
states respectively. The dipole matrix element is given in a.u., even
parity electronic coupling operator in Mhz and energy difference in Mhz.
The final term that contributes to the hyperfine quenching term M}, is
given in the last column.

(1)
Vnl) 0l D)7ml) (I TDO)7a0) B — Eyo (0[] D|]y,1) kT 1ha0)

En—Eyq0
(a.u.) (MHz) (MHz) (a.u.)

Mg
3s3p3 Py -0.006 -828  6.452 x 10° 7.760 x 1076
3s3plP -4.029 -654  3.958 x 108 6.661 x 1076
3sdp3 P, 0.001 -108  7.789 x 108 —8.693 x 1071
3sdplP, 0.842 70  8.240 x 10% 7.129 x 1078

Sr
5s5p3 P -0.158 2059 5.653 x 106 5.741 x 107
5s5p 1P -5.272 -1451 2.182 x 108 3.506 x 107
5p? 3P 0.035 414 5.852 x 108 —2.470 x 1078
4d5p3 P, -0.283 111 5.924 x 108 —5.304 x 1078

Cd
5s5p 3Py -0.159 6045 1.598 x 107 —5.998 x 107°
5sbp L Py -3.440 4260  3.978 x 10® —3.684 x 107°
5s6p 3P, 0.013 -563  8.422 x 108 8.611 x 107
5sTp3 P, -0.688 517 8.853 x 10% —4.013 x 1077
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Table 4.14: Contributions of the excited states |y,1) to M2 hyperfine quenching
term of Mg, Sr and Cd. |v,0) and |v,0) refer to the initial and final
states respectively. The dipole matrix element is given in a.u., even
parity electronic coupling operator in Mhz and energy difference in Mhz.
The final term that contributes to the hyperfine quenching term M}, is
given in the last column.

(1)
ral)  WOITWlal)  (llIDIe0)  En— Eyo (70]|Dllal) g Tt
(MHz) (a.u.) (MHz) (a.u.)

Mg
354535, -805 -1.531 1.235 x 10° 9.979 x 1077
3s3d 3D, -3 -2.802 1.437 x 10° 5.614 x 107
355535, 426 -0.418 1.555 x 10° 1.144 x 1077

Sr
5s4d® D, -183 2.713  5.494 x 108 —9.050 x 1077
556539, 2088 -1.970 8.759 x 10% —4.697 x 1076
5s55d 3D 56 2.460 1.055 x 10% 1.300 x 1077

Cd
556535, -4610 -1.491 1.546 x 10° 4.445 x 1076
555d %D -3 -2.316  1.784 x 10° 3.798 x 107
557535, -2419 -0.433  1.876 x 10° 5.582 x 1077
5s56d 3D, -2 -1.061 1.960 x 10? 9.769 x 1010
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Table 4.15: Hyperfine quenching rate of Mg, 37Sr and '3Cd in s™!. The results
from other works are given as comparison.

Isotope A Other work
BMg  4.30 x 104 4.44 x 10~ [40]
4.2 x 1074 [42]
S 970 x 1078 7.58 x 1073 [40]
6.3 x 1073 [41]

3Cd  7.70 x 1072

Note that in general M}, term is larger by at least an order of magnitude compared to
M?, since M2 has a greater suppression factor from the energy denominator.

Our final values of the hyperfine quenching rate values of Mg, 8"Sr and '*Mg
are given in Table 4.15. Comparing with previously calculated results, our results for
Mg are in good agreement with only 2-3% difference. However, the results for 87Sr
differs by 24-43%. Note that even though the calculation in [40] omitted the M2 term,
the calculation was done by solving an inhomogeneous equation similar to the method
explained in chapter 2 thus they include the contribution from all possible excited
states. This additional contribution might be more significant in heavier atoms. Our

final value of 3Cd hyperfine quenching rate is 7.70 x 1072 s~ 1,
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Chapter 5

CALCULATION FOR THE SEARCH OF NEW PHYSICS BEYOND
THE STANDARD MODEL

In this chapter we carry out the calculation of the atomic properties of Ra and
the parity non-conserving (PNC) amplitude of Cs and Fr. Ra is currently being used
as the system to test the possibility of non zero electric dipole moment (EDM). The
PNC amplitude is used to study the weak interaction and nuclear anapole moment in

atoms.

5.1 Atomic properties of Ra for future EDM measurement
In this section we briefly review and provide the formulas for the lifetime, po-

larizability and the hyperfine constant.

5.1.1 Lifetime
The lifetime is calculated as an inverse of the total transition rate A, from state

a to all possible lower states b
1

To = =1 (5.1)
ZbZa A
For our calculation we only consider E'1 transition, in this case the transition rate is
given by [6]
4o 1 2.02613 x 108 |{(a|| D||b}|1?
A = —wi———|(a||D||b)|* = - 5.2
= 5 gy (lIDIe) 7 U CE

where wy, = E, — Ej, J, is total angular momentum of state |a), D is the electric

dipole operator and \ is the transition wavelength in A.
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5.1.2 Scalar and tensor polarizability

An atomic system immersed in an electric field will have its energy corrected by
the Stark shift. The shift can be calculated using the perturbation theory assuming
the electric field F as the the perturbation. The first order of perturbation to energy
vanishes due to parity conservation while the second order energy correction of state

|.Jy, My,) is given by [108]

1 3M2 — J,(J, +1)
A - __ 2E2 (0) Juy A (2) )
WJUMJU 26 |:Oév + Jv(2Jv — 1) a,, y (5 3)

where e is the electron charge, J, the total angular momentum and its projection M, .

We define the scalar and tensor polarizability, a,(f” and 041(,2), as

2 |(v]| D||n)|*
0 _
Y 3(2Jv+1); En—E, (54)
Lo 40J,(2J, — 1)
v 32, +3)(J + 1)(2J, + 1)
J, 1 J, DI|n)?
S (- 1)Pt o[ Df[m) * (5.5)

o 1 J, 2| En—E

In general, the transition matrix element used in the polarizability is a position matrix
element (J,||7]|J,). In our calculation, we use the multipole expansion of the operator

7 and take its leading term which is an E'1 operator.

5.1.3 Hyperfine constant

The hyperfine correction is a small correction in the atomic spectrum due to
the interactions between the electrons and the nucleus electric and magnetic moments.
The two dominant terms for this correction are due to the electric dipole and the
magnetic quadrupole moments. Assuming an atomic angular momentum state |.J, M)
and nuclear angular momentum state |I, M;) so that the total angular momentum is
F =1+ J, the hyperfine correction to the energy is given by [6, 109]

1 13K (K +1) —4J(J + 1)I(I +1)
= _KA+= B
Wr=ghka+3 21(21 —1)2J(2J — 1) ’

(5.6)
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Table 5.1:

1

The theoretical and experimental energies of the Ra states in ecm™ mea-

sured from the ground state.

The theoretical energy calculated using

Cl+all-order is given in column “Cl+-all” and the experimental energy
taken from [90] is given in column “Expt.”

State  Cl+all Expt. State  Cl+all Expt. State  Cl+4all Expt.

75218, 0 0 7s7d3D, 32332 31993 6d7p'Fy; 34854
6d7s®D, 14015 13716 7s7d3Ds 32504 32197 6d7p3P, 35033 34383
6d7s3Dy 14306 13994 7s9s'S, 34518 7s8p3P, 31163 31563
6d7s3Ds 15047 14707 7s9s3S; 34712 34475 Ts8p3P; 31396 31086
6d7s*Dy 17531 17081 7s7p3P, 13440 13078 7s8plFy 32232 31874
758535 27021 26754 TsTp3P, 14338 13999 7s8p3P, 32652 32857
75851S, 28204 TsTp3Py 17077 16689 T7sbHf3F, 35476 35256

6d*3F, 30101 TsTplP 20971 20716 T7sbHf3F; 35484 35268

6d%3P, 30459 6dTp3F, 28764 28038 T7sHf3F,; 35511 35294

6d%3F; 30885 6d7p3F; 30913 30118 7s5f1'F3; 36513

6d*'Dy 31429 6d7p'Dy 31553 30918 7s9p'P, 36351

6d*3F, 31654 6d7p3D, 31942 32230 T7s6f3F, 38154

6d*'Sy, 35737 6d7p3D, 33110 32507 T7s6f3F; 38157 37922

Tp?3P, 31972 31249 6d7p3F, 33822 32368 Ts6f3F, 38162 37930

Tp? 1Dy 32664 32215 6dTp3Ds 34396 33197 TsTf3F, 39722

Tp?3P, 33670 32941 6d7p3P, 34396 33782 Ts7f3F; 39726 39361
7s7d3D; 32312 32001 6d7p3P, 34406 33824 TsTf3Fy; 39732 39367

where K = F(F+1)—I(I +1)— J(J + 1) and the constants A and B are given by

A —

1J

L g1y,

2Q(JJ|T|JJT).

(5.7)
(5.8)

Here, T qk is an irreducible tensor of rank k, u is the nuclear magnetic moment and @)

is the nuclear quadrupole moment.

The calculations are carried out in the Cl+all-order formalism. The calculated

energies and their comparison with the experimental values are given in Table 5.1 in

cm~!. These energies are measured from the ground state 7s?1Sy;. Compared to the

currently known experimental values, our theoretical results differ by 1-4%.
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Table 5.2: Lifetimes of Ra states.

State Lifetime State Lifetime State Lifetime State Lifetime
7sTp3 P, 392 ns  6d?3F, 0.76 s T7s5f3F; 20.8ns 7s10s3S;  91.2 ns
7sTp3Py, 545 pus  6d*'Dy  167ns TsHf3F, 182mns 7s10s3S,  77.0 ns
7s7p'P,  5.61lns  6d*3P, 20.1ns T7s5f'Fy; 30.0ns 7sl0p'P;,  21.1 ns
7s6d3D, 651 us  6d*'Gy 6.56 us Ts6f3Fy  36.6ns Tsl0p3P, 652 ns
7s6d1D, 505 us  6d*1S, 159 ns T7s6f3F, 34.6ns T7slOp3P 275 ns
7s853S5; 181 mns Ts8p3P, T42mns T7s6f3F, 35.5ns T7slOp®P, 287 ns
758515y  61.0ns T7s8p3P,  30.7mns 7s6f'F3; 35.1ns 7s9d'D, 109 ns
6d7p3F, 30.8ns Ts8p3P, 49.4mns T7sTf3F; 43.6ns 7s9d3D;  57.3 ns
6d7p3F; 266 ns T7s8plP,  16.3ns TsTf3Fy, 41.3ns  7s9d3D, 724 ns
6d7p3F, 235ns  Tp?3Py 548 mns TsTf3F, 41.6ns 7s9d3Ds;  66.0 ns
6d7ptDy, 19.8ns  Tp?3P,  279mns T7s8f3F,  372ns T7s10d®*Ds  65.3 ns
6d7p3D;  29.6ns  Tp?3P, 462mns 7s8f3F; 17.7ns 7s10d®*D;  5.15 ns
6d7p3D, 128 ns  Tp*'D,  29.2ns Ts9p'P,  44.5ns T7s10d3D,  54.2 ns
6d7p3Ds  24.7ns  Tp?3P;,  33.0ns Ts9p3P, 179 ns
6d7p3Py 10.2ns 7s7d3D; 189 mns Ts9p3P; 152 ns
6d7p3P, 103 ns 7s7d®D,  18.71ns Ts9p3Py 115 ns
6d7p3P, 106 ns 7s7d3Ds 20.9ns T7s8d'D,  46.2 ns
6d7p'Fy;  19.0 ns 7s7d3D; 48.2mns T7s8d3D;  34.7 ns

6d%3F, 152 pus 7s7d®*D, 293 ns 7s8d*D,  49.8 ns

6d?3F;  40.7T us T7sbf3F, 21.7ns Ts8d3Ds  38.8 ns

We give the the lifetimes and the polarizabilities in Tables 5.2 and 5.3 respec-

tively. Currently the latest Ra lifetime measurements show 422 420 ns for the 7s7p 3P,

state [110] and 385+45 us for the 7s6d ' D, state [111]. Comparing these measurements

with our calculated values we got 7% difference 7s7p3P; lifetime and 27% difference

for for 7s6d ! D, lifetime. We note that the E1 operator in the matrix element used to

calculate the lifetimes contains only the second order and random phase approximation

(RPA) term so we can expect some uncertainty coming from higher order terms. As

for the polarizability, there is currently no known experimental measurement or other

theoretical calculation for comparison.

The hyperfine structure constants for 2**Ra isotope are given in Table 5.4. These
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Table 5.3: Scalar and tensor polarizabilities of Ra few low-lying states in aj. The

scalar polarizabilities are given in column ozf, ) and tensor polarizabilities

n ozz(?).
State a£}0) m(}z) State a,(JO) a,(,2)
7s21S,  246.37 756d 3D, 651.7 1229
7sTp3 P, 2233 7s6d3Dy 102000 -101711
7sTp3P;  -170600 16421 7s6d ‘D, 241.7 -21.95
7sTp3 P, 2346 -5.75 Ts6d 3Dy 625.7 -438.4
752 1P1 241 -88.3

values are calculated using the total nuclear spin I = 3/2 and nuclear gyromagnetic
ratio = 0.713 [112]. Both the electric dipole constant A and the magnetic quadrupole
constant B are given along with previously measured values taken from [113]. We can
see that our theoretical results differ by 7-16% when compared to the experimental
measurements. By similar argument as before, these differences might result from the
higher order terms of the matrix element operator.

As a summary, we have briefly reviewed the theory of lifetime, atomic polariz-
abilities, and hyperfine structure. The calculation of these properties is carried out for
223Ra using the Cl4-all-order formalism. These results will be helpful for the develop-

ment of Ra EDM search experiment.

5.2 Parity violations in Cs and Fr

The parity violating effects in atomic transitions come from the weak interac-
tions between the quarks in nucleons and the electron or between the electron and
other electrons. The latter effect is small and will not be discussed in this work. The
weak interaction is based on the vector-axial vector (V-A) interaction. Therefore, for
nucleon-electron interaction, there can be two types of terms in general, nucleon vector
current term with electron axial vector current or electron vector current with nucleon

axial vector current term. The main difference between these two types of terms is
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Table 5.4: Hyperfine constants of ??Ra few low lying states in MHz with [ = 3/2
and g = 0.713 [112]. The hyperfine constants A and B are given in
their corresponding column, known measurement from experiment [113]
are given in column “Expt.”.

Level A Expt. B  Expt.

7s6d3D; -654 119
7s6d*Dy 399 206
7s6d3D3 441 327
7s6d'Dy  -188 429

7sTp3P, 1346 1202.1 -431 -470.2
7sTp3P, 799 699.9 643  688.5
7sTplP,  -404 -344.5 471  421.5

their dependency on the nuclear spin. For this reason, the first type of term is called
the (nuclear) spin-independent term and the second type of term is called the (nuclear)
spin-dependent term.

The spin independent Hamiltonian is given by [114, 115]

o = %%Qwﬂw(r), (5.9)

where G is the Fermi coupling constant, Qu weak charge, and py(r) neutron density.
75 is defined by 75 = iv9y172737a where 7, is the Dirac matrices. In the standard

model, the weak charge is given by
Qw = —N+ Z(1 —4s*) =~ —N, (5.10)

where s? = sin® Oy ~ 1/4 with 0y the weak mixing angle.
There are three contributions to the spin dependent PNC hamiltonian. The first
contribution comes from the nucleon, this arises when the nucleus has one unpaired

nucleon. For this interaction, the hamiltonian is given by [114, 115]

. G
H(fl) = —ﬁ/ﬁnowIpN(r), (5.11)
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with a coupling constant k,,. This coupling constant has been calculated in the extreme
shell model [116] which give &, (133Cs) = 0.0151 and &, (**3*Cs) = 0.0124. The second
contribution comes from the anapole moment, this is a toroidal moment that exist
due to the weak interaction in nuclei first predicted in [117, 118]. The spin dependent

hamiltonian due to anapole moment is given by [114, 115]
. G
Hpy) = Wikl Ipn(r), (5.12)

where the anapole coupling constant k, depends on the weak processes in the nu-
cleus [119]. The theoretical estimate of the anapole moment coupling constant gives
kn(133Cs) = 0.063 — 0.084 while the experimental measurement gives k,(}**Cs) =
0.09(2) [120, 64].The third source of the spin dependent term arises from the perturba-
tion of hyperfine nuclear interaction to the spin independent term, this term is given
by [114, 115]

HY) = %I{hia Tpn (7). (5.13)
The coupling constant xy; has been calculated in [121], the result for *3Cs and 2°T1
are K (1¥3Cs)=0.0078 and ryp;(2°°T1)=0.044. Combining all the three sources, the total

spin dependent hamiltonian is given by

HEY = %HO& Ipn(r), (5.14)

where

K = Kp + Kq + Khi (5.15)

As a summary, evaluation of the spin independent term enable a precise de-
termination of weak charge Qy and evaluation of the spin dependent term enable an

accurate determination of constant x from which weak nuclear forces can be derived.

5.2.1 PNC amplitude
In the PNC atomic experiment, the ratio of highly forbidden dipole transition
Elpnc to its tensor transition probability 8, Im(FElpnc)/f, is measured for two differ-

ent total angular momentum F =1+ J. By knowing the transition probability 3, the
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different contributions from the spin-independent amplitude and the spin dependent
amplitude can then be extracted from the two results. The spin-independent amplitude
is extracted by taking the average of the two ratios, and the spin dependent amplitude
is extracted from their difference. To illustrate this, in the Cs PNC experiment the
Boulder group has measured Im(F1pync)/5 = —1.6349(80) mV /cm for 6sp—y to Tsp—3
and Im(Elpnc)/5 = —1.5576(77) mV /cm for 6sp—4 to 7sp—3 [60]. From these results,
the difference is 0.077(11) mV /cm, and the average is 1.5935(56) mV /cm. Comparing
the average of these results with the theoretical spin independent amplitude, Porsev et
al. [62] extracted the weak charge and obtained Qw = —73.16(29)exp(20)s, which is in
perfect agreement with the result from the standard model.

We now discuss the calculation of the PNC spin independent and spin dependent

amplitude.

5.2.1.1 Spin independent amplitude

The transition matrix element from Eq. (5.9) is given by

<a|HSi|b> = _i%Qwé—na,nbémmmb /OOO drp(r)(_gafb + fagb)> (516)

where f and g are the large and small components or the radial Dirac wavefunction
respectively. Note that the violation of parity is imposed by the Kronecker delta.
The spin independent PNC amplitude is given by

Eive = (n's|Dns). (5.17)

The state |ns) and |n's) can mix with other states through the weak interaction which
results in nonzero amplitude for this transition. Using sum over states method, the

spin independent amplitude can be written as [114, 115]

s (n's|D|mpy j2) (mpy j2| H |ns) (n's|H%|mps j2) (mp1 2| D|ns)
Epne = Z / / + Z / /

. (5.18)
Ens — Emp1/2 Epns — Emp1/2

m m

7



or using the reduced matrix element (see appendix A for a review on the angular

momentum diagram)

-/ /

|7
si (n's||D|mpyy2) (mpy || H||ns)
Epne = - 10 Z{ ! !

E.s—FE

mpy/2
Jm;
%_<7z’s\\}JSiH7TMD1/2><7TM01/2||17||7LS>
E..—E ’

mpy /2

(5.19)

the initial and final total angular momentum is j = j' = % and by convention the PNC

amplitude is defined with m; = m; = % which gives

E"S - Empl/z En’s - FE

mpy /2

i L (n's||D||mpyy2) (mpyje|[H|[ns) - ('s[|[H|[mpa2) (mpa || D||ns)

(5.20)

5.2.1.2 Spin dependent amplitude
In general, the spin dependent amplitude depends on the total nuclear spin
F=J+1
EX\¢ = (n's, F'Mp/|D|ns, FMp). (5.21)
Using sum over states method as before, the spin dependent amplitude is given by

(n's, F'Mp/|D|m)(m|H*|ns, F Mp)

(n's, F'"Mp:|Dlns, FMp) =) {

m Ens - Em
's, F' My, | H* Dlns, FM
0o M ) i Dl F>}' 5.2

In order to express this amplitude in reduced matrix element form we need to expand
the hyperfine states |F'M) and carry out the summation over the magnetic angular

momentum. The hyperfine states can be expanded in term of electron angular state
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|sms) and the the nuclear spin state |Iu) using the angular momentum diagram (see
appendix A)

Jm;
|[FM) = - FM lgmg) 1) (5.23)

Ip
We first expand the spin dependent hamiltonian Eq. (5.14) in the spherical basis

H =) (1) M\By, (5.24)
A

so the amplitude can be reduced to

(n's, F' M| Dlns, FMy) = F FMy -
)\ m; /mJ

S APl G5 m) o 0500 )

g O M B ) Gama D1 (T 1-x 1) 8 (un,u)

=> > (- F'Mp - FMjp - 1= (TN
by m/mj
1
Ens_En

3

]/mj/ JnMy,
; 1,0 % 1, A (G ID1gn) Gl 2515
jnmn jmj

\

j/m]" jnmn
1 . S . . .
R % 1A }— 10 G 5) (Gl I DI1S) ¢ - (5.25)
jnmn jmj

J

Now, since

(I||I)|]I) = \/I(I +1)(21 +1), (5.26)
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and

Iy I
(=1 }— 1, -\ = }» 1, (5.27)
In Iy

we obtain, after summing over the magnetic quantum number
F'Mp

(n/S,F/MF/\D\ns,FMp> = - 10

FMp

x /(2F +1)(2F + 1)\/I(I +1)(2I +1)

o JFF LT g FLGDdn) Gal1h]5)
_q P n n
X §n (—1) E.—E,

-/

oo g I) \J I 1

FCOE LT g EL G L) Gl [D]]5)
oo rf o) B B

(—1)F-F (5.28)

Note that the reduced matrix element (n’s, F’||D||ns, F') is given by the second, third
and fourth line of the previous equation.

The reduced matrix element (a||h*d||b) in Eq. (5.28) is given by

(alln[p) = i s / " dron () Faghl—rallollm) — fogalralloll — k), (5.20)

V2 Jo
where
(—kqllo||ky) = (=1)72+=Y2 /6]5.][j] 1‘7;2 1‘?’2 ll 5(Ily) (5.30)
(Rallol] = Ks) = (—1)j“+la‘1/2 6[ja)[Jb] 1];2 1‘j/b2 ll 5(lal_b) (5.31)
and
[ = l(—K). (5.32)

In our work, we calculate the spin independent, spin dependent amplitude and

matrix elements using all order method.
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Table 5.5: Absolute values of the spin-dependent PNC reduced matrix elements for
6s — 7s transition in Cs calculated using different approximations. DF-
lowest order Dirac Fock, RPA and all-order

Fr— Fy DF RPA all-order

3-4  5481[-12] 7.299[-12] 7.798[-12]
4-3  4.746[-12] 6.432[-12] 7.080[-12]

In Table 5.5 we show the result of spin dependent reduced matrix element of Cs
6s — 7s transition with F' =3 (F' =4) and F' =4 (F' = 3). We calculate the matrix
elements using three different approximations, relativistic Dirac-Hartree-Fock (DHF),
DHF plus RPA and all-order. Our value of anapole coupling constant is k, = 0.88
which is 5% lower than the value used in [64]. We find that with more inclusion of
the correlation corrections, the individual PNC matrix elements significantly change,
however the shift in the total spin-dependent PNC amplitude is relatively small.

In Table 5.6 we show the transition contribution to the total spin independent
PNC amplitude and reduced matrix element spin dependent for 7s — 8s transition in
20Fr calculated using various approximations. Depending on the electronic state n,
we separate the contributions into three categories: from the main term (n =7 — 25),
core (n = 2 — 6), and the tail (n = 26 — 70). The core and tail contributions are
calculated using DHF with RPA and the main contributions using the all order method.
We use four different variants of the all order: SD, SDpT, SDsc, and SDpTsc. The
SDsc/SDpTsc refer to the SD/SDpT methods with empirical energy scaling. For the
main contributions, the final values and accuracies are taken by evaluating the four all
order results. For the core and tail contributions, the RPA value is taken as the final
value with the difference between DF and RPA values taken as the uncertainty. We
find that the core and tail give less than 1% contribution to the total spin independent
amplitude whereas they give slightly more contribution of about 12% to the total spin
dependent amplitude.
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Table 5.6: Spin-independent PNC amplitude Elpyc (in 107"ile|ag(—Qw /N) and
reduced matrix elements (8sFp||z||7sF) of the spin-dependent PNC am-
plitude in a.u. divided by & for 7s — 8s transition in 2!°Fr calculated using
various approximations.

210FI‘ ElPNC SD-PNC<88FFHZ||7SF[>
Fr=4, Fpr=5 F=5 Fp=4

Main term n =7 — 25

DF 12.50 7.15 -8.00
RPA 14.62 9.83 -10.76
All-order SD 14.39 9.86 -10.80
All-order SDpT 14.47 9.66 -10.60
All-order SDsc 14.30 9.39 -10.32
All-order SDpTsc 14.39 9.47 -10.40
Final 14.39(9) 9.60(47) -10.53(48)
Coren=2-06

DF -0.03 -0.23 0.30
RPA -0.06 -0.93 0.93
Final -0.06(2) -0.93(35) 0.93(35)
Tail n =26 — 70

DF -0.03 0.06 -0.06
RPA -0.04 0.29 -0.29
Final -0.04(1) 0.29(23) -0.29(23)
Total 14.29(10) 8.96(62) -9.88(62)
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Table 5.7: Comparison of the spin-independent PNC amplitude, in
107 4] aglag(—Qw /N) for the 7s — 8s transition in ?°Fr with other
results.

Present  Ref. [122] Ref. [124] Ref. [123]

23Fy  15.70(10) 15.90(16) 15.41(17)  15.72
20Fr  14.29(10) 14.02(15)  14.34

Finally, we summarize our results of the ??*Fr and 2'°Fr spin-independent am-
plitude and compare them with other theoretical results in Table 5.7. We found that

our results agree within theoretical uncertainty with the results from [122] and [123].
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Chapter 6
SPECIFIC MASS SHIFT CALCULATIONS OF Na, K, AND Rb

The atomic nucleus is far heavier than the electrons. Therefore it is a com-
mon approximation to assume an infinite nucleus mass to simplify the calculation of
an atomic system. A finite nuclear mass will induce a small correction in the atom
electronic spectrum. This correction is referred as the isotope shift.

Isotope shift consists of two main terms, mass shift and field shift. Mass shift
arises from the nuclear recoil and field shift arises from the finite size of the nuclear
charge distribution. Mass shift is further divided into 2 parts, normal mass shift (NMS)
—(1/2M) 37, p; and specific mass shift (SMS) (1/2M) 37, pi - p;. While the former
can be evaluated accurately, it is hard to do the same with the latter. Field shift is
obtained from the operator 6V /§(r?) where V is the nuclear potential and (r?) is the

mean-square radius of the nucleus.

6.1 Method
We will now derive the formulation for the NMS and SMS. The Hamiltonian for

a single valence system with IV electrons and atomic mass M, is given by

2 2
H (o, 75, po, Pi) = M, +t2 . + E Ve-n(7i —70) + 3 ; Veelri —73), (6.1)
i i i#j

Where ¢ = 1, ..., N, the index i is for the electron and 0 for the nucleus. If we do the

following coordinate transformation

P = T;—To, (6.2)

= MAFO +m62'ﬁ

R = C 6.3
elull (63
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with My = My + Nm,, Eq. (6.1) can be rewritten as

2
H(ﬁlaﬁz)zz%‘i‘z‘/e—N( Z‘/e e z_ 2MAZ7TZ 7T] (64)

2#] i#]

In the Eq. (6.4), 7; is the generalized conjugate momentum of p; and p is the reduced

mass given by
MAme

= M (6.5)
The first and fourth terms in Eq. (6.4) are the corrections that arise from using finite
nuclear mass as opposed to using infinite one.

The first term of Eq. (6.4) will create a normal mass shift (NMS), it scales the

Rydberg constant by the ratio p/m. so the shift is given by

1 Me Me
oF =k, -E,=|\—-1|E,, =————7—F, =— E,. 6.6
NMS 17 e (me ) e MA“—me e MA 12 ( )

Here, F,,, is the energy calculated using the infinite nuclear mass assumption and £,
is the energy obtained without one. We may use Eq. (6.6) to evaluate the normal mass
shift by replacing £, with experimental energy to obtain an accurate approximation
to the normal mass shift.

The fourth term of Eq. (6.4) contributes to what is referred as specific mass

shift (SMS)

1 -
5ESMSIM< 7TZ"7Tj>. (67)

We commonly calculate the matrix element using the infite nuclear mass assumption,
therefore we need to scale the above expression. Since momentum is directly propor-
tional to mass so that p; o< m, and @; o u then we can relate both momentum by

pi = pai/me. Therefore Eq. (6.7) can be written as

5E5Ms—2MA< ) <sz pg>— MA“‘me <sz pg> (6.8)

i#]

Hence we can obtain the specific mass shift by multiplying the transition matrix element

! Lo . My
<Z]|§ Zz;é]pl pj|kl> Wlth m
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In the second quantization, the SMS operator P = % > oy Pi-P; can be expressed

as a sum of one-partice operator S and two-particle operator T

P = S+4T
1
= Ztij : ajaj : +§ Ztijkl : aj-a;alak :, (6.9)
ij ijkl
where ;5 = (ij|p1 - P2|kl) and t;; = — " tisej- In the angular momentum basis, the

operator t;j;; can be decomposed as

tiger = (=D ilpalk) (ilp-alD)- (6.10)

A

This can be expressed diagrammatically as

i J
(ijlps - palkl) = — L4 Ty(ijk), (6.11)
k [
where the term T3 (ijkl) is given by
Ti(igkl) = —(ki || Cu || k) (k5 || Cu || 5) P(ik) P(j). (6.12)

Here, & is the relativistic total angular momentum, (; || Cy || ;) is the reduced matrix

element of a normalized spherical harmonic operator given by

wllCillsg) = 2 @i e+ | P " ) a4,
~1/2 1/2 0
(6.13)
1,if liseven
() = (6.14)

0,if lisodd
and P(ij) is the radial matrix element of the momentum operator given by
P(ba) = —imec/ dr{[(kp — ko — 1)go(r) fa(r) + (K6 — Ko + 1) fo(r)ga(r)] . (6.15)
0

In Eq. (6.15), f,(r) and g,(r) are the small and large radial components of the Dirac

wavefunction respectively.
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The calculation of the specific mass shift operators S and 7' in the third order
MBPT formalism has been done in [71]. This was done by replacing the Coulomb
matrix elements (Vyp — U);; with (Vygp — U)yj + ti; and g, with gk + tijr in the
first-, second- and third-order energy [1]. Here, we calculate for the first time the SMS
operator within the framework of all-order formalism. The complete one- and two-body

matrix elements used to calculate this operator are given in chapter 2.

6.2 Results

Since the all-order two-body operator is being tested for the first time in this
calculation, it is important to evaluate its performance by comparing them with the
results obtained earlier using the third order MBPT.

First, we were checking the convergence behavior of the SD all-order two-body
terms by calculating the terms from Eq. (2.86)-(2.109) for the 3s state of Na. In the
calculation of Na, 3s energy level using SD all-order, eight iterations were required
to reach convergence. We calculated the two-body terms for every iteration 1 to 8
to check their convergence. The results are shown in Table 6.1 where each column
represents the values of each term after every iteration and the total 1" are given in
the last row. We can see that most of the terms converge in 2 to 4 iterations except
for T® T T TW@ TW TO and T™ terms which require about 6 iteration to
converge. We can also see that the final value of T are dominated by T®), 7() 7®) 7
and T™) terms. Thus the two-body terms converged within the energy convergence
range.

It is worth noting that the combined terms T® and T at zeroth iteration
are equal to the second order two-particle SMS matrix element T® [71]. This is
because at the zeroth iteration the double excitation coefficient recovers the Coulomb
matrix elements which in turns give the exact formula of the two-particle SMS matrix
element 7®. We can also see that term 7'”) makes a significant jump from the zeroth
to the first iteration. This term starts to pick up fourth order term in their first

iteration, considering that they contribute to about 10% from the total SMS constant,
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Table 6.1: Contributions to the SD all-order two particle operator SMS constant after
every all-order iteration iteration in GHz amu for Na 3s state. The two
body terms in the first column are given in Eqgs. (2.86)-(2.109).

iteration 0 1 2 3 4 5 6 7 8
() 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
b) 2721  26.10 2596 2598 2598 2597 2598 2599 25.99
©) 67.83 79.25 7711 T7.62 77.30 7729 7727 77.26 77.26

d) 0.00 -0.01 -001 -0.01 -0.01 -0.01 -0.01 -0.01 -0.01
) 0.00 0.27 0.27 0.32 0.32 0.32 0.33 0.33 0.33
) 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

9) 0.00 -0.05 -0.05 -0.05 -0.06 -0.06 -0.06 -0.06 -0.06
)

h .00 -0.01r -001 -001 -0.01 -0.01 -0.01 -0.01 -0.01
) 0.00 0.10 0.13 0.14 0.15 0.15 0.15 0.15 0.15

7) 0.00 0.02 0.04 0.05 0.05 0.05 0.05 0.05 0.05
) 0.00 0.09 0.12 0.13 0.13 0.13 0.13 0.13 0.13
2 0.00 0.73 0.83 0.91 0.93 0.93 0.94 0.94 0.94
0.00 -0.02 -0.05 -0.06 -0.06 -0.06 -0.06 -0.06 -0.06

SEEEEEEEEEEEEE NN
3

n) 0.00 -0.15 -0.15 -0.15 -0.16 -0.16 -0.16 -0.16 -0.16
%) 0.00 1.52 1.52 1.66 1.67 1.69 1.69 1.69 1.69
P) 0.00 14.15 1472 16.24 16.39 16.59 16.59 16.59 16.59
9 0.33 0.63 0.64 0.66 0.66 0.66 0.66 0.66 0.66
") 1.45 1.55 1.62 1.63 1.63 1.63 1.64 1.64 1.64
s) -0.16  -0.13 -0.14 -0.14 -0.14 -0.14 -0.14 -0.14 -0.14
2 4.96 5.61 6.18 6.30 6.36 6.38 6.39 6.39 6.39
u) 0.72 0.41 -0.08 -0.14 -0.19 -0.21 -0.21 -0.21 -0.21
v) -33.84 -36.38 -39.34 -39.82 -40.12 -40.22 -40.23 -40.23 -40.23
w) 4371 48.09 53.40 54.18 54.70 54.87 5487  H4.87  54.87
z) 1.64 1.62 1.66 1.66 1.66 1.66 1.66 1.66 1.66

total 113.85 143.39 144.37 147.10 147.18 147.45 14747 14747 14747
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this shows the importance of high order terms in the calculation of two particle SMS
matrix element.

Next we make term by term comparisons between the SD all-order and MBPT
two body terms. At the zeroth iteration, Eqs. (2.102-2.109) recover the third order
two-particle SMS matrix elements. Furthermore at the first iteration, the core double

and core valence excitation coefficients are given by

- § : Gedab9mncd 2 : ImnrsYrsab
(eab - Emn)pmnab =  Y9mnab + -
€cd — €mn €ab — €rs

Z gcnrbgmrac ]

€ac — Emr

a<<b
+ , (6.16)
men

gcdvbgmncd gmm“sgrsvb
(Evb — €mn T 6Ev)pmnvb =  Gmnovb + E - E
€cd — €mn €vb — €rs

Z gcnrbgmrvc ]

€ve — Emr
v b

+ . (6.17)
m+<+n

Therefore, ignoring 0F,, the second, third, fourth and fifth terms in the previous
equations will recover the third order two-particle SMS matrix elements when plugged
to Egs. (2.87) and (2.88).

We list the nonzero SD two particle SMS terms and their MBPT counterpart
in Table 6.2. The first column is the valence two-particle SD matrix element and the
second column is the corresponding terms from MBPT equation given in appendix B.
By comparing with the total third order two-particle terms, we can see that the SD
terms only cover 21 out of 36 total third order terms. Thus there are 15 missing terms
in the SD equation in the third order.

We show the values of the third-order missing terms and compare them with
TSP values for Na, K and Rb states in Table 6.3. The row labeled TP) shows
the values of T(°P)_ the row labelled “missing terms” shows the values of third order
missing terms and the row labeled (%) shows the percentage of the missing terms and

the T5P). We can see that the missing terms contribute to about 15-165% of the total
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Table 6.2: List of equivalent two particle matrix elements between SD and third order
MBPT [71]. The values in the second column refer to the terms from the
second and third order MBPT approach given in appendix B.

SD MBPT

zeroth iteration

—~
»
~— O —

=

(B.67)+(B.73)
(B.52)+(B.82)

first iteration

T®  (B.49)+(B.71)+(B.72)+(B.74)+(B.80)+(B.81)+(B.83)
T (B.50)+(B.65)+(B.66)+(B.68)+(B.77)+(B.84)+(B.86)

NN

two-particle matrix element, these give significant errors to the SD calculation when
excluded.

We give the breakdown on isotope shift contribution for Na, K and Rb in dif-
ferent approaches in Tables 6.4, 6.5 and 6.6 respectively. The one-particle SMS matrix
elements obtained using SD and SDpT method are given in S®P) and SGPPT) re-
spectively. T® and T®) give the second and third order MBPT two-particle matrix
elements; TP) and TPPT) give the SD and SDpT two-particle matrix elements; the
values in row labelled “miss.” gives the missing third order terms and the sum of 7P
and the missing terms are given in “TPPT) 4miss.”. The total SMS matrix elements
constants in HF, MBPT, SD and SDpT are given in P, PMBPT) = p(SD) apnq p(SPeT)
respectively. We also add the missing terms to the total SDpT isotope shift and put
the results in the row labeled “PG5PPT) fmigs.”.

We can see from comparing the results of SD and SDpT one- and two-body

matrix elements that there is less than 5% difference for the lower states s and p. The
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Table 6.3: Comparison between the T7P) and the missing third order terms for Na
and K states in GHz amu.

Na
3s 3171/2 3]93/2 3d3/2 3d5/2
TD) 146.6 429 427 1.2 1.2
missing terms  -53.2 -16.0 -159 -19 -1.9
A (%) 36.3 373 372 162.6 162.7
K
48 4])1/2 4]93/2 3d3/2 3d5/2
TD) 232.3 69.8 689 936 93.3
missing terms  -97.0 -35.1 -34.7 -15.8 -15.8
A (%) 41.8 50.2 504 16.9 16.9
Rb
5s  Opij2  OPp3s2 4d3/2 4d5/2
TD) 357.9 974 923 201.7 196.7
missing terms -186.8 -62.8 -60.2 -39.2 -38.6
A (%) 52.2 64.5 65.2 19.4 19.6

higher d states show large difference, about 50-112% for the one-body and 9-20% for
two-body matrix elements; these differences are more prominent in the heavier system
K and Rb. The difference between the SD and SDpT total SMS matrix elements is
less than 14%. A similar behavior can also be seen between the two-body SMS matrix
elements of the third-order MBPT and SDpT-+miss which differs by up to 20% for s
and p states but up to 177% for the d states. The difference between the total SMS
matrix elements of the third order MBPT and SDpT+miss. varies between 3-72%.
Experimental values of specific mass isotope shift constants has been extracted
for Na in [125] and for K and Rb in [126]. In Table 6.7 we give the comparison between
experiment and theoretical values. We list the values for the first order (HF), third
order (MBPT) [71, 126], all-order (SD and SDpT) and the SD+missing MBPT terms.
The transitional specific-mass isotope shift constants are obtained by substracting the

values from the corresponding states which are 3p;/, — 3s for Na, 45 — 4p; 5 for K and

91



Table 6.4: Contributions to specific-mass isotope-shift constants (GHz amu) for Na
in different approaches.

35 3pi2 3psp 3dsp 3dsy

S(SD) 194.7 516 51.5 26 26
S(SbpT) 2052 516 515 28 28
7@ 95.0 282 281 -04 -04
TG -24.3 -7.5 75 -05  -05
7@ 4+ 76) 70.7 206 206 -0.9 -0.9
T(DP) 146.9  43.2  43.1 1.1 1.1
T(SPpT) 146.6  42.8  42.7 1.2 1.1
miss. 532 -16.0 -159 -19 -1.9

TEDPT) 4 g, 934 268 272 -0.7 -0.8

P -222.0 -115.6 -1155 -4.8 -4.9
PpMBPT) 53.9 -43.4 434 3.0 -3.0
p©D) 130.1  -20.8 -209 -1.0 -1.0
pSPpT) 119.3  -21.1  -21.3  -1.1 -1.1
PSPPT) 4 igs. 76.6 -37.2 -372 27 -29
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Table 6.5: Contributions to specific-mass isotope-shift constants (GHz amu) for K in
different approaches.

ds  Apip Aps)e 3d3/2 3d5/2 4d3/2 4d5/2

S(SD) 2029 66.3  63.3 -47.9 -47.7 -32.1 -31.8
S(SbpT) 2029 66.3 66.0 -26.8 -26.7 -19.1 -18.9
7@ 1432 358 355 19.0 191 144 144
TG) -32.9 -8.2 -8.1 -133 -134 -89 -89
T® 4176 1104 277 274 5.7 58 55 55
T(8D) 2322  69.8 689 93.6 933 606 60.3
T(SDpT) 226.6 681 673 765 764 50.0 49.8
miss. 97 -351 -34.7 -158 -158 -82 -82

TGDPT) 4 miss.  129.6  33.0 326  60.7 60.6 41.8 41.6

P -387.9 -118.7 -117.7 -113.8 -1145 -74.8 -75.2
Pp(MBPT) -746 -24.8 -24.3 -134.8 -135.5 -88.4 -88.5
p©D) 472 174 145 -68.1 -68.9 -46.3 -46.6
pSDPpT) 416 156 156 -64.0 -64.8 -43.9 -44.2
PSPPT) 4 igs. -55.4  -194  -19.1 -79.9 -80.6 -52.1 -52.5
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Table 6.6: Contributions to specific-mass isotope-shift constants (GHz amu) for Rb
in different approaches.

5s  dpij2 Op3je 4d3/2 4d5/2 5d3/2 5d5/2

S(SD) 280.3 1054 104.7 -42.6 -41.2 2.7 3.9
S(SDbpT) 2894 1074 106.3 -17.9 -17.1 9.6  10.5
7@ 220.1  46.6  44.2  42.0 425 286  28.7
7 -82.1  -18.8 212 -342 344 212 -21.2
T® 476 1379 278 231 7.8 8.0 7.4 7.5
T(8D) 357.9 974 923 201.7 196.7 853  82.3
T(SDbpT) 3483  94.6  89.7 168.1 164.6 749 726
miss. -186.8 -62.8 -60.2 -39.2 -386 -18.8 -184

TEPPT) 4 miss. 161.5 31.8 295 128.9 126.0  56.1 54.2

P -590.5 -150.7 -144.2 -218.5 -222.2 -132.7 -133.9
Pp(MBPT) -163.2  -15.6 -14.8 -228.6 -231.3 -115.7 -115.8
p©D) 477 521 527 -59.4  -66.7 -44.7 -47.6
PSPpT) 472 512 51.8 -68.3 -74.7 -48.1 -50.8
PGPPT) fmiss.  -139.6  -11.5 -84 -107.5 -113.3 -67.0 -69.2
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55 — 5ps2 for Rb. As can be seen, the final result of SDpT+miss total SMS isotope
shift agrees by 3% for Na, but it disagrees for K and Rb. Our results differ with the
previous third order MBPT result by 12-32%. We need to point out that the missing
terms added to the SD results were calculated using HF energies instead of SD energies.
A more accurate calculation can be made by improving the method that incorporate

the missing terms inside the SD framework.
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Table 6.7: Comparison of specific-mass isotope-shift constants for Na, K and Rb
between experimental values and values from different approximation.

Na
3s 3]71/2 3171/2 —3s
HF -222.0 -115.6 106.4
MBPT 53.9 -434 -97.3
SD 130.1  -20.8 -150.9
SDpT 119.3  -21.1 -140.4
SDpT-+miss 76.6  -37.2 -113.8
expt. -110.0
K
ds  Apijp 4s —Apip
HF -387.9 -118.7 -269.2
MBPT -74.6  -24.8 -49.9
SD 47.2 17.4 29.9
SDpT 41.6 15.6 26.0
SDpT+miss -55.4 -19.4 -36.0
expt. -16.4
Rb
28 5]71/2 08 — 5]91/2
HF -590.5 -144.2 -446.3
MBPT -163.2  -14.8 -148.3
SD 47.7 52.7 -5.0
SDpT 47.2 51.8 -4.7
SDpT+miss -139.6 -8.4 -131.2
expt. -10.5
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Chapter 7

CALCULATIONS OF ENERGIES, MATRIX ELEMENTS AND
LIFETIMES OF HIGHLY CHARGED Mo AND Tc IONS

In this chapter, we calculate the properties of Mo and Tc ions. We determine the
energies, transition matrix elements, and lifetimes of these ions. In order to determine
the theoretical uncertainties we use multiple theoretical methods including the SD,

SDpT, CI+MBPT and Cl+all-order methods.

7.1 Results

We divide our calculations into two parts. In the first part, we show the results
of Mo VI and Tc¢ VII, which are monovalent systems. In the second part, we show the
results of Mo VI and Tc VII, which are divalent systems. We provide the calculated
results of the E1, M1 and E2 transition matrix elements. We obtain the transition

rates for the corresponding transitions from the following formulas [6]

2.02613 x 108 | Zg |2 _,

AL = 1
ab A3 [Ja] 5 (7 )
2.69735 x 103 | Zyn|?
ANV = - 7.2
ab A3 [Ja] 5, ( )
1.1198 x 108 | Zps|?
AE? -t 7.3
ab )\5 [Ja] S Y ( )

for transition from state a — b. In the above formulas, Z is the reduced matrix element,
J, is the total angular momentum of state a and X is the transition wavelength in A.
The lifetime 7 in seconds can be obtained by taking the inverse sum of the transition

rate to all possible final state

8 (7.4)
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7.1.1 Mo VI and Tc VII

Mo VI and Tec VII have an equivalent electronic structure like Rb. Therefore,
we can use SD and SDpT to calculate them by using the appropriate values for the
nuclear parameters.

We show the theoretical results of the energies in Table 7.1 and the experimental
values of Mo VI for comparison. We found for Mo VI, the SD values show agreed very
well with the experiments with a difference of 0.0-0.7% excepts for 4ds/, state which
differ by 4.2%. The SDpT results of Mo VI give worse agreement with the experiments
compared to the the SD results with a difference of 2.8-5.6%. If we take the SD
results as the best estimate and using the difference between the SD and SDpT as the
theoretical errors then the theoretical results agree within the uncertainty with the
experimental results. For the Tc VII, we can use the SD results as the best estimate,
and the 0.4-4.8% difference between the SD and SDpT results can be taken as the
theoretical uncertainties.

We show the theoretical transition matrix elements and the lifetime of Mo VI in
Table 7.2 and Tc VII in Table 7.3. We also show the resulting lifetimes calculated using
the values of SD matrix elements. We calculated the transition matrix elements using
both the SD and SDpT methods for comparison. We found for both case of Mo VI
and Tc VII, that these transition matrix elements mostly agrees with 2-5% differences,
except for the following transitions. First, the M1 transition of 5s;/, — 4ds/, which has
about 10% difference between the SD and SDpT values. Second, the E1 transitions
from 4d to 4f states which differ by 18-28% between the SD and SDpT values.

7.1.2 Mo V and Tc VI

Mo V and Tc VI have an equivalent electronic structure like Sr. Therefore, we
can use CI+MBPT and Cl+all-order to calculate them by using the appropriate values
for the nuclear parameters.

We show the energies of several low lying states of Mo V in Table 7.4, and
Tc VI in Table 7.5. For both Mo V and Tc¢ VI, in general the calculated energies
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Table 7.1: Energies of Mo VI and Tc VII ions in cm™. We give the values of the
ground state energy in the first row of both Mo VI and Tc VII. We give
the value of the energies of the other states relative to the ground state.
The results of DHF, SD and SDpT methods are given in the columns as
labeled. Experimental results are taken from [90].

Ton Level DHF SD SDpT  NIST

Mo VI 4dsz/;, 542343 555043 564902 555127
Adsp 2478 2700 2716 2584
5s1/2 115891 118920 126407 119726
opip 176947 181770 189594 182404
5p3/2 181651 186792 194642 187331
dfs;p 272818 267135 274643 267047
df7o 272728 267449 275024 267457
Sdz/p 275332 282565 290767 282826
5dsjp 276100 283380 291595 283611

Tc VII  4ds, 705148 718490 729100
4ds;; 3326 3595 3569
55172 165429 168309 176368
dp12 236031 240518 248892
Op3jp 242272 247107 255510
dfs;p 329554 314556 322739
df7p 329461 315111 322739
5dzjp 352662 359378 368149
5ds/p 353715 360495 369282
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Table 7.2: Transition matrix elements of Mo VI and lifetimes calculated using SD and
SDpT methods are given. The lifetimes correspond to the initial state of
the transition. We calculated the lifetimes using the values of Z°P.The
numbers in brackets represent powers of 10.

Transition  Type 7P 75T Lifetime
ddsjy — 4dz;p B2 1.2886 1.2657 6.10 s
ddsjy — Adsy, M1 1.5489 1.5489
55179 —4dzs,  E2 2.3026 2.2363 6.27[-5] s
5519 —4ds;, M1 4.9534[-05] 5.5233[-05]
5pijo —4ds;,  E1 - 9.8934[-01] 9.4225[-01]  0.16 ns
5]91/2 — 581/2 E1l 1.7604 1.686
5paj2 — 4ds; Bl 4.30691-01] 4.1086[-01]  0.14 ns
Spsje — 4dsy  El 1.3157 1.2555
4fsso —4ds;,  El 1.3207 1.0815 0.08 ns
Afsjo—A4ds;,  E1 - 3.54061-01]  3.5406[-01]
5dzjo — 5p12 El 2.7305 2.6586 0.22 ns
5dz/ — op3e El 1.2499 1.2172
By — 4fs Bl 2.8061 2.7315
5dsjp — dps3e El 3.7424 3.6455 0.23 ns
Bdsjy — 4fz;y Bl 3.3548 3.271
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Table 7.3: Transition matrix elements of Tc VII and lifetimes calculated using SD
and SDpT methods are given. The lifetimes correspond to the initial state
of the transition. The numbers in brackets represent powers of 10.

Transition  Type 7P Z5PpT Lifetime
dds/y — 4dz;p B2 1.0682 1.0539 2.06 s
ddsj —Adsp M1 15488 1.5488
5510 —4dzs,,  E2 1.8505 1.8054 1.61[-5] s
5519 —4dz;, M1 5.0980[-05] 5.6155[-05]

Spij2 —4dzpn,  El 8.5661[-01]  8.1950[-01]  0.09 ns
op1j2 — 9812 El 1.6132 1.5445
Spgje — 4ds,  El 3.7209[-01] 3.5680[-01]  0.08 ns
Spgjo — 4ds,  El 1.1383 1.0915
dp3/2 — HS1/2 E1l 2.2862 2.1902

Afsjy —4dsy,  E1 - 9.5650[-01]  7.1867[-01]  0.08 ns
Afssy —A4ds;, Bl 2.5284[-01]  1.9086[-01]
Afrjy —Ads;,  E1 - 1.2136[+00] 9.4496[-01]  0.09 ns

5dsjy — 5prjp Bl 2.4958 2.4245 0.16 ns
5dsjy — 5psjp Bl 1.1422 1.11

Bdsjy —4fs,  El 2.021 1.9769

5dsjy — Bpsjy Bl 3.4211 3.3253 0.17 ns
Bdsjy — 4fz;y Bl 2.4152 2.366
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of the 4d? states are less accurate than the other states with 1-10% differences from
the experimental values compared to the other states which differ by less than 1%.
For Mo V, we found that the results of the CI+All order are slightly more accurate
than the results of the CI+MBPT especially for 4d? states which differ by 1-5% from
the experimental values compared to the latter values which differ by 1-10% from the
experimental values. For Tc VI, we found that less than 1% difference between the
results of CI+All order and CI+MBPT for 4d5s and 4dbp states. However, similar
to the results in Mo V we also found less agreements between the CI+All order and
CI4+MBPT for the 4d? states where they differ by 3-34%.

We show the calculated translational matrix elements and the lifetime of Mo
V in Tables 7.6, 7.7, and 7.8; and Tc VI in Tables 7.9, 7.10, and 7.11. We show the
theoretical values of the translational matrix elements calculated using the Cl+all-order

method.
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Table 7.4: Energies of Mo V ions relative to the ground state in cm™".

1

The re-

sults of two different methods, CI+All-order and CI+MBPT, are given.

Experimental energies [90] are given for comparisons.

Level CI+All CI+MBPT  NIST
4d? 3 Fy 0 0 0
4d? 3Fy 1599.6 1600.9 1577.2
4d% 3F, 3401.3 3428.7 3357.1
4d* 'Dy  10509.9 11300.1 10190.1
4d% 3Py 11441.3 12109.9 11161.3
4d? 3P 12075.9 12758.5 11806.9
4d* 3P,  13743.1 14459.1 13408.3
4d* 'Gy  17059.1 17357 16353.4
4d* 'Sy 39597.2 40657.8 37737.8
4dbs 3Dy 92177.1 92790.8 92380.5
4dbs 3Dy 92925.3 93544.8 93111.4
4d5s 3Dy 94646.4 95287 94835.4
4d5s 1Dy 99542.6 100159 99380.4
4d5p D9 1470459  147935.1  146976.8
4dbp 3D§  148891.9  149710.5  148948.7
4dbp 3Dy 150359.8  151219.7  150345.8
4dbp 3FY  151451.6  152297.6  151213.2
4d5p 3FY  151500.9 1523451 151195.1
4dbp 3Dg  153257.8  154099.2  153039.7
4dbp 3FY  155599.4  156463.5  155032.3
4dbp 3Py 156855.2  157896.4  156616.5
4dbp 3P 157286.4  158343.7  157059.2
4d5p 3Py 158060.2  159133.8  157851.5
4db5p 'FY 160756.6  161469.3  159856.7
4dbp TPy 162689.8  163691.2  162257.1
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Table 7.5: Energies of Tc VI ions relative to the ground state in em™.

1

The re-

sults of two different methods, CI+All-order and CI+MBPT, are given.

Experimental energies [90] are given for comparisons.

Level

CI+ALL CI+MBPT

4d? 3Fy
4d? 3 Fy
4d? 3Fy
4d? 1 Dy
4d? 3P,
4d? 3Py
4d? 3 P,
4d* 1G,
4d* Sy
4dbs 3D1
4dbs 3D2
4d5s 3D3
4d5p 1Dy
4d5p DS
4d5p 3 DS
4d5p 3Fy
4dbp 3F§
4dbp 3Dy
4dbp 3Fp
4d5p 3Py
4d5p R
4dbp 3Py
4dbp LFY
4dbp 1 PY

0
2246.0
4692.2
9738.8

12972.4
13832.8
15472.7
18436.3
45024.5
138543.4
139450.8
141806.9
202980.6
204860.5
206916.3
208350.2
208579.8
210815.9
213930.5
214602.3
215219.5
216267.2
219275.7
221892.2

0
2179.4
4605.5
12997.8
13606.7
14518.6
16958.6
19785.5
46388

139080.6
140002.3
142395.5
203806.6
205632.3
207767
209177.7
209380.3
211622.4
214792.4
215589.9
216222.2
217314.9
219743.6
222857
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Table 7.6: Transition matrix elements of Mo V and lifetimes calculated using CI+All-
order are given. The lifetimes correspond to the initial state of the tran-

sition. The numbers in brackets represent powers of 10.

Transition Type Z  Lifetime Transition Type Z Lifetime
4d? 3F3-4d? 3 F, M1 2559 9.73s 4d? 1 Sy-4d? 3F, E2 0.2 0.05 s
4d? 3F3-4d? 3 F, E2  0.669 4d? 1Sy-4d* 1 D, E2 2204
4d? 3Fy-4d? 3 F, E2  0.073 853s 4d* 1 Sp-4d? 3 P, M1 0.112
4d? 3F,-4d? 3F3 M1  2.591 4d* 1 Sg-4d? 3P, E2  1.369
4d? 3F,-4d? 3F3 E2  0.655 4d5s 3 Dy-4d? 3 F, M1 0 2.28[-04] s
4d? 1 Dy-4d? 3 F, M1 0.24 1.35 s 4d5s 3Dy-4d? 3F, E2  3.129
4d? 1 Dy-4d? 3 F, E2  0.643 4d5s 3Dy-4d? 3Fy E2 2267

4d* D, E1-4d* 3Fy M1 0.316 4d5s 3D1-4d* *D, M1 0.001
4d% *Dy-4d? 3 Fy E2  0.746 4d5s 3Dq-4d? * D, E2  1.025
4d% *Dy-4d? 3F, B2 1.704 4d5s 3D1-4d? 3P, M1 0
4d? 3 Py-4d? 3 F, E2 1691 16.0s 4d5s 3D1-4d* 3P M1 0
4d? 3 Py-4d? 1 D, E2  0.733 4d5s 3 Dy-4d* 3Py E2 2214
4d? 3Py-4d? 3 F, M1 0.022 12.0s 4d5s 3Dy-4d? 3P, M1 0
4d? 3 Py-4d? 3 F, E2  1.626 4d5s 3 Dy-4d? 3 P, E2  0.955
4d? 3 Py-4d? 3 F3 E2  2.355 4d5s 3Dq-4d* 1S, M1 0
4d? 3 Py-4d? 1 D, M1 0.762 4d5s 3 Dy-4d? 3 F, M1 0 2.26[-04] s
4d? 3 Py-4d? 1 D, E2  1.357 4d5s 3 Dy-4d? 3F, E2 2727
4d? 3 Py-4d? 3 P, M1 141 4d5s 3 Dy-4d? 3Fy M1 0
4d? 3 Py-4d? 3 F, M1 0.059 1.82s 4d5s 3 Do-4d? 3 F3 E2  3.503
4d? 3 Py-4d? 3 F, E2 0418 4d5s 3 Do-4d? 3Fy E2  2.386
4d? 3 Py-4d? 3 F M1 0.133 4d5s 3Do-4d? *Dy - M1 0.001
4d? 3 Py-4d? 3 F3 E2  1.505 4d5s 3 Dy-4d? D, E2  1.525
4d? 3 Py-4d? 3F, E2 2.81 4d5s 3 Dy-4d? 3 P, E2  1.872
4d? 3 Py-4d? 1 D, M1  1.167 4d5s 3 Doy-4d* 3 P M1 0
4d? 3 Py-4d? 1 D, E2  0.082 4d5s 3 Dy-4d? 3 P E2  0.929
4d? 3 P,-4d? 3P, E2  1.386 4d5s 3 Do-4d? 3 P, M1 0
4d? 3 Py-4d? 3P, M1 1.385 4d5s 3Dy-4d? 3P, E2  1.938
4d? 3 Py-4d? 3P, E2  2.009 4d5s 3 Dy-4d? *Gy E2 0.98
4d% *Gy-4d? 3 F, E2 0267 131s 4d5s 3 Do-4d* 1S E2 0
4d% 1G4-4d? 3F; M1 0.179 4d5s 3Do-4d5s 3Dy M1 2.082
4d% 1G4-4d? 3F; E2  0.072 4d5s 3Do-4d5s 3Dy E2  1.466
4d% 1Gy4-4d? 3F, M1 0.231 4d5s 3 Ds-4d? 3F, M1 0 2.23[-04] s
4d* 1G 4-4d? 3F, E2  0.312 4d5s 3 Ds-4d? 3F, E2  0.786
4d2 1G4-4d2 1D2 E2 1.545 4db5s 3D3-4d2 3F3 M1 0
4d% *Gy-4d? 3 P, B2  1.117 4d5s 3 Ds-4d? 3F3 E2 2732
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Table 7.7: (Cont.) Transition matrix elements of Mo V and lifetimes calculated using
CI+4-All-order are given. The lifetimes correspond to the initial state of the

transition. The numbers in brackets represent powers of 10.

Transition Type Z Lifetime Transition Type Z  Lifetime
4d5s 3Ds-4d*> 3F; M1 0 4dbp 1 DS-4d? 3 Fy E1  0.081
4d5s 3 Dsy-4d* 3F, E2 5213 4dbp 1 DS-4d? 1 D, E1l  1.132
4d5s 3Ds-4d*> *Dy M1 0.001 4dbp Dg-4d? 3 Py E1  0.008
4d5s 3Ds-4d* *Dy  E2  1.603 4dbp 1 DS-4d? 3 Py E1  0.385
4dbs 3 Ds-4d? 3P, E2 2217 4dbp 'DS-4d5s 3Dy E1 - 1.242
4d5s 3Ds-4d% 3P, M1 0 4dbp 1 DS-4d5s 3Dy E1 - 1.628
4d5s 3 Ds-4d? 3 P, E2 273 4dbp 1 DS-4d5s 3Dy E1 - 0.006
4d5s 3Ds-4d* 'G4y M1 0 4d5p *Dg-4d5s 'Dy,  E1 - 2.163
4d5s 3Ds-4d* *G,  E2  0.392 4dbp 3DS-4d? 3 F,y E1 1.359 0.19 ns
4d5s 3Ds-4d5s 2Dy E2 0.508 4dbp 3DS-4d? 1 Dy E1  0.006
4d5s 3Ds-4d5s 3Dy M1 2.12 4dbp 3DS-4d? 3 Py E1  0.459
4d5s 3Ds-4d5s Dy E2 1.581 4dbp 3DS-4d? 3 Py E1  0.226
Ad5s 'Dy-4d? 3F, M1 0.002 2.08[-04] s  4dbp 3D%-4d? 3P,  E1  0.004
4d5s 1 Dy-4d? 3 F, E2  0.005 4dbp 3D9-4d* 1S, E1 0.113
4d5s ' Dy-4d* 3F3 M1 0.003 4dbp 3D¢-4d5s 3Dy E1 - 1.828
4d5s ' Dy-4d? 3F E2  0.648 4dbp 3D¢-4d5s 3Dy El 1.43
4d5s ' Dy-4d? 3F, E2  0.075 4dbp 3D¢-4d5s *Dy  E1 - 0.134
4d5s ' Dy-4d®> *Dy M1 0.001 4dbp 3DS-4d? 3 F,y E1  0.777 0.22 ns
4d5s * Dy-4d? 1 D, E2  3.258 4dbp 3Dg-4d? 3 Fy E1  1.269
4d5s 1 Dy-4d? 3P, E2 0.22 4d5p 3DS-4d? 1 D, E1  0.633
4d5s 1 Do-4d? 3P, M1 0.002 4dbp 3DS-4d? 3 Py E1  0.619
4d5s 1 Do-4d? 3P, E2  0.172 4dbp 3DS-4d? 3Py E1  0.302
4d5s ' Do-4d? 3P, M1 0.002 4dbp 3DS-4d5s 3Dy E1 - 0.043
4d5s 1 Do-4d? 3 Py E2 273 4dbp 3D3-4d5s 3Dy, E1 - 2.014
4d5s ' Do-4d* *Gy,  E2 5737 4dbp 3DS-4d5s Dy E1 - 1.588
4d5s ' Dy-4d* 1S, E2  1.931 4dbp 3DS-4d5s 'Dy E1 - 1.588
4d5s ' Dy-4d5s 3Dy M1 0.404 4dbp 3Fg-4d* 3 Fy E1  0.407 0.30 ns
4d5s 'Dy-4d5s 3Dy E2 0.286 4dbp 3Fg-Ad® 3F3 E1  1.139
4d5s 'Dy-4d5s 3D, M1 0.17 Ad5p 3F-4d® ‘D,  E1 0.691
4d5s ' Dy-4d5s 2Dy E2  0.279 4dbp 3F9-4d?* 3 Py E1  0.25
4d5s ' Do-4d5s 3Dy M1 0.412 4dbp 3F9-4d? 3Py E1  0.142
4d5s ' Dy-4d5s 3Dy E2 0.308 4dbp 3Fg-4d5s 3Dy E1 - 2.662
4dbp 1 DS-4d? 3 Fy El  0.832 0.35ns  4dbp 3Fy-4d5s 3D, E1  0.663
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Table 7.8: (Cont.) Transition matrix elements of Mo V and lifetimes calculated using
CI+4All-order are given. The lifetimes correspond to the initial state of the
transition. The numbers in brackets represent powers of 10.

Transition Type Z  Lifetime Transition Type Z  Lifetime
4dbp 3F9-4dbs 3Dy E1 - 0.376 4dbp 3 Pg-4d* 3 Fy E1  0.092 0.25 ns
4dbp 3F9-4dbs 1Dy E1 - 1.094 4dbp 3 Pg-4d?* 3Fy E1  0.212

4dbp 3F9-4d* 3Fy El 0313 0.26ns  4dbp 3P¢-4d? ' D, E1  0.389
4dbp 3F9-4d* 3Fy E1  1.251 4dbp 3 Pg-4d? 3Py E1  0.691
4dbp 3F9-4d* 3F, E1  1.188 4d5p 3 Pg-4d?* 3Py E1 1.36
4dbp 3F9-4d* 1 Dy E1  0.299 4dbp 3Pg-4db5s 3Dy E1 0.348
4dbp 3F9-4d* 3Py E1 0429 4dbp 3Pg-4dbs 3Dy El 1.31
4d5p 3F9-4d* 'G, E1  0.294 4dbp 3Pg-4dbs 3Dy E1 - 2.326
4dbp 3F§-4d5s 3Dy E1 - 1.342 4dbp 3Pg-4d5s *Dy  E1 - 0.853
4dbp 3F9-4dbs 3Dy E1 - 3.166 4dbp ' F9-4d* 3 Fy E1  0.036 0.16 ns
4dbp 3F9-4d5s 'Dy  E1 - 0.752 4dbp ' F9-4d* 3Fy E1 0.131
4dbp 3D3-4d? 3 Fy El 0199 025ns  4dbp 'Fo-4d? 3F, E1 0171
4dbp 3Dg-4d? 3 Fy E1 0.45 4d5p P Fg-4d* ' D, E1  0.044
4dbp 3Dg-4d?* 3F, E1  1.673 4dbp 1 F9-Ad® 3Py E1  0.167
4dbp 3 DS-4d? 1 D, E1  0.229 4dbp 1 F9-4d* G,y E1 2545
4dbp 3 DS-4d? 3Py E1  0.446 4dbp 'F9-4dbs 3Dy E1 - 0.511
4dbp 3D3-4d? 1G4 E1  0.168 4dbp LF9-4dbs 3Dy E1 - 0.634
4dbp 3D§-4d5s 3Dy E1 - 3.186 4dbp 'Fg-4d5s *Dy  E1 - 3.295
4dbp 3D§-4d5s 2Dy E1 - 1.491 4dbp L PP-4d? 3 Fy E1  0.059 0.25 ns
4d5p 3DS-4d5s 'Dy E1 - 0.248 4d5p PP-4d? 1D, E1 0.716
4dbp 3FP-4d* 3Fy El  0.363 0.40ns  4dbp 'Pp-4d? 3P, E1  0.227
4dbp 3FP-4dbs 3Fy  E1 1417 4dbp 1 PP-4d* 3Py E1 0.16
4dbp 3FP-4dbs 'G,  E1 - 0.109 4dbp L PP-4d? 3P, E1  0.682
4dbp 3FP-4dbs 3Dz E1 - 3.952 4dbp L PP-4d* 1S E1  0.746
4dbp 3 PP-4d? 3 Fy El  0.189 0.30ns 4dbp 'PP-4d5s 3Dy E1 - 0.092
4dbp 3 PP-4d* 1Dy E1  0.671 4dbp 1 PP-4dbs 3Dy El 0.4
4dbp 3 PP-4d?* 3Py E1 0611 4dbp 1 PP-4dbs *Dy  El 2.12
4dbp 3PP-4d* 3P, E1  0.633

4dbp 3PP-4d?* 3Py E1  0.503

4dbp 3PP-4d? 1S, E1  0.191

4dbp 3PP-4d5s 3Dy El 1.39

4d5p 3PP-4d5s Dy E1 - 1.639

4dbp 3P-4dbs *Dy  E1 - 1.639

4dbp 3Pg-4d* 3Py E1 0711 0.25ns

4d5p 3Pg-4d5s Dy E1 - 1.257
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Table 7.9: Transition matrix elements of Tc VI and lifetimes calculated using CI+All-
order are given. The lifetimes correspond to the initial state of the tran-
sition. The numbers in brackets represent powers of 10.

Transition Type E1  Lifetime Transition Type E1 Lifetime
4d? 3F3-4d? 3F, M1 2562 351s 4d? 1Sy-4d? 3F, E2  0.131 0.03 s
4d? 3F3-4d? 3F,  E2  0.543 4d? 1 Sy-4d* 1 D, E2  1.985
4d* 3Fy-4d* 3F,  E2  0.051 3.41s 4d? *Sy-4d* 3 P, M1 0.131
4d% 3Fy-4d? 3F3 M1 2.589 4d% *Syp-4d? 3P, E2  0.681
4d% 3Fy-4d? 3F3  E2 0.53 4d5s 3D1-4d? 3 F, M1 0.001 4.61[-05] s
4d* 1 Dy-4d% 3F, M1 0.228  2.11s 4d5s 3Dy-4d? 3F, E2 2461
4d* 1 Dy-4d* 3F,  E2  0.383 4d5s 3 Dy-4d* 3Fy E2  1.788
4d* 1 Dy-4d* 3F3 M1 0.308 4d5s 3Dy-4d* *D, M1 0.007
4d% *Dy-4d? 3Fy  E2  0.306 4d5s 3D1-4d* * D, E2  0.584
4d% *Dy-4d? 3F,  E2  0.853 4d5s 3 Dy-4d? 3P, M1 0.002
Ad? 3Py-4d? 3F,  E2  0.024 128s  4d5s3Dy-4d* 3P, M1 0.003
4d* 3Py-4d* *D,  E2  0.369 4d5s 3Dy-4d? 3Py E2 1.74
4d? 3P-4d? 3F, M1 0.024 5.09s 4d5s 3D1-4d? 3P, M1 0.002
4d* 3P-4d? 3F,  E2  1.325 4d5s 3 Dy-4d? 3Py E2 0922
4d% 3P-4d? 3F3 E2 1917 4d5s 3D1-4d* 1S, M1 0
4d% 3P-4d® Dy, M1 0.424 4d5s 3 Dy-4d? 3 F, M1 0.006 4.54[-05] s
4d* 3P-4d* *D,  E2  0.687 4d5s 3 Dy-4d? 3F, E2 2145
4d? 3P;-4d? 3Py, M1 1.408 4d5s 3 Do-4d* 3Fy M1 0.004
4d% 3P,-4d? 3F, M1 0.008 1.06 s 4d5s 3 Dy-4d? 3F3 E2 2734
4d% 3P,-4d? 3F,  E2  0.466 4d5s 3 Dy-4d* 3F, E2  1.891
4d% 3P,-4d? 3F3 M1 0.164 4d5s 3Dy-4d?> *Dy M1 0.002
4d? 3Py-4d? 3F3;  E2  1.333 4d5s 3 Dy-4d* 1 D, E2  0.987
4d? 3Py-4d? 3F, E2 2534 4d5s 3 Dy-4d? 3P, E2 1.46
4d% 3Py-4d* 'D, M1 0.711 4d5s 3 Do-4d? 3 P M1 0.002
4d% 3Py-4d? 'Dy,  E2 0.03 4d5s 3 Do-4d? 3P E2 0.73
4d* 3P,-4d? 3Py E2  1.215 4d5s 3 Do-4d? 3 Py M1 0
4d? 3Py-4d? 3P, M1 1523 4d5s 3 Dy-4d? 3P, E2  1.687
4d? 3Py-4d? 3P, E2 1523 4d5s 3 Dy-4d? 1G4 E2 0933
4d% *Gy-4d® 3F,  E2 0.217  0.87s 4d5s 3 Doy-4d* 1S, E2  0.206
4d% *Gy-4d% 3F3 M1 0.211 4d5s 3Dy-4d5s 3Dy M1 2.062
4d% *G4-4d* 3F;  E2  0.068 4d5s 3Dy-4d5s 3Dy E2  1.194
4d% *G4-4d® 3F;, M1 0.272 4d5s 3 Dg-4d? 3F, M1 0.001 4.52[-05] s
4d2 1G4-4d2 3F4 E2 0.299 4d5s 3D3—4d2 3F2 E2 0.62
4d* 'G4-4d* 'D,  E2  1.508 4d5s 3 Ds-4d* 3Fy M1 0.002
4d% *Gy-4d® 3P, E2 0.65 4d5s 3 Dy-4d* 3F3 E2 2154
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Table 7.10: (Cont.) Transition matrix elements of Tc VI and lifetimes calculated
using CI+All-order are given. The lifetimes correspond to the initial
state of the transition. The numbers in brackets represent powers of 10.

Transition Type E1 Lifetime Transition Type E1  Lifetime
4d5s 3 Ds-4d* 3F, M1 0.003 4dbp 1 DS-4d? 3 Py E1 0
4d5s 3 Dy-4d* 3F, E2  4.107 4dbp 1 DS-4d? 3Py E1  0.054
4d5s 3Ds-4d*> *Dy M1 0.006 4dbp 1 DS-4d5s 3Dy E1 - 1.249
4d5s 3 D3-4d* * Dy E2  0.723 4d5p *Dg-4d5s 3Dy E1 1.66
4d5s 3 Ds-4d? 3P, E2  1.739 4dbp ' DS-4d5s 3Dy E1 - 0.014
4d5s 3 Ds-4d? 3 P, M1 0.004 4d5p ' DS-4d5s 'Dy E1 1.77
4d5s 3 Ds-4d? 3 P, E2 2383 4dbp 3DS-4d? 3 F,y E1  1.142 0.11 ns
4d5s 3Ds-4d* *G, M1 0 4dbp 3DS-4d? 1 D, E1  0.045
4d5s 3Ds-4d* 'Gy  E2  0.36 4d5p 3D¢-4d? 3Py E1  0.394
4dbs 3Ds-4d5s 3Dy E2  0.414 4dbp 3DS-4d? 3 Py E1  0.172
4d5s 3D3-4d5s Dy M1 2.099 4dbp 3DS-4d? 3 Py E1 0.01
4d5s *Ds-4d5s 3Dy E2 1.277 4dbp 3D9-4d? 1S, E1  0.104
4d5s ' Dy-4d? 3 F, M1  0.007 3.78[-05] s 4dbp 3D¢-4d5s *Dy;  E1  1.626
4dbs 1 Dy-4d? 3 F, E2  0.121 4dbp 3D¢-4d5s 3Dy E1 - 1.336
4d5s ' Dy-4d* 3F3 M1 0.012 4dbp 3D¢-4d5s 'Dy E1 - 0.097
4d5s ' Dy-4d* 3 F3 E2  0.632 4dbp 3DS-4d? 3 F,y E1  0.602 0.12 ns
4d5s ' Dy-4d? 3F, E2  0.092 4dbp 3DS-4d? 3 Fy E1  1.116
4d5s ' Dy-4d® *Dy M1 0.003 4dbp 3DS-4d? 1 Dy E1  0.547
4d5s 1 Dy-4d? * D, E2 2878 4dbp 3DS-4d? 3 Py E1 0.54
4d5s 1 Do-4d? 3P, E2  0.228 4d5p 3Dg-4d? 3 Py E1  0.069
4d5s 1 Do-4d? 3P, M1  0.003 4dbp 3DS-4d5s Dy E1 - 0.159
4d5s 1 Do-4d? 3P, E2  0.167 4dbp 3DS-4d5s 3Dy E1 - 1.693
4d5s 1 Do-4d? 3 P, M1  0.006 4dbp 3DS-4d5s 3Dy E1 - 1.532
4d5s 1 Do-4d? 3 P, E2  1.278 4dbp 3DS-4d5s *Dy  E1 - 1.471
4d5s 1 Do-4d? 1Gy E2 4414 4dbp 3F9-4d? 3 F E1  0.264 0.10 ns
4d5s ' Dy-4d* 1S, E2 1.51 4dbp 3Fg-A4d* 3F3 E1  1.053
4d5s ' Dy-4d5s 2Dy M1 0.498 4dbp 3Fg-4d* 3 F, E1  1.018
4d5s 'Dy-4d5s 3Dy E2 0277 4dbp 3F9-4d? 1Dy E1  0.156
4d5s ' Dy-4d5s 3Dy M1 0.208 4dbp 3F9-4d? 3Py E1 0401
4d5s ' Do-4d5s 2Dy E2 0.229 4dbp 3F9-4d? 1Gy E1  0.292
4d5s ' Do-4d5s 3Dy M1 0.508 4dbp 3F9-4d5s 3Dy E1 - 1.162
4d5s ' Do-4d5s 2Dy E2 0.308 4dbp 3F9-4d5s 3Dy E1 - 2.894
4dbp 1 DS-4d? 3 Fy El 0.75 0.20 ns  4dbp 3F9-4dbs *Dy  El 0.82
4dbp 1 DS-4d? 3 Fy E1  0.076 4dbp 3F9-4d* 3 Fy E1 0362 0.24 ns
4d5p 1 DS-4d? 1 D, E1  0.906 4dbp 3Fg-Ad* 3 Fy E1  0.904
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Table 7.11: (Cont.) Transition matrix elements of Tc VI and lifetimes calculated
using CI+All-order are given. The lifetimes correspond to the initial
state of the transition. The numbers in brackets represent powers of 10.

Transition Type E1  Lifetime Transition Type E1  Lifetime
4dbp 3F9-4d* 1 Dy E1  0.644 4dbp 3Pg-4d5s 3Dy E1 - 0.308
4dbp 3F9-4d* 3P, E1  0.159 4dbp 3Pg-4dbs 3Dy E1 - 1.176
4dbp 3F9-4d* 3Py E1  0.032 4dbp 3Pg-4dbs 3Dy E1 - 2.079

4dbp 3F§-4d5s 3Dy, E1 2.384 4dbp 3Pg-4dbs *Dy  E1 - 0.927
4dbp 3F9-4dbs 3Dy E1 - 0.614 4dbp L F9-4d* 3 Fy E1  0.039 0.08 ns
4dbp 3F¢-4dbs 3Dy E1 - 0.209 4dbp ' F9-4d* 3 Fy E1  0.126
4dbp 3F9-4dbs *Dy  E1 - 1.148 4dbp LF9-4d? 3F, E1 0.17
4dbp 3Dg-4d? 3 F, El 0179 0.14ns  4dbp 'Fg-4d* ' D, E1  0.092
4dbp 3Dg-4d? 3 Fy E1  0.405 4dbp 1F9-4d* 3Py E1l  0.144
4dbp 3DS-4d? 3F, E1  1.401 4dbp 1 F9-4d* G,y E1  2.209
4dbp 3 DS-4d? 1 Dy E1  0.107 4dbp 'F9-4d5s 3Dy E1 - 0.586
4dbp 3 DS-4d? 3Py E1  0.383 4dbp 'F9-4dbs 3Dy E1 - 0.666
4d5p 3D§-4d* G, E1  0.157 4dbp 'F§-4d5s *Dy  E1 - 2.989
4dbp 3Dg-4db5s 2Dy E1 2.937 4dbp L PP-4d? 3 Fy E1  0.078 0.12 ns
4dbp 3DS-4d5s Dy E1 - 1.293 4d5p PP-4d? 1D, E1  0.786
4dbp 3DS-4d5s 'Dy  E1 - 0.322 4dbp 1 PP-4d?* 3Py E1  0.199
4dbp 3FP-4d* 3Fy El 0311 023ns  4dbp ' PP-4d® 3P, E1  0.141
4dbp 3FP-4dbs 3Fy  E1 1.205 4dbp L PP-4d? 3P, E1  0.462
4dbp 3FP-4dbs *G,  E1 - 0.105 4dbp L PP-4d* 1S E1  0.623
4d5p 3FP-4d5s Dy E1 - 3.651 4dsp *Pp-4d5s 3Dy E1 - 0.082
4dbp 3 PP-4d* 3Fy El  0.206 0.14ns 4dbp 'PP-4d5s 3Dy E1  0.326
4dbp 3 PP-4d* 1Dy E1 0477 4dbp 1 PP-4d5s *Dy  E1 - 1.956
4dbp 3 PP-4d?* 3Py E1  0.507

4dbp 3PP-4d* 3P, E1  0.534

4dbp 3 PP-4d? 3Py E1  0.538

4dbp 3 PP-4d* 1S E1  0.162

4dbp 3PP-4d5s 3Dy E1 - 1.311

4dbp 3PY-4dbs 3Dy E1 - 1.473

4dbp 3P-4d5s *Dy,  E1 - 0.295

4dbp 3Pg-4d* 3 Py E1  0.609 0.14 ns

4dbp 3Pg-4d5s 3Dy E1 - 1.151

4dbp 3 Pg-4d?* 3Fy E1  0.099 0.13 ns

4dbp 3 Pg-4d* 3 Fy E1  0.205

4dbp 3 Pg-4d? 1Dy E1  0.048

4dbp 3 Pg-4d* 3P, E1  0.571

4dbp 3 Pg-4d? 3 Py E1  1.183
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Chapter 8
CONCLUSION AND SUMMARY

We calculated the dynamic polarizability of Sr by using the transition matrix
element recommended value previously evaluated in [26]. The dynamic polarizability
of 552 1Sy and 5s5p 3P, state of Sr are plotted in the range 350 < A\ < 460 nm and 525
< A < 825 nm. From these plots, we determine the magic and magic zero wavelengths.
We obtain the magic zero wavelengths at 355.92, 368.45, 378.81, 403.43, 433.85, 479.13,
632.83 and 1666.6 nm for the 5s5p 3Py and at 689.20 nm for the 5s%1S,. We also obtain
the magic wavelengths of 552 1.5y — 5s5p 3 P, transition at 354.9, 360.0 377.75, 389.9 and
497.0 nm apart from the 813.4 nm magic wavelength. Our result for the 355.92 nm
magic zero wavelength of 555, P is in agreement with the other calculations [89, 94]
and the 689.20 nm of 55?15 is just 5 nm longer than the one calculated in [89]. We
also proposed an alternative method to extract the transition matrix element from the
measurement of the magic zero wavelength.

We calculated the BBR shift of T1* 65215, — 6s6p 3P, clock transition and Hg
652 1Sy — 6s6p 3Py clock transition. Our final BBR shift value is Avgggr = 0.0157(16)
Hz for TI* and Awvggr = 0.189(11) Hz for Hg. These values correspond to the BBR
shift to clock transition ratio of vgpr/vy = —1.06(9) x 10717 for TIT and vggr/vy =
—1.68(9) x 10716 for Hg. In the case of T1T, the values of the BBR shift agrees with our
prediction of small BBR shift in the IIIB group ions. We showed that in these systems
the BBR dynamic contribution to the total BBR shift almost cancels each other for
the corresponding clock transition states. This cancellation makes it possible for the
calculation of BBR shift by solely using the static polarizability.

We calculated the magic and magic zero wavelength of Hg 65215, — 6s6p 3P,

clock transition. Our final value is Apagic = 367.7(1.7) nm for the magic wavelength
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and Amagic—zero = 383.9(5.1) nm for the magic zero wavelength. Our result of the
magic wavelength differs by 4-8 nm compared to other works [101, 32]. We derived the
hyperfine quenching rates formula for ns?1Sy — nsnp 3P, transition and applied it to
the 113Cd clock transition. We calculated the hyperfine quenching rate of Mg, 87Sr
and 113Cd. Our final value of hyperfine transition rates are 4.30 x 10~* s71, 9.70 x 103
s7! and 7.70 x 1072 s7! respectively for Mg, 8Sr and '"*Cd. Our value for Mg
differs by 2-3% compared to results in [40, 42] and for 87Sr differs by 24-43% compared
to results in [40, 41]. Since our results of the hyperfine quenching rate of 8Sr and
Mg agreed within an order of magnitude from other theoretical results, we expect
our result for the hyperfine quenching rate of 1*Cd should be in close proximity with
the experimental result. Our calculations are currently being tested and used in the
ongoing Cd and Hg clock experiments at RIKEN.

We derived the formulas to evaluate the two-particle SMS matrix element in
the framework of all-order method. We used the formulas to calculate the two-particle
SMS constant and derived the isotope-shift constant for Na, K, and Rb. We compared
our result with the result from the experiment and found out that except for Na the
theoretical and experimental results are still in disagreement. These results show that
corrections from the fourth and higher order of perturbations have significant effects
in the calculations of the specific mass shift.

We calculated the energies and lifetimes of Mo V, Mo VI, Tc VI and Tc VII in
the framework of SD and SDpT All-order, CI+MBPT and CI+All-order. We found,
by comparing with the available experimental data, that our calculations for electronic
spectrum of Mo VI and Mo VII agree with the experimental data for up to 10%
accuracy. There are currently no available experimental data to compare with for Tc
VI and Tc VII. We expect our predictions of Tc data will be useful in future studies

and experiments of Tc atom.
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Appendix A
ANGULAR REDUCTION

The general one- and two-body matrix element z;; and z;;,; can be further
reduced by integrating over the angular part. After the angular reduction, we can

express the matrix elements using only the radial wavefunction.

A.1 Angular momentum diagram

To ease the summation over the magnetic angular quantum number we are going
to utilize the graphical rules following the work in [80]. In this formalism, the basic
elements of the diagram are introduced. Afterward, the summation over the magnetic
quantum number can be done by connecting these basic elements.

We are now going to cover the basic elements of the diagram. First, the straight

line represents

1M o1
I L R S (A.1)
Second, the straight line with arrow represents

j1m1 j2m2 _ j2m2 jlml — (—1)j2_m2(5j j 0 (A 2)
U2 1J2Y—mimz :

Third, the 3-j symbol represents the 3-j coefficient

Jams Jimy
Ji J2 J3
+ r» Jomg = - r> Joma = ; (A.3)
my Mo Mg
Jimy Jams

Here the sign in front of the symbol determines whether the quantum number is read

clockwise (-) or counterclockwise (+).
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The rule of summation in this diagram method is represented by connecting the

vertex corresponds to the summed quantum number, thus

Z Jimg Jama  jama Jzms

1M 371
= b, VL ST (A.4)

m3

From these definitions and rules, the following identities can be derived

1. Two arrows in the same direction give a factor of (—1)%

_

Jimy Jama _ (—1)%= Juma Jame (A.5)

2. Two arrows in the opposite directions cancel

Jim J2me 1y Jama (A 6)

3. Flipping the direction of an arrow gives a factor of (—1)%

Jima Jama _ Jima J2mea _ Jima J2m:
_ (_1>2j1 Jimy J2me (A7)

4. Changing the sign of the 3-j symbol gives a factor of (—1)71772F7s

Jimy
S G BV ) CANEI
J3ms
Jimy
= (=1t s (A.8)
J3ms

114



5. Outward arrows from the 3-j symbol vertex cancel out
Jima
- Jommg = (_1)j1+j2+j3—(m1+m2+m3)< J1 J2 73
J3ms
= (—1)2rietia) JiJ2 U3
my Mo M3

Jima

S A I E A :
my ms ms - J2m2

J3ms

where we have used the 3-j symbol symmetry property

J1 Jo J3 _ (—1)rHiats J1 J2 U3
—my; —Mgo —M3 my Mo Mg

and the selection rules m; + mo + m3 = 0 and (j; + j2 + j3) is integer.

6. Inward arrows from the 3-j symbol vertex cancel out

Jimy Jimy Jimy

- Jamg = (_1)2(j1+j2+j3) - Jamg = - Jame

J3ms J3ms J3ms3

—m; —Mmg —MmM3

(A.10)

(A.11)

We can write the Coulomb matrix element g;;; in terms of its reduced matrix

element using the angular momentum diagram as

Jim Jimy;
q ..
Gygp =), - +  Xq(ijkl),
q
JrMu Jimy

where X, (ijkl) is given by

Xo(igkl) = (=1)%(wal [C][ ki) (51| C [0 Ry (i KT).
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R,(ijkl) is the Slater integral[6] and the reduced matrix element (k;||C?||kx) is given
by
Ji Ik 4

(rllClm) = (GG | ) v g), (A14)
-3 3 0
where
1, if liseven,
(1) = (A.15)

0, if lisodd.
Using similiar method we can also express the double excitation coefficient with its

reduced coefficient

Jimi Jim;
pur =3~ pligkl). (A.16)
q
VU Jimy

The single excitation coefficient is connected to its reduced coefficient by the following

relation

Pij = 5f€mj5mimjp(ij) (A17)

A.2 Commonly used identities
From the basic elements (A.1)-(A.3), we can derive the identities which are

commonly used in the calculation. These identities are given as follow

J
Q =[] (A.18)
Jimy
1
- 00 = —.5]'1]'2577117712 (Alg)
1]
Jame
J1
. + — g, 1
J3m3 O Jamy = @5j3jé5m3m’3 (A.20)
J2

Jima !sz =V [12]05,00m,0 (A.21)
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Jimy

+ . J3
- ; I3 = H5J205j1j{5m1n"/1 (A'22>
J2 J1
jim
Jams
Jams
J1 J2 J3
= + Jama (A.23)
L Iy 3
J1m1
I
k+lo—ly J1 j4 k
I I = Z(—l) k] (A.24)
% iy I L
- l4 -
Jamy Jams
Jima J2mm
J2 g3k
+ i +  (A25)
ly Iy I3
Jamy J3ms

In the above equations we use [j] = (25 + 1).

A.3 Example
We now given an example how to apply this technique for reducing one of the

term in the SD two body matrix element

T = _2tvmnrp:mabﬁmba (A'26>
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In the reduced form, this term becomes

v m v m o n
/
T = Z _ H + - H + — H + X (=2)T;(vmnr)pr(vmab) pr: (rnba),
mzzg”l)
n roa b b a

(A.27)

where the indices refer to both the total angular and magnetic quantum number to
simplify the notation. First, we connect the a and b legs in the second and third

diagram of (A.27) then convert it to the form of (A.25).

v m v m
k k
- + - +
a b o= ()P a b
+ Y - + Y -
n r n r
v m
k
— +
— (_1)2jn+2j'r+1 a b
+ Y -
n r
v m
— k —
— (_1)ja+jn+k’+jb+jm+k+l a b (A.28)
— o —
n T

since the total angular momentum j is half integer. Applying (A.25) we obtain

. . /" . . !
DT LA R R TR SAREA @ ELE L SO
k! k/ k ja k/ k jb

n r

118



It is easy to check that

H H s

so we can combine this diagram with the first diagram of (A.27) by connecting the m

(% m m v % m %
/! 2
n r r n n n

and r legs

= 6Jk‘"
— i(;Jk,,(_l)jn'i‘ju-‘rJ_'_ J |
/]
n n
1 CL
= ——— O (—1)ntits A3l
IE . A

where we connect the n leg in the last step. Combining (A.29) and (A.31) and summing

over the index k" we arrived at the final result

T — _9 Z ]a+]b+,7m+,7v Jo Jn J Jm Jr I (A.32)

abmnr k/ k ja k/ k jb
JEkE'
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Appendix B
MATRIX ELEMENT

Here we provide the one- and two- body matrix elements of the all-order for-

malism and the third order MBPT after angular reduction.

B.1 All-order terms
The one-body term consists of 20 terms given by
(_1)jm_ja+J

Zw = ZTz(am)ﬁJ(wmva)

ma

+ 3 g omne (B.1)
ACE —Zaﬁwﬁa 2(av)p(wa) Zaﬁuﬁa z(wa)p(va) (B.2)
2O = 3 s m)pn) + 3 G zllpl) (B.3)
R ST R A W s (5.4)
Z€ = g6%{,5%maZ(ab)p(vb)p(wa) (B.5)

ab
ZD = = 6w p(ma) {05, 2(a0) p(m) + O, 2(wa) p(mov) } (B.6)
ZW = - mz Ormia (M) {01y, 2 (M) p(wQ) + Oy, e, 2(wm)p(va) } (B.7)

ma

h _ (—1)ferdm/
=2 4
Yw—dvtd
+ Z ~——————Rnkyz(ma)ps(nmwa)p(nv) (B.8)
ACHEE Z %&gm%z(mn)p(m@ﬁ] (wnva)

Ore i 2(@m) p(nw) py(nmoa)
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AU

YAQ)

7/(®)

7(a)

Jw Ju+J

+ Z Sionra 2(mn) py(vmwa)p(na) (B.9)
(_1)]b Ja+J ~
- Z T&{m,{bz(ab)p(mb)pJ (wmwa)
(_1)jw_ju+J B
— Z Téﬁmﬁaz(ab)pJ(vmwb)p(ma) (B.10)
mab
Jm JetJ
— Z Onyra 2(bm) p(va)py(wmab)
mab
]w Jut+J
- Z Srenm, 2(mb) s (vmab) p(wa) (B.11)
mab
) Ul ) p(mb) o (wmab)
Rwka “m“b [] ] P £o
mab
> Oruralrmny H (wa) po(vmab)p(mb) (B.12)
mab
5 b | 22 (0) il ma)
# 2 G| L 2wm)plra) o) (B.13)
_Z(_l)jmﬂbﬂﬁjnw Ju J o ko J ¥
n}gr]zft/zb K jTL k ja jm jb
x z(ab) pr.(nmawb) p (nmua) (B.14)
_Z(_l)jc-i-jm—i-jb-i-jw—i-k—i-k’ Jo Jw J KooJ ok
rr]itlzﬁc k k, jb ja ]m jc
x z(ab) pr (nmawbd) pr: (nmua) (B.15)
-1 J+E+jwtim jw jv J 3 .
-y (=1 . v 2(rm)pr(rnwa) g (mnva) (B.16)
mzra jm .]7' k
. Z (_1)j77l+ja+jw+jb+J k k/ J jU ,ju) J
rr]zr];c[ab ]n jm ja Kk jb
X z(mn)pr(mvad) pr (nwa 1
b b B.17
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12

z(bn)py(vmwa)py(mnab)

7z Z

mnab

+> #z(nb)m(mmb)ﬁ(}(wmm)

mnab

Z® = — Z méﬁwﬁbz(bv)pk(nmwa)ﬁk(mnab)

mnab
k

_ Z [/{:];'6 z(wb) px(mnab) pr(nmua)

mnab [jv] o
k
z0 - _ Z Orewrin 2 (M) pr.(nmab) p(nwab)
mnab
k

-y [k]lm(sm,nz(wm)pk(mab)ﬁk(nmab).

mnab
k

The two-body terms consist of 28 terms given by

7@ 22 ja O . To(vavm)p(ma)

1 L N
T®) — 9 Z G ](_1)]a+]b+]m+]vTJ(abvm)pj(mvba)
abmJ v
1 L ~
T(C) — 2 Z [J][‘v](_1)]a+]7rl+]n+]v+JTJ(avmn)pj(nmva)
amnJ
TW = _22 Oryriy HmnaTO(Uabm)p(Ub)p(ma>
amb
T = 22 Okmra HanO(Umna)p(ma)p(nv>
TO = =3 [245, S To(vav)p(mb)p(ma)
amb
5025 b Towmun) pma)o(na)
5Hmn e -
7w — _9 Z [J][jb](—1)J“+J"+]”+J"TJ(mam})pJ(vnab)p(mb)
abmnJ v
5,{77“% S 5
T = 23 Lo (AP, (abuo) (muba)p(me)
abemJ v
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(B.18)

(B.19)

(B.20)

(B.21)
(B.22)

(B.23)

(B.24)

(B.25)

(B.26)

(B.27)
(B.28)

(B.29)



22,

abecmJ

22

abmn

_22

abmnJ

= O

abmnJ

22

abmn

22

amnrJ

_QZ

abmnJ

22

amnrJ

22,

abemnJ

6/11; Ke
(

[]15]

6Iimf€a

()15

6I€mﬁy

()15
1

Tkk'
X Ty (vmnr) pr(vmab) pr (rnba)

abcmn
Jkk'

5;%;@;,

[107]

b

[105]

_1)ja+jb+jm+jv TJ(ame)ﬁJ (vmba)p(vc)

nnano (vavm) po(mmnab)p(nb)

(—1)Pat ot dmtIn T (vamn) py (nmab) p(vb)

(b5 Ty vmb) (v o)

O, s To(amnb) po (vnva) p(mb)

(_

5K/nliv

[105]
(_

[J]2(50]
_2 Z 1 (_1)ja+jb+jm+jv jU ]n J ]m jT’ J
abmnr []v] Kk ja Kok jb

1)jm+jn+jr‘+jvTJ(mvrn)ﬁj(nrva)p(ma)
T (vmab)ps(mnba)p(nv)
1)ja‘i‘jm"f‘jn"f‘jrTJ(amnr)ﬁJ (’r’nva)p(m’l})

(=1)7=Hm T (aumb) p s (vnbe) p g (nmea)

. . ’ . . ,
]b+]c+]7n+]n .]’l) ']n k .]CL jm k
ko J gy ko J g

xTy (avcb)pk (mneb) pr (nmoa)

_QZ

abcmn

2

abmnr
J

D

abecmnJ

1
[J12 (0]

f@n Ka

V ]v ]a
_QZ 1

abmnrJ

[J12(0]
5/ibn7n

o] 170][/]
(_

T (mabc)py(nmeb) po(vnva)

(—1)j“+j”+‘]f1(vmna),5j(mrab)ﬁj(nrvb)

T;(mnra)p;(nmab)pe(vrob)

1)+ (mabn) oy (vmeb) oy (vnca)
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(B.30)

(B.31)
(B.32)

(B.33)

(B.34)
(B.35)
(B.36)
(B.37)

(B.38)

(B.39)

(B.40)
(B.41)

(B.42)

(B.43)

(B.44)



_ Z [J]gl[jv](—1)ja+jn+JTJ(mabn),5J(rmvb)ﬁJ(rnva) (B.45)

abmnrJ

jv jb k/ ]m ja k/

T @) Jc+Jd+Jm+]u

abcdm J k .jd J k jc

Tk
X Ty (abcd) pr(vmde) prr (vmba) (B.46)
_I_ Z ]m+]n+]r+]s ']a jT , jw js k/

aLr]r;gr]?;s v J k ]m J k In
xTJ(mnrs)pk nmua)pr (srva) (B.47)
— Z Orary — kT (vawvb) p (mnbe) pr (nmea) (B.48)

abcl?m v Jo]lJal

B.2 MBPT matrix element

The second order two-particle matrix element is given by|[71]

1 T;(mwvab)g;(mvab)
7@ — _9 J B.49
%;b []v][J] €ab — Emo ’ ( )
1 Ty(mnva)g;(mnova)
2 . B.50
LG e e (550
The third order two-particle matrix element is given by
J77L+J7L+Ja+]1 +k T, (abmn)gk’ (C/Uvb)gk (mnac)
T® = Oreor . B.51
m%c ; o jc][ v] (Gab 6mn)(€ac Emn) ( )
1)dmtin ot +K (abmn)Tk/ (cvvb) g (mnac)
KekR . B.52
i m%c; o jc][ v] (Gab — 6mn)(€ac — Emn) ( )
1)dmtin ot +K gi(abmn) gy (cvvb)Tk(mnac)
Orer . B.53
* m%c% ‘ b jc][ v] (Gab — 6mn)(€ac — Emn) ( )
Z 25 1)7otantia vtk T (abmn) G (movs) gr (nsba) (B.54)
mnabs kk' Hmm JS][ v] (eab €mn>(€ba 6n8> .
Z Z ; 1)detintdativth (abmn)fk' (movs)gr(nsba) (B.55)
mnabs kk' Hmm JS][ 'v] (eab - €mn>(€ba - 6n8> .
B Z Zéﬁmm .]b+.7n+.7a+]u+k g (abmn) g (mvvs)Tk(nst) (B.56)

[]S][ ‘v] (Eab - Emn)(eba - EHS)

mnabs kk’
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+2

+2

+2

+2

+2

+2

Z Z 5 1)dvtim+iativth Ty (abmn) gy, (cmba) i (vnev)
mnabc kk' HC’{" jc][ v] (Eab Emn)(ecv €nv)
Z Z 5 1)otimtiatiotk” g (abmn) Ty (emba) ge (vncv)
mnabc kk’ HC’{" ]C][ Av] (eab Emn)(ecv Env)
Z Z 5 1)Jotamtiatioth’ g (abmn)gk(cmba)Tk/ (vncv)
mnabc kk’ HC’{" ]C][ Av] (eab Emn)(ecv Env)
Z Z .]n+.7m+.7a+]u+k Tk; (abmn)gk(mnas)gkl (’USb’U)
ané
mnabs kk’ []b] [] ] (Eab emn)(ebv Evs)
Z Z 5 ]n+,7m+]a+]u+k ~ (abmn)Tk(mnas)gkl (’USb’U)
ané p
mnabs kk’ ]b] [ v] (Eab emﬂ) (Ebv Evs)
Z Z ]n+,7m+]a+]u+k (abmn)gk(mnas)Tk/ (’USb’U)
ané p
mnabs kk’ []b] [] ] (Eab emn)(ebv Evs)
Z Z 1)dmtintiotivtivtisth Ty (bamn) gy, (nvas) g (msbv)
mnabs k v] (Eab emn)(ebv Ems)
Z Z Jm"f‘]n"f‘]a"‘]b"f‘]u"‘]s"rk (bamn)Tk (nvas)gk(msbv>
mnabs k ”] (€flb Emn)(ebv €ms>
Z Z Jm"f‘]n"f‘]a"‘]b"f‘]u"‘]s"rk (bamn)gk (nUaS)Tk (meU)
mnabs k j”] (€flb Emn)(ebv €ms>
Z Z 1)’”””C Tk(mnva)gk(cnra)gk(mmc)
mnarc k k] (Eva - Emn)(Evc Emr)
Z Z 1)3°+J’+k (mnva)Ty(cnra)gy(mroc)
mnarc k k] (Em - Emn)(%c - €mr)
Z Z 1)3°+J’+k (mnva)gk(cnra)fk(mrvc)
mnarc k k]2 (Eva - Emn)(%c - €mr)
Z Z ]_).7m+.7n+,7a+]b+]’u+]c+k Tk(abmn)gk(cmva)gk(n?jbc)
mnabc  k U] (eab Emn)(ebc 6nv)
Z Z )m+§n+§a+]b+Jv+]c+k (abmn)Tk(cmva)gk (’rL'UbC)
mnabc  k ]U] (eab Emn)(ebc 6nv)
Z Z Jm"f‘]n"f‘ja‘f‘]b"f‘]u"‘]c‘i‘k‘ (abmn)gk (Cm’UCL)Tk ('n,’UbC)
mnabc  k U] (Eab Gm”)(ebc 67“1)
Z Z 1)Jetirth Tk(mvab)gk(cmra)gk(wbc)
mabre k (Eab - Emv)(Ebc Evr)
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(B.57)

(B.58)

(B.59)

(B.60)

(B.61)

(B.62)

(B.63)

(B.64)

(B.65)

(B.66)

(B.67)

(B.68)

(B.69)

(B.70)

(B.71)

(B.72)



+

+

+2

+2

+2

>3t

mabrec k

>yt

mabrc k

DD

mncab kk’k”

DD

mncab kk’k”

DD

mncab kk’k”

>y

mnsab kk’k”

DD

mnsab kk’k”

>y =

mnsab kk’k”

>

mabced lkk’

>3

mabcd 1kk'

> E

mabed lkk'

>yt

mnars lkk’

1).7c+.77 +k?

k(mvab) Ty (emra) gy (vrbe)

)]c+]r+k

(€ab — Emv)(ebc —

w(mvab) g (emra) Ty, (vrbe)

/—/H/—/H/—/H/—/H/—/H/—/%

k/
c Jn
k/
¢ Jn
k:/
Jn
k,/
Jb
k,/
Jb
k/

Jb

]m+]v+]a+]b

) abmn)gkr (cvba) g (mnuc)

abmn VT cvba) kn(mnvc)

abmn ) grs cvba)Tkn (mnuvc)

Ti( abnm )i mnvs)gk//(vsba)

abnm )T} (mnvs) gy (vsba)

abnm )i mnvs)Tk//(vsba)

(B.73)

(B.74)

(B.75)

(B.76)

(B.77)

(B.78)

(B.79)

(B.80)

Tio( mvab Va1 cdab)gk/ (mucd)

]m+]v+]a+]b

— €mw)

(B.81)

mvab V1o ( cdab) grr (moed)

Jm-i-J vtJatip

— €mw)

(B.82)

gk mvab )ai cdab)Tk/ (mucd)

]m +Jjv+Ja+Ib

— €mw)

(B.83)

Tk (mnva)g, mnrs)gk/(rsva)

— €rs)

(B.84)



(=1)fmtivtiativ | ju  gu Kk Jn Ja k| gr(mnva)T;(mnrs)ge(rsva)
N Z Z [,]v] k1 jr ko1 ,js (€Ua - 6mn)(€va - €rs>

mnars lkk’

(B.85)
(=1)Imtdvtiativ | g, gy K Jn Ja k| gr(mnva)g(mnrs)Ty (rsva)

- m%s % [']”] Kool jr kK1 js (Eva - 6mn)(€va - €rs>
(B.86)
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Appendix C
PERMISSIONS

1. Tables 3.1, 3.2, 3.3, and 3.4 adapted with permission from Ref. [87]. Copyrighted
by the American Physical Society.

2. Tables 4.1, 4.2, 4.3, 4.4, 4.5, 4.6, and 4.7 adapted with permission from Ref. [38].
Copyrighted by the American Physical Society.

3. Figures 3.1 and 3.2 adapted with permission from Ref. [87]. Copyrighted by the
American Physical Society.
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