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ABSTRACT

There are several questions which couldn’t be explained by the Standard Model
of particle physics. For example, why the masses of particles of the third family are
larger than those of the corresponding particles of the second family, which are larger
than those of the first family? (the fermion mass hierarchy). Moreover, the different
flavors mix with each other in a way described by mixing angles and complex phase
angles. Why the inter-family mixing angles in the leptonic sector are bigger than the
ones in the quark sector is still unknown. The problem of explaining the masses and
mixing angles of the quarks and leptons is the flavor problem.

Another important unanswered question is that what is dark matter?. At this
time, almost nothing is known about the dark matter particles, which constitute about
80% of the matter in the universe by mass. No one knows what kinds of particles dark
matter is made of, what their masses are, and whether or how they mix or interact.
This is the so called dark matter problem. These two questions are the main focus
of this thesis. They touch the most fundamental questions in particle physics which
involve postulating new physics, i.e. beyond the Standard Model physics.

1. The Flavor Problem

My adviser and I proposed a model in which the mixing angles in both quark and
neutrino sectors are controlled by just one single matrix which arises from the mixture
of regular Standard Model fermions with extra vector-like fermions in 5+ 5 multiplets
in SU(5). In the resulting model, all the presently unknown neutrino parameters are
predicted, including Dirac neutrino CP phase. Why the inter-family mixing angles in

the leptonic sector are larger than the ones in the quark sector is also explained.

xil



The model predicts certain mixing angles within GUT fermion multiplets that
are only observable in proton decay. The model also contains certain new scalar parti-
cles. If one of these scalars has mass near the weak scale, it will contribute an observable
amount to such flavor-changing processes as y — e + . The branching ratios for pro-
ton decay and flavor-changing lepton decays are calculated. The branching ratios from
these processes could give several independent tests of the model.

Moreover,we have proposed a new version of the model in which the inter-
family hierarchies among the fermion masses are controlled by another matrix. The
combination of this idea with our previous model can give a complete and quite simple
account of the entire flavor structure of the quarks and leptons, including mixing angles
and mass ratios.

2. The Dark Matter Problem

One of the ideas that has attracted enormous interest in recent years is the
idea of asymmetric dark matter. Another is the idea that ordinary matter and dark
matter may have been generated together in the early universe by a single mechanism.
The first paper on co-generation of dark matter, and the second on asymmetric dark
matter was co-authored by my thesis adviser S.M. Barr in 1990, with E. Farhi and S.
Chivukula. My adviser and I have proposed a co-generation mechanism that improves
on the one proposed in that 1990 paper. This paper proposed that so-called sphaleron
processes of the Standard Model could be responsible for co-generating dark matter.
We show that sphalerons of a new non-abelian gauge interaction would more easily
co-generate dark matter and also lead to definite predictions of the mass of the dark

matter particles.

xiil



Chapter 1

A BRIEF INTRODUCTION TO THE PHYSICS OF THE STANDARD
MODEL AND BEYOND

1.1 QED of A Fermion with Charge Q
There are many kinds of indices in this thesis, in fact seven kinds.

1. Lorentz vector indices, e.g. z#, d,, yv*and A,

2. Lorentz spinor indices, e.g. ¥y, (7“)?, and C},

3. Color indices labelling components of triplets of SU(3)

4. Color indices labelling generators of SU(3)

5. electroweak indices labelling components of doublets of SU(2)
6. electroweak indices labelling generators of SU(2)

7. Family indices

If all indices were shown, the equations would look so messy they would be hard to
understand. For example, for a left-handed quark, there are four types of indices on it.
So I shall only show indices when necessary. They should be understood to be there
even they are not shown. Finally, the summation convention are used throughout the

thesis for all kinds of indices, for example, v A, = y°Ag + v Ay + 72 A5 + 73 4;.

1.1.1 The Lagrangian Density of QED

In QED, the Lagrangian density is written as

L = £g(zuge + £f, kin + £f, mass
1 ) _
= —ZFWF”” + (Yiv"Dytp + h.c.) — mapap (1.1)



where

v = ) = four component Dirac spinor

Pla°

<
Il

and v* are 4 x 4 gamma matrices having the following properties

1 0 0 0
0 -1 0 0
=20, =
0 0 —1 0
0 0 0 -1

T =140, 4t = —y

i

7%, 41, 43 are real and +? is imaginary. Here we follow the Bjorken and Drell conven-

tions. And

0,4, — 0,4,

tQJ
Il

9/0 "
D, = 0,—icQA,

The Lagrangian density is both Lorentz and gauge invariant, as we will be shown in

the following sections.

1.1.2 Gauge Invariance

The gauge transformations of the fermion and gauge fields are

w(x)\) - w/<x/\) _ €iQa(x)\)1/J(I/\)
A = AL :Au(ﬁ)%a“a(ﬁ)



Then
Dyp = Dyl = (Ou—ieQA,) ¢

= (B 1@ + 1,0l ) @)
= 90 +iQ(Oua)Y —ieQ Ay —iQ (0u0))
= NG —ieQA) Y
= QoD

And

P(a?) = §() = 7B

therefore Ei’y“Duw and m) are both gauge invariant.

Fuo—F,, = 0,A,-0,4,
= 0, (A,, + %&,a) -0, (Au + é@ua)
= 0,A, — 0,4,
= F,

So F),, F* is also gauge invariant. We can conclude the Lagrangian density of QED is

gauge invariant.

1.1.3 Lorentz Invariance

The Lorentz transformation of fermion field is

b = ey
where o = £ [y#, 4”] are the generators of Lorentz transformations and 6,,, are the

transformation parameters, i.e. the magnitudes of the spatial rotations and boosts.
T=ulyt o el 0

_ QZJTV(]@_M“”UW

=YY = el Hwey



so the mass term is Lorentz invariant. Notice that we went from the second line of
eq. (1.2) to the third line by using the relation o#*79% = 4%¢#”. This relation can be
derived from the properties of v* matrices and the definition of ¢*”. Similarly, it can
be shown that the kinetic term is also Lorentz invariant, but the algebra is slightly

longer because it also involves Lorentz transforming the gauge field A,,.

1.2 More about Dirac Spinors
1.2.1 Charge Conjugation of Spinors
Given a Dirac spinor ¢ that transforms as above, one can define a charge con-

jugate spinor ¥°¢ as follows:
Y = iy,
This can be shown to transform in the same way under Lorentz transformations as v

itself:

B = i ()
— e
= et 2

_ +i6,, 0 ¢
e+ e,

where we have used the fact that —o*"y? = v20#*, which follows from the properties
of the gamma matrices. It will be seen later that ¢ has the opposite chirality to .

Under gauge transformations, if ¢ — 1’ = %%, then
wc — 2/}/c — efiQawc

so ¢ and v also have opposite-sign charge. So if ¥ is a left-handed electron, then )°

is a right-handed positron, etc. Therefore, one can write fermion mass terms using ¢



if we define C' = i~%9°,
m (@) Cy = m (i) (i9*°) v
— T2y
— +m e Ty%
= mi
As we will see, there are advantages to writing mass terms this way. For example,

writing Majorana neutrino masses in this way will be less confusing, and so will writing

quark and lepton masses in grand unified theories.

1.2.2 Chirality of Fermions

Define 75 = i y%y!'42+3 = 5. We can easily derive the following properties of s

{2} =0,
We also define the right-handed and left-handed projection matrices

1+~
2

1— 5
7 =1L,
2

=R,
which have the properties
L*=L, R?=R,
LR=RL=0, L+R=1.

We can then define the fields of the right-handed and left-handed particles as

5
m=ro = (S5)

w=to = (F5)0 (13)

= Y = Yrp+Yg

Note that '751/}L = _¢L and 75¢R = —’QUR.



1.2.3 Chirality and Fermion Kinetic Terms and Gauge Couplings to Fermions
We can rewrite the kinetic terms of the fermions using the definitions in eq.

(1.3). First consider a fermion kinetic term with a projection matrix inserted into it:

2
1+ 1+
- eenn (5 (5.
B 1£4°
- o ()i ()

5
- () e (5):

= g iv"Dypr  for the upper sign

v ty* D, for the lower sign

== Eiquuw - % Z"YMD/L@DR + % i VMDM¢L

If one thinks of 9T as creating a fermion and v annihilating a fermion, these terms

correspond to the following diagrams

Figure 1.1: Fermion and gauge boson coupling

Since D,, contains an A,,, so the fermion kinetic terms and gauge boson couplings

to fermions do not change charility.



1.2.4 Chirality and Fermion Mass Terms (and Yukawa Couplings)

Now let us consider a fermion mass term with a projection matrix inserted into

5 (57)0 - ()
e ()’
()3
e[CE) e

= mar for the upper sign

it:

<

)

v

migry,  for the lower sign

— mY = mipbg +migy

Notice that these terms “flip” the chirality of the fermion: they destroy a left-handed
fermion and create a right-handed one, or vice versa. Also for so-called “Yukawa cou-

plings” of fermions to spin-0 fields (scalar fields), one can write

Yo = Y vro + Ypiro,

where the coefficient Y is called the Yukawa coupling constant. These fermion mass

terms and Yukawa terms can be understood using the following Feynman diagrams

3> » 3>
> > >

: VR VR ' UL
|

I |

o) ¢

>
1>

Yy,

Figure 1.2: Fermion and scalar boson coupling



The reason Yukawa terms are called that is that they are similar in form to the

nucleon-pion coupling term N N7 proposed by Yukawa. Now let’s consider other way
of writing these mass terms with ¢

wyre(F)e = wire (5 )w
- (“”) (57)
- [(55)] (59

= (%)" Cyy  for the upper sign
(¥

)T Cwpy,  for the lower sign.

Therefore, one can draw the Feynman diagrams in another way

3> 3> > <
> > <

Yr l YR Yr ! (0
| |
| or |
o (0]

_ —)—|—>— _ _ > < +

er R €r ! €r
| |
| or |
0] 0]

Figure 1.3: Yukawa coupling

There is an intuitive way to understand why the Yukawa coupling of a scalar
field to a fermion does not conserve the chirality of the fermion. The Yukawa coupling
gives a Feynman diagram that can describe the scalar decaying into a particle and an
antiparticle, as we show in the last diagram in the Figure 1.3. Since the initial state

in a spin-0 particle, the spins of the two particles in the final state must be pointing



in opposite direction. But also (in the center of momentum frame) the momenta of
the final state particles must be pointing in the opposite direction. Therefore, the spin
and momentum must be aligned for both final state particles or anti-aligned. That is,
they must be both left-handed or both right-handed. That corresponds to the Yukawa
operator being of the form ¢{ Cvyr¢ or Y5CYre.

or

Figure 1.4: Handness of fermion

1.3 Complex Fermion Masses

Let’s now consider complex fermion masses in QED

Lymass = — (mirr +m"Yryr)
— (el m k)

We have allowed the coefficient m (the fermion mass) to be complex, because there is
no reason why it should not be. But the Lagrangian (like the kinetic and potential
energy) should be real. One can see that L ,4ss is real if the coefficient of the second
term is m*, because then the second term can be obtained by taking the hermitian
conjugate of the first. Let us write m = |m|e®. Then we can eliminate the phase e
from the Lagrangian density by redefining fields. For example, if we define ¢}, = "¢ r

and ¢} =1, then the fermion mass term can be written

L fymass = —Im| (W, + Upt )



The fermion kinetic terms keep the same from

Lirin = Vpiy"Dybg + ¥ iv" Dty

= E;ﬂ VMDMD;% + E/LZ VMDMD;:-
So the phase o has no physical meaning. People say it can be “rotated away” or
“absorbed” by redefinition of fermion fields. However, suppose we did not redefine
the fields, and the phase a remained in the Lagrangian density. It would make no
difference, because it would cancel in the calculation of any physical quantity. As we
will see, some phases cannot be rotated away. Such phases are physical and lead to “CP
violation.” For example, suppose that a fermion had both a mass term and a Yukawa

term coupling it to a real scalar field ¢. Then

Lf,mass,Yuk - _|m‘ (eiaELwR + e_iaERwL) -Y (eiBELwR + e_iﬁwaL) ¢ (14)

One can define 1, = €'y, and make « disappear from the mass term but the Yukawa
term would then be
Y (ei(ﬁ‘a)%% + G_i(ﬁ_a)ERTﬁL) ®.

Or one could make the phase disappear from the Yukawa term, but it would then be in
the mass term. In this case, the phase (5—«) is physical and leads to CP violation. One
can see that the more interaction terms there are in £, the more complex coefficients
(more phases) there can be. But the more fields there are in the theory, the more
phases can be absorbed by redefining these fields. So the net number of “physical
phases” depends both on how many interaction terms there are and how many fields

there are. This will be important in counting the number of physical phases there are

in the Standard Model.

1.4 Mass Matrices

Now consider QED with N types of fermions, which we will call “flavors.”

wLm = (lev wL% wLIS? e ?/JLN),
77/}RW’L - (ley ¢R27 1/}R37 e 77DRN)

10



The kinetic and mass terms of fermions are

s
'Cf, kin T £f, mass Zrlrlm (77Z)Lm7' ’Y” D 77Z)Ln>
—_— <=

+ an¢Lm¢Rn + M:Lanme?ﬂLn?

<=
where D = B — 5 One can easily check that for the kinetic terms to be real, Z% and
Z® must be hermitian matrices. One can make Z* — I and Zf — I by a combination
of unitary and scale transformations of the fields ¥r,,, ¥r,.. Let’s look at the kinetic

term for the left-handed fermions first. Suppressing the flavor indices, one has
— =
b Ztiyt Dy
Since Z% is hermitian, it can be made real and diagonal by a unitary transformation

viztvi = Z" = real diagonal
— 7t = viZzty,

5 Zbir Dy, = (EVJ@)iyﬂDM (\/?VL%).

Therefore, if we define

Y =V ZLViy,
the term becomes
@Z)_j;z' YD,y

This is called the “canonical form” of the kinetic term, i.e. the form with no matrix Z*.
Similarly, by redefinition of ¥, the kinetic term of 1z can be brought to canonical
form. After that is done, the fermion mass term will in general still have a non-trivial
matrix in it that is called the “mass matrix.” Since one can always bring kinetic terms
to canonical form, people usually start with them written in canonical form. Let us

therefore do that, but assume that the mass matrix is non-trivial:

R PN _ .
U iy Db + g iy" Dg + 9 Mabp + g M9y,

11



The fermion mass matrix M is not hermitian in general, but there is a theorem that
complex matrices can be made diagonal and real by so-called “bi-unitary” transforma-

tions. So we may write
U;MZ/{R — M =real and diagonal

— M =u,Mul,, M =uyMUul,

— /v‘f, mass — EUL/—M/U};I/}R + %URMTU£¢L

Define
v, = U,
Vi = Uhtr
:>£f,mass = z/}_/[,fM/w%—i_w_;{j\W/d/L
= YMy

This is called the “mass basis” because M is real and diagonal, so the ¢/ are the mass
eigenstates, i.e. fields of definite (real) mass. This is also called the “physical basis,”
because we identify the physical particles as those of definite mass. Notice that the
unitary transformations Uy, and Uy don’t affect the kinetic terms, which remain in the

canonical form:

O iy Dby, = Ui DUy

= Y iv"Dyy,

and similarly for the kinetic term of the right-handed fermions.

12



1.5 Non-Abelian Gauge Theory: SU(2)
1.5.1 Review of Abelian Gauge Theory
Let us look at QED again. There is a gauge symmetry of £. The symmetry

transformation is

V() = p(h) =2y,
A = A = A + S0,a()

Dy — D = (9, —ieQA) ¢ =e' 9Dy,
G(aY) = e ().

This allows the kinetic term of gauge field A, to be written as

E@"Y“D;ﬂﬁ — (e’iQ‘J@) e (eiQaDMw)

= EZ”}/M D;ﬂ/}

The transformations ¢ — €!?%) form a group whose elements are parameterized by a
single angle 0 < o < 27.
U(a) = e @,

Note that this is a group of 1 x 1 unitary matrices. It is therefore called U(1). It

is abelian because €!Q% . /@7 = ¢i@B . ¢iQ>  Quppose we consider the commutator

[Dys Do}

[Dy, D)o = (0y—ieQA,) (0, —ieQA)¢— (1< v)
= —ieQ(0,A, —0,A,)¢
= —ieQF,¢
1
- I, = 0 D,, D,]

13



It is easy to check directly that F},, is gauge invariant. One can also see that (as

operators)

D, (¢19°¢) = D¢/ = ¢9°Dyp = D9 = 9D,
= e_iQO‘D;eiQa =D,
= [D,, D,] = [e*"QaDL@iQO‘, e~iQa D) Q0]
— e iQa [D:m D,’j] Qo
= [D, Dl
In the last step we have used the fact that [D,, D,] = —ieQF),, has no free derivative

operators in it but only derivatives of fields.

1.5.2 SU(2) Gauge Theory
Now we will explain how the gauge transformations of QED can be generalized

to “non-abelian” transformations. Consider a doublet of fermions:

wl
w2

Y =

One can consider transformations where this doublet is multiplied by a complex 2 x
2 matrix U: ¢ — ¢ = Ut. (It will simplify notation not to show the indices
of the matrix U or of the fermion doublet ¢).) We will assume that both the left-
handed and right-handed projections of ¢ transform the same way, so ¢y, — Uy,
and ¥r — Uvpg. If one wants the mass term of the doublet to be invariant under this

transformation, then one must have that
maph — m(U) Uy = mpUTUrp = mapnp.

This implies that UTU = I, i.e. U that is unitary. Let us require not only that U
be unitary, but that it be “unimodular”, that is that detU = 1. The set of all 2 x 2
unimodular unitary matrices is closed under matrix multiplication and form a group

called SU(2). (U stands for unitary, 2 stands for 2 x 2, and S stands for “special,”

14



meaning determinant = 1.) Suppose that we demand that the Lagrangian density L is
invariant under “local” SU(2) transformations, i.e. transformations under which U is a
function of space-time location: U(z*). Such a local transformation is called a “gauge
transformation,” and so such a theory would be said to have SU(2) gauge invariance.

The most general unitary, unimodular 2 x 2 matrix can be written in the fol-
lowing form:

3
U(a) = elaz::lT ¢ :

where %, a = 1,2, 3, are three angles, and 7%, a = 1,2, 3, are three 2 X 2 hermitian
traceless matrices, which are called the generators of SU(2) transformations. These

generators can be written in terms of the well-known Pauli matrices:

T = 10“.
2
If the transformations are local, that means that the transformation angles depend on

location, so we may write

3
V() = U(a®(2)) = eiangaaa(x“).
Notice that these transformations are like those of QED, but with the charge ) replaced
by the three generators 7, and the single rotation angle o replaced by the three angles
o’
SU(2) is a non-abelian group, because its elements do not in general commute.
That is, generally U;Uy # UsU;. That is a result of the fact that the generators of

SU(2) also do not commute with each other. In fact the generators satisfy commutation

relations which are called the “algebra” of the group:
[Ta’ Tb:| — Z-gabcTc

We have seen that the fermion mass terms are invariant under local SU(2) transfor-
mations, but it is non-trivial to construct a kinetic term that is invariant. As with

QED, making the kinetic terms gauge invariant requires replacing the ordinary partial
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derivatives with respect to z* by “covariant derivatives.” The covariant derivative must
have this property:
Dy — D:ﬂﬂ/ =U (D).

In that case,

V"D — Py Dl = YUNNU (D))
= Ei'VM(Du@D)'

To find such a covariant derivative, we will use the analogy of the covariant derivative

of QED to write
3
D, =0, —ig» T"A.
a=1
Notice that this is the QED covariant derivative with @ — T, e — g, and A4, — Aj.
3
A notation that makes some equations look simpler is A, =) T*Af, so that the
a=1
covariant derivative in SU(2) can be written D, = 0, — igA,. We have therefore

3

J— a a
A, = E T"Aj
a=1
3 1_,22 0
Al Au—iAy We o Wi
_ 2 2 _ 2 V2
- 14,42 3 - — 0
Aptidn A W Wu 7
2 2 V2 2
AlTiA2
where we have renamed the “gauge fields” S5t = Wj and Ai = WE.

Requiring that D,y — D)9 = U(D,1), as we have seen is needed to write

gauge invariant kinetic terms, implies that

Diﬂﬂ, = (@i - Z'gA;)(U¢) = U(au - Z'QAM)¢
= (0.U)¢ + U(0u) — Z'QALUQ/’ = U(Ou) = UigAup

:>ALU1D = UAMD_ (auU)w

:

K
1

— AU = UAu = (0,0)

) i
= A, = UAMUT—Q(@LU)UT (1.5)
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Notice that eq. (5) also gives the transformation of QA, in QED (which is analogous
3
to A, =) T*A% in the non-abelian gauge theory)
a=1

1Qa —1Qa i Qo) ,—1Qa
QA, — QA;L = ¢i@ QA,e Qo _ E(aﬂe @Qaye=i@Q
(2
= QA-— - (1Q0,)
1
:>Au—>AL = Au—i—gﬁua
which is the same as our previous result.
We now can explain how to write kinetic terms for the gauge fields A}, analogous
to the kinetic term _%LFMVFNV for QED.
From the requirement that D¢’ = D) Ut = UD,% (see eq. (1.5)), one has the
operator equation D\, U = UD,, or D) = UD,U~'. Let us define

Then F),, transforms as
F. — ~[D,, D] =~ [UD,U~,UD,U™] = U [D,,D,JU™" = UF,,U".
g g g
This means that the following expression is invariant under gauge transformations:
1 1 g
vy a b uv arb) __ a b uv ab __ a a uv
tr (F, F") = F3 F*" e (T°T") = Fy F°F 55 T2 ;F"”F ",

where we used the property of Pauli matrices tro®c’ = 20%° = trT*T" = 16, and
for simplicity we did not show summation signs except in the last step. A canonically

3
normalized kinetic term for the gauge fields of SU(2) is therefore —§ > Fg F™.
a=1
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We can also see what F}j, looks like in terms of Aj:
T'FS, = Fu = (DD, = 5[0, —igT"AL), (9, — igTeAS)]
- é [—igT* (9, A% — 0,A%) — ¢* [T°, T¢] ALAS]
= T°(9,A% — 9, A% + gsabCAZAf,)

— Fy, = 0,A% — 9,A% + ge® AD A¢

1.5.3 How Non-Abelian Gauge Interactions Can Turn One Field (Particle)
into Another

Counsider the kinetic term of a fermion doublet

W_B W_/f wl
WV’JDW:(wl,wQ) i | 8, —ig mf; ‘/MQ/S . (1.6)
i T2 v

This contains

o (s () 5) o+ T oo m)e 0

T u 9 =4 Y -
+ ¢1VHEW;¢2 + WV“EWNW-

from the terms on the first line, one sees that WB acts like the gauge field of an abelian

gauge theory (like QED) with gauge coupling constant g, and ¢! and 1)* having opposite

charges i% . One can see from the terms on the second line the very important fact that
- - 1 2 2 1 b : :

W, and W can turn ¢ — ¢ and ¢° — ¢" which can be shown diagrammatically

as in the Figure 1.5.
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Q= -1/2) PQ=+1/2)  w(Q=+1/2) $(Q=-1/2)

W;(gm W<cz§1>

Figure 1.5: charge-current Weak interactions

The generator T% corresponds to the gauge field A> = WJ. The eigenstates of
T3(= 0®/2) are just ¢! and 12, with eigenvalues +3 and —3, respectively. That is why
these fields couple to WE with those charges in eq. (1.7). One can see from the second
line of eq. (1.7) that W, and W, must have 7% charge of +1 and —1 respectively,
and from the first line of eq. (1.7) that W) must have 7% charge equal to 0. This is
why these gauge fields are given those names. The (W5, W7, W) form a triplet under
SU(2), and so the SU(2) transformations and generators that act on them are 3 x 3

matrices. But we do not need to discuss that here.

1.6 The Strong Interactions (QCD)
The discussion in the last section can be generalized to larger groups. For

example, consider fermions in triplets

that transform by multiplication by 3 x 3 unitary matrices with det =1
vt o g = Uy

this gives a SU(3) gauge theory. Here U can be written as



where \™ are 3 x 3, hermitian, traceless matrices, which are the generators of SU(3)
(in the triplet representation). There are eight such matrices and eight parameters
o™ needed to parametrize the transformations. There are eight corresponding gauge
fields A'. The strong interactions are described by such an SU (3) gauge theory called
Quantum Chromodynamics (QCD). The quark fields are triplets, e.g.

ut u”

a
Uu = u2 = ug
U3 ub

The three components of a quark are usually called the three “colors,” and the index is
sometimes said to take the three values r (red), g (green), and b (blue) instead of 1,2,3.
The eight gauge fields are called gluon fields. The SU(3) of QCD is often called SU(3).
to remind us that the components are colors. We shall not discuss QCD much in the
remainder of this thesis because our focus is more on the electroweak interactions.
One can also consider larger groups than SU(3). Later we shall discuss “grand unified
theories” based on the the gauge group SU(5). There are also grand unified theories
based on other groups, such as SO(10). In the last part of this thesis, grand unified
theories with gauge groups SU(6), SU(7) and E(6) are discussed.

1.7 The Electroweak Interactions

In the Standard Model of particle interactions (SM), the electroweak interactions
are described by a theory very similar to the one we discussed in section 1.5 with two
very significant differences: (1) In the SM, the left-handed fermions are in doublets of
SU(2), but the right-handed fermions are in singlets of SU(2) (in other words, they do
not transform at all, ¢»g — ¥g). (2) The gauge group of the electroweak interactions is
actually SU(2)xU(1). Often the groups are called SU(2);, xU(1)y, where L reminds us
that the SU(2) acts only on left-handed fermions and Y reminds us that the generator
of U(1)y (called the weak hypercharge) is called Y. The generators of SU(2), are
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called 7% a = 1,2, 3, as in section 1.5 (or sometimes T§). The covariant derivative of

a left-handed fermion doublet is given by

L 1
(8M —igy T"A% -~ %Y Bu) Zg
L

For the right-handed fermions that are partners of these one has
igl /l:gl
(@L o 7Y3u> %1% + (@L o 7Y3u> ¢?%-

In these expressions Y is thought of as an operator, so that it has the value of the weak
hypercharge of the fermion it acts on. For historical reason, often people give the value
of Y/2 for a field and call that the weak hypercharge.

Let us now consider the u and d (or “up” and “down”) quarks. For each, both left-
handed and right-handed components are triplets under SU(3).. (So in the terminology
that will be explained shortly, quarks are “vector-like” under SU(3). and the gluons
couple to them with a v* and no 4#+°.) The left-handed parts of the u and d quarks
form an SU(2), doublet that has Y/2 = +¢. This doublet is often called Q or Qp:

Ur,

dr

QL=

One can see from this why these quarks were called “up” and “down.” The right-
handed parts of u and d are singlets under SU(2), and have Y/2 equal to +2 and —3

respectively. We summarize the quantum numbers of every fermion in the Table 1.1.
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Ist 2nd 3rd T3 Y/2
ur, Cr, tr, :
Q1 = Qr2 = Qrz = ? %
LdL ST bL —%
quarks UR CR tr 0 %
dr SR br 0 —%
1
Ve v 7 =
leptons | {;, = lro = : lr3 = 2 —%
er 222 TL —%
€R KR TR 0 -1

Table 1.1: The quantum numbers of fermions under SU(2), x U(1)y

What happens in the SM is that through the Higgs mechanism the group

SU(2), x U(l)y is “spontaneously broken” to a subgroup U(1l)p whose generator

is the electric charge (). In the process VVMi = T“ and a linear combination

70 = Z9Butody

"= e

linear combination A, =

magnetism.

The generator of the unbroken U(1)q is the electric charge and turns out to be

gB#+g/A?L . .
remains massless and is the gauge field of electro-

-2
A}L FiA

given by
Q:W+§,
S0
Qu) = 5+5=2
1 1 1
Qdr) = —g;rgz—ga
Q (ug) = O+§:§,1
Q(dr) = 0-3=-3
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Notice that the electric charges of the quarks come out to be the same for the left and
right-handed components. (So, in the terminology that will be explained in a moment,
the fermions are vector-like under U(1)q.) How the Higgs mechanism makes W7, Z)
massive, how A3 and B, mix to give A, and Z{, and why Q = T® + ¥ is explained in
ref [1]. These things are not directly important for the topics dealt with in this thesis,
which mostly are about the interactions of the VV;E to the fermions, through they are
very important features of the Standard Model.

Notice that the Wf are essentially the same fields discussed in the SU(2) theory
in section 1.5, except they only couple to the left-handed doublets, not right-handed
singlets. So eq. (1.7) becomes

9 9

Y -=Whd, + dpy-=Wou
L'V\/E uw QL LV\@ w UL
1 — 5 _ 1 — 5
= wr (5 )a @ (50 (18)

-9 + 5 = 9 + 5
— U W o A d + d W B A U.
2\/§ K (’Y T ) 2\/§ K (7 T )
This gives the Feynman diagrams shown in the Figure 1.6.

dL(Q:*l/S) 1LL(Q:2/3) ur, dL

. 3 3. 3
> > P> >

Figure 1.6: charged-current Weak interactions in the quark sector

Notice that the interactions of W3 with the fermions contain (* —~#~°). His-
torically, this was called a “V — A” interactions, because 7" is a 4-vector (of 4 x 4
matrices) while 4#+° is an axial 4-vector because under parity > — —+°. (The rea-

son for this is that under a parity transformation 2° — +2°, and 2 — —2¢, where
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i is a spatial index. So 75 = i7%y!y2y3 flips sign.) The V — A structure arises because
only left-handed fermions transform under SU(2). If only right-handed fermions did
there would be V + A interactions. Suppose left-handed and right-handed fermions
transformed the same way as in section 5, then one would just get the sum of the two:

-1, g —2 g
(G ’V“EWJW + ¢ W“EWJW?

as in section 1.5, which is a purely vector or “V” interaction. This is why, for historical
reasons, fermions are called “vector-like” if the left-handed and right-handed compo-
nents transform the same way under the gauge group. So under SU(3). and U(1)q
the fermions of the SM are vector-like, as pointed out previously. But, under SU(2),
left-handed and right-handed fermions of a given type transform differently, so such
fermions are called “chiral,” meaning “handed.”

In the SM, fermions can be divided into two categories: the quarks, which we
just discussed, and the leptons. For the first family, the leptons are

EL = 3 with E = —5, 61_% with E =—1

Notice that we use a script £ to denote the left-handed lepton doublet. In the SM there
is no v g, but if there were it would have Y = 0 in order to be electrically neutral. As
we will see, such a vp field, or equivalently a v§ field, is present in many grand unified

models. So the electric charges of the leptons are given by Q = T° + Y/2 are

Q (VeL> =

Qi) = —5—5=-1
Qeg) = 0-1=-1,
Q(Wer) = 0—0=0. (if it exists)

The lepton couplings give rise to the Feynman diagrams shown in the Figure 1.7.
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Figure 1.7: charged-current Weak interactions in the leptonic sector

The couplings of the quarks and leptons to the Wlf give rise to the phenomenon

of beta decay, such as n — p + e~ + 7., as one sees from the Figure 1.8.

Wy

Figure 1.8: beta decay

1.8 Fermion Masses in The Standard Model
1.8.1 Electron Mass

In QED, one can write an explicit mass for the electron

mege; +mepep =m (eJLr)TCeZ +m (eE)TCeg.

We have written it in two ways: (1) with e;and ej, and (2) with e; and e} (the charge

conjugate of e5). Note that, as mentioned before, e, and e are really the same degrees
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of freedom. As we will see, the second way of writing the mass terms, with particle
and antiparticle of the same chirality has some advantages.
In the Standard Model, we cannot write such a mass term for the electron

as we do in QED because it would not be invariant under SU(2); or U(1)y gauge

transformations. The field e} has T} = —1, £ = —1 whereas e has T} =0, ¥ = —1.
Consequently, the term (5@&) would have T} = —%, % = %

In the Standard Model, therefore, the mass of the electron must come from a
Yukawa coupling of the electron to some scalar field (namely the Higgs field). And for
that coupling to be invariant under SU(2);, x U(1)y, the Higgs field must transform
in the right way under those groups. Therefore, let us introduce a complex SU(2),

+
doublet of scalar fields ¢ = ¢0 which has % = —i—%. Thus ¢T has T3 = —i—% and
¢
Q=T}+%=1+1=1and¢’hasTj =—Lfand Q =T} +% = -1+ 1 =0. Then
we can write the following SU(2); x U(1)y invariant (and Lorentz invariant) Yukawa

term

Yeepo'ly, + Y.lpoey
= Y. (ef) Colty + Ye(tr)" Coep.
Or, writing out the doublets ¢/, and ¢, one obtains
Ve (67w +%er) + Yo (7o +e16°) e
= Y, (eJLr)T Co v +¢%er) + Yo ((VR)T ¢ + (eE)T gbO) Ceg.
We have used (¢7)" = ¢, (¢7)" = ¢T. Suppose that in the ground state (or “vacuum
state”) the neutral component of ¢ has a non-zero expectation value (called a “vacuum

expectation value” or “VEV”), and call this v/v/2. Thus (0[¢°|0) = v/v/2. By a gauge

transformation, v can be made real. Then the above Yukawa terms give

v\ — v\ — v T v T
Y.— | epe; + | Yi—= ] ejen = Y.— ) (ef) Ce; + [ Y.— | (e) Ces.
() i+ () e = (e ) ()" et + (v ) ()" e
One sees that this is effectively a mass for the electron, and that its mass is given by

_ 0 _ v
me = Y{0[¢0]0) = Yo
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1.8.2 Quark Mass

The d quark obtains a mass in a very similar way to the electron. Consider the

Yukawa term

Yoadro'Qr + YaQredr = Ya (d7)" C¢'Qu + Ya (Q%)" Codr.
Writing out the doublets Q1 and ¢, one obtains

Yadp (¢7up + ¢%d) + Yy (upe™ +dp¢’)dg
=Y, (d5)T C (¢7up +¢™dy) + Ya ((@)T &+ (d3)T ¢0) Cdp.

because of the VEV of ¢*°, the d quark obtains a mass mg = Yd\%.
To write a Yukawa term to give mass to u quark we need an SU(2) doublet
of scalar fields that has % = —%, rather than +%. One can make such a doublet by

“charge conjugating” ¢. This done as follows
0 1 + 0
ch = i02¢* _ ¢ — ¢
“10 )\ ¢ —¢~
This has opposite weak hypercharge Y to ¢, because of the complex conjugation. But

it transforms under SU(2), in the same ways as ¢:

b s §mUpm BT BT
= ¢ =i’ =ic’U ¢ = w?e_ia% T aa¢*
= eia§1%aaio_2¢*
- U,
where we have used the relation 0?0 = —0%?2, a = 1,2, 3.

One can write an SU(2), x U(1)y-invariant Yukawa coupling of ¢° to the u

quarks:

Y arotQr + YuQrotur = Yy (u)" CotQr + Vi, (Q%)" Cotunp.
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Or, writing out the doublets ), and ¢

Yum <¢OuL - (b+dL) + Yu (E¢O* - d_L(é_) UR
= Y, ()T C(ur — ¢Tdr) + Vi ((u@T ¢ — (dS)T qr) Cug.

This gives m, = YuLQ.

One sees that the fermion masses come out proportional to the Yuakwa coupling
constants denoted by Y}, where f is the fermion type: my = va/\/§. Or to put it
the other way, the strength of the coupling between the Higgs boson ¢ and a type of

fermion is proportional to the mass of that type of fermion.

1.8.3 Neutrino Mass

The kinds of fermion masses we have discussed so far, involve a term with both
Y, and ¥g (or equivalently ¢¢). Since 1, and g are not the same degrees of freedom,
and they are each 2-component spinors, they make up together a 4-component “Dirac
spinor.” Such a mass term is therefore called a “Dirac mass term,” and the resulting
mass is called a “Dirac mass.” As we will see, there is another type of mass term called
a “Majorana mass term.”

In the Standard Model, a neutrino cannot have a Dirac mass, because there is
only a vy, but no vg (or equivalently v¢). If there were such a field, as in many grand
unified theories, one could obtain a Dirac mass term for a neutrino in the same way

we did for the other types of fermion, through a Yukawa coupling to the Higgs field:
Y, uro + Y, lpdvr =Y, (V) CoTl, + hec
Or writing out the doublets
Y, 75 (v — ¢ter) + Y, <V—L¢0* . @b—) vr =Y, (12)7 C (v — ¢e;) + hoc.

Because (0]¢°|0) = v/+/2, the neutrino gets a Dirac mass from these terms, which we

will call mp,, where the subscript D stands for “Dirac”:

mpy Vg v, + h.c. = mp, (Vi)' Cvp+ h.c.,
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where mp, = YZ,LQ.

For a long time, it looked like neutrinos were massless. Analysis of the kine-
matics of tritium beta decay gave an upper limit to the mass of the electron neutrino
that was many orders of magnitude smaller than the electron mass. There were also
strong limits on the muon neutrino’s mass. The simplest way to explain the apparent
masslessness of the neutrinos was to say that right-handed neutrinos (or equivalently
left-handed anti-neutrinos) do not exist in nature. That was consistent with the fact
that experiments showed that neutrinos were left-handed and anti-neutrinos were right-
handed. That fact prevents a Dirac mass for neutrinos and seems to force neutrinos to
be exactly massless.

However, another kind of mass term is possible for some fermions, called a
“Majorana mass term.” A Majorana mass term involves a coupling of a fermion 1, to
itself. In other words, one has m (¢ )T C1y, rather than m(1$)TCer. Such a term can
be written even if only 1, exists but no ¥¢ (or equivalently ¢g) exists. That means
that a fermion with only a “Majorana mass” has only 2 components, not 4. It is not,
therefore a full Dirac spinor.

Looking at the Majorana mass term m(1;)"Cy, one sees that it is forbidden
by electromagnetic gauge invariance, unless the electric charge of v, is zero. Because
neutrinos have zero electric charge, it seems like it may be possible for them to have
Majorana masses. In fact, in most theories of neutrino mass, they do.

One cannot directly write down an explicit Majorana mass term muv} Cvy for
the neutrino, because it would not be invariant under U(1)y. The left-handed neutrino
has Y/2 = —1/2, so such a term would have Y/2 = —1, and not be invariant.

Similarly, one cannot just write down a Yukawa term to the neutral Higgs field
#°, such as Yv! Cvp¢°, because that also would not be invariant under SU(2);, x U(1)y-.
Each of the fields in that term have Y/2 = £1/2, and all of them are in SU(2),
doublets, and one cannot multiply three doublets to obtain an invariant term.

There are two ways, however, that neutrinos could get Majorana masses. One

way is that there might exist a new kind of Higgs field T that is a triplet under SU(2),,
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and has Y/2 = +1. That would be allowed to couple to neutrinos by a term of the
form Yv!I'CvyT. In many grand unified theories, such triplet Higgs fields do exist, and
they can give very small neutrino masses by means of a mechanism called the Type II
see-saw mechanism.

Another way neutrinos can get a mass is by a term in £ that is of higher order
in the fields. The simplest term that can be written of this type that is SU(2), x U(1)y

and Lorentz invariant is
1

Mg

This is called the “Weinberg operator.” By dimensional analysis one can show that the

(60,)" C (¢°10L) .

coefficient of such a term has dimension of inverse mass. The mass in that coeflicient
is often called My for reasons that we will explain later. Writing out the doublets ¢,
and ¢ in this term, one obtains
\T _
MR (¢OVL - ¢+€L) C (¢0VL - ¢+€L)
When ¢° gets a VEV, it gives
(@ v

T _
My (I/LCVL) = mV_QMR

The trouble with terms that are so high order in fields is that they cause the
theory to be “non-renomalizable.” In other words quantum effects would give infinite
corrections to it. The reason is that if one calculates quantum effects arising from
such a term, the answers would have powers of the coefficient, which means powers
of an inverse mass. That must be compensated by some mass (or energy) in the
numerator. Generally, what appears in the numerator is the energy of virtual particles.
But there is no upper limit in quantum field theory to how large the energy of a virtual
particle can be. In quantum theory, one has to sum over all possibilities. That means
including virtual particles of arbitrarily high energy. This gives infinite (and “non-
renormalizable”) answers.

However, such a term with coefficient that is an inverse power of mass can

exist in an “effective theory” that is only supposed to describe physical processes up
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to some cutoff energy. In grand unified theories, for example, the Standard Model is
an effective theory that is a good approximation only when the energies are less than
the “unification scale,” which is typically about 10> GeV. Above that, one must use
the full grand unified theory. So, in grand unified theories, one can get the Weinberg
operator in the “effective theory” that works at energies below the unification scale.
That does not cause infinities, because one should not allow virtual particles whose
energy is above the unification scale. (Or, if one does, there are other processes that
cancel their contributions.)

In fact, in most grand unified theories, the Weinberg operator does arise in the

effective theory. This gives neutrinos mass. We will now explain one way this happens.

1.8.4 Type I See-Saw Mechanism for Neutrino Mass

Many grand unified theories (GUTs) predict that there should exist a right-
handed neutrinos v or equivalently left-handed anti-neutrinos v§ that do not transform
under SU(2);, x U(1)y, i.e. they are SU(2),, singlets with Y = 0.

Let us consider a case with one vy and one v5. Nothing prevents an explicit

Majorana mass term for the vf, since it is neutral under all gauge symmetries.
cT c

The reason the mass is called Mg, is that it gives the right-handed neutrino (left-handed
anti-neutrinos) mass. This mass has no reason to be small. In fact, it should “naturally”
be of order the highest energy scale that appears in the theory (Mp; ~ 10 GeV or
Mgyt ~ 10 GeV), because no symmetry forbids such a term or suppresses it.

The v§ can also have a normal Yukawa coupling to vy:
Y, (5T CoTey, + Y, (0)" ¢°Crs =Y, (v5)" Covp + Y, (vr)" 6% Cus.

Since ¢° has a VEV, this term gives a Dirac mass term mp, (v$)"Cvy + h.c., with

mpy, = YVU/\/Z
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There are Yukawa and mass terms involving both v, and vf, which we may

write in matrix form this way:

T 0 Y, ¢° v
< 173 I/E ) C Cb L . (19)
Y, 8 Mg Ve

Substituting for ¢° its VEV gives a mass matrix for v and v§:

T 0 MDZ/ vy,
< vy, VE ) C )
MD,, MR Vz

where Mp, =Y, = %YV x 174 GeV, while Mz ~ 10'% GeV. The determinant of this
matrix is —(mp,)?, while the largest eigenvalue is almost exactly equal to My (because
Mpg > mp,). Therefore, if one diagonalizes this 2 x 2 matrix, one finds that the smaller

eigenvalue must be very close to —(mp,)?/Mg. Let us call the two eigenmasses

Myeary = Mg
2
Mot = _%
g — .
Mg

One neutrino is superheavy (Mg), but the other is extremely light. The light neutrino
is the one we see experimentally. It is almost exactly equal to vy, because only a
tiny rotation angle is required to diagonalize this matrix. This way of the neutrino
becoming massive is called the see-saw mechanism because the larger M., is the
smaller Mg, is. If we assume that Y, ~ 1, Mz ~ 10" GeV, one has Mg ~ 107
GeV ~ 1072 eV. This is in the ballpark of the neutrino masses suggested by neutrino
oscillation experiments. (Neutrino oscillation experiments only give differences of the
squares of neutrino masses.)

If we return to eq. (9), we see that by diagonalizing, one gets an effective

operators for vy that is of the form

Yy 0)2 Y2 T )
vi Cyp, <( ]\jR) > = (]\JR) vi Cup(¢°)?. (1.10)

We recognize this as the Weinberg operator.
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1.9 Quark Mass Matrices and CKM Mixing
We have shown how to write the mass terms for the up and down quarks in

the SM. In reality, however, there are three families of quarks which are shown in the

Table 1.2.
Family Quarks Leptons

Uur, Vel

I QLl = 5 u(l:n di £L1 == 5 ez
CZL 62
CL vurL

I QLQ - P C%ﬁ S% €L2 - li P :uz_
SL M
ir Vrp

III QLg = s t%, bi €L3 = s 62_
L T

Table 1.2: quarks and leptons in the standard model

The Yukawa interactions therefore have 3 x 3 complex Yukawa coupling matrices

yu, vy
3

Lyw=— Y [V2QF,6"Cuf, +YiQL,0°Cds,] + hc.

m,n=1

When ¢° gets a VEV, (¢°) = 75 there arise mass matrices M,, My

3
— Y [uby, (M), Cus, +di, (Ma),,, d5,, + h.c).

n,m=1

For simplicity, let us now suppress family indices, and just write this as
T c T c
ULMUOUL + dLMddL _'_ h.C.

One can make the matrices M, M, real and diagonal by bi-unitary transformations,

as explained in section 4.

VJLMuVuR = M, = real and diagonal

VdTLMdVdR = Md = real and diagonal
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Define a new basis (the mass basis or physical basis) of left-handed and right-handed
quark fields (denoted by tilde) by

ur = VJLﬂL ~ Uup = VUILUL
u$ = Vuplls, < 06 =Vius
dL = ‘/d*LCAl/L g C?L = ‘/djlﬂldL
45 = Vopds, < d5 = ViLd5

Then the mass terms become

atvi M,C Vg @ + diV MOV dS + hec.

= alM,a5 + dEMgdS + hec.

From eq. (1.7), the interactions of the W/jt bosons with the quarks — the so-called

“charged-current Weak interactions” — can be written as

@W%WNL the = Ew“%Wj(ijvdLﬁL + hee.

%W;VCKMJL + h.c.

7

The iy, = (ig,cr,t;) are the mass eigenstates. that is, the physical u, ¢, and t

= ury”

quarks. And the dim = (CZL, §L,5L) are the mass eigenstates, that is, the physical d,
s, and b quarks. Now let us drop the tildes to make the equations look cleaner. The

charged-current Weak interactions in the physical basis then look like the following:

Vud Vus Vub dL
Loc = ( ur cr tr )7“%‘4/: Vea Ves Va s, | The
Vie Vis Vi br,

The matrix appearing in this equation is called the CKM matrix, after Cabibbo,
Kobayashi, and Maskawa. The CKM matrix describes how the W* bosons change
the “flavor” of the quarks.

The reason that the CKM matrix appears in the interactions of the W bosons
is that there is a “mismatch” between the physical up-type quarks and the physical
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down-type quarks. And this mismatch happens because the mass matrices M, and
M, are independent of each other and not equal to each other, and therefore different
unitary transformations of the up-type quarks and down-type quarks are needed to
diagonalize them. The “weak eigenstates” match, but the mass eigenstates do not.

The CKM matrix is a 3 X 3 unitary matrix, and so has 9 parameters. Three of
these are rotation angles, called the “CKM angles.” The remaining 6 parameters are
complex phase angles. But 5 of these complex phases can be “absorbed” or “rotated
away” by redefining the six left-handed quark fields (u, ¢, t,d, s,b). (One cannot rotate
6 phases away, because rotating all the left-handed quarks by the same phase does
nothing to Vogar.) So there is just one physical phase angle in the CKM matrix,
which is usually denoted § or dxs, and is called the Kobayashi-Maskawa phase. This
Kobayashi-Maskawa phase can account for all CP-violating effects ever seen in the
laboratory. Summarizing, there are three rotation angles and one physical phase in
Veku-

The CKM matrix has been parametrized in various ways. A popular way is the
Wolfenstein parametrization, which expresses the elements of Vg in terms of powers

of a small parameter A and three other parameters:

Via Vus Vi
Vekm = Vea Ves Ve
Via Vis Vi
1—)%/2 A AX3(p —in)
= Y 1—A2%)/2 AN? + 0\
AN(1—p—in) —AN? 1
D NPt
~ a1 |,
NN

where A = 0.226 + 0.001, A = 0.814 £ 0.02, p = 0.135 + 0.02, and 1 = 0.349 £ 0.16.
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From this parametrization, we can observe an interesting pattern, |Vi| ~ |Vis||Ves|-

The CKM matrix could also be parametrized as

Vid Vus Vb 1 0 0 C13 0 size® ciz2 Si2 0
Vea Ves Vo | = | 0 cog3 823 0 1 0 —s12 ¢c12 0
Vie Vis Vi 0 —s93 o3 —s13¢7% 0 C13 0 0 1

The component of CKM matrix, for example, V4 acts as vertex coefficient for setting
the probability that up quark will project into down quark via interacting with W

gauge boson in the weak interaction or vice versa.

> >
I I

X Vud

Y
A

XX V;:d

Wi

Figure 1.9: charged-current Weak interactions with three families

1.10 Lepton Mixing and The PMNS Matrix
As we see from the Table 1.2, there are also three families of leptons. The

Yukawa terms can be written as

3 v
- ) {Yénegm*c(g; + Ymn (8 ,¢°) C (¢ mr) | + hec..
m,n=1 MR

Note that for the neutrinos we have written the Weinberg operator. If we suppress the

family indices this can be written

éfyﬁ¢*ce;+(e{gbC*)]\yI—RC(qs%) + he
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Writing out the doublets, we find that this contains

elytCes o™ + vl Y Cvp (¢°)* + h.c
Mk

If the Weinberg operator comes from the Type I see-saw mechanism, as we explained
in section 1.8, then its coefficient matrix, which we have written y”/Mpg here, is equal
to Y'Y, /Mg, as one can see by comparing to eq. (1.10).

Because (¢°) = \%, we will get mass terms of the following form for the leptons

€€Mgc er + VEMZ,C vr, + h.c.

The matrices M, can be made real and diagonal by a bi-unitary transformation. The
matrix M, is different, because it is complex and symmetric. It can also be made real
and diagonal, but by multiplying by the same unitary matrix (transposed) on the right
and left:

V;LMngR = ]\Z Note that this is biunitary transformation

V,}LMVVVL = M, Note this has the same unitary matrix on both sides
Once again we can redefine the fields
e =Vier < ép=Vier
e =Viges, < & =Vl
v, =V, v, & U= VJLVL
Therefore, the charged-current Weak interactions of the leptons can be written

9

ELVM\/ﬁW;:VL +h.c = ELV“%WM<%€VVL)DL + h.c.

= GLVH%W“UP]VINS;L + h.c.

The matrix VIV, = Upyns is sometimes also called Uyys. The MNS stands for
Maki, Nakagawa, and Sakata. The P stands for Pontecorvo. These were the people

who first discussed mixing of leptons.
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Now let us drop the tilde to simplify the expressions. Then we can write the

charged-current Weak interactions of the leptons as

Uel Ue2 U€3 41
'CCC,lepton = (eLa KL, TL) Vu%w,u_ Uul U,LLQ U,uS %) + h.c.
UTl UT2 UT3 V3

The PMNS matrix is a 3 x 3 unitary matrix, and therefore it has 3 rotation angles and
6 complex phases, like the CKM matrix. However, we cannot rotate away as many
phases as we can for the CKM matrix. The reason is that the neutrino mass matrix M,
is a Majorana matrix that couples the 3 left-handed neutrinos to themselves. Therefore,
we cannot redefine the phases of the neutrino fields without making M, complex, which
would mean that we were not in the physical basis of the neutrinos. So we can only
redefine the phases of the 3 charged leptons. That allows us to rotate away only 3 of
the 6 phases in the PMNS matrix. So the PMNS matrix has three “mixing angles,"
which are historically called “neutrino mixing angles,” and three physical phases. One
of these physical phases is analogous to the physical phase in the CKM matrix, and

2

is called the “Dirac phase.” The other two physical phases are called the “Majorana
phases.”

A standard way to parametrization the PMNS matrix is the following

1 0 0 C13 0 51367&5 c12 S12 0 el
Upuns = 0 o3  So3 0 1 0 —S19 c12 0 0 e
0 —S93 Ca3 —8136_7'5 0 C13 0 0 1 0
'\ " >
v Vv vV
atmospheric solar

1.11 Patterns in The Quark and Lepton Masses and Mixing Angles

In the Standard Model, the masses of the quarks and leptons and the parameters
of the CKM and PMNS matrix are free parameters. The only constraint is that the
CKM and PMNS matrices are unitary. The Standard Model does not predict (or
“post-dict”) any of these parameters; they are known only by experiment. But, as we

will now see, there are very interesting patterns in these parameters. Most particle
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theorists believe that there must be some explanation of these patterns; they are not
just accidental. Because the Standard Model does not explain these patterns, they
must point to some deeper theory.

Experimentally, the magnitudes of CKM matrix elements (they are complex,

because of the KM phase) are given approximately by

Via Vs Vi 0.9742 0.226 0.0036
Via Vos Vo | =1 0226 0.973 0.042
Vie Vis Vi 0.0087 0.041 0.9991

One sees that the off-diagonal elements are much smaller than the diagonal elements.
Moreover, the mixing between the first and third family is much smaller than the other
inter-family mixings. In fact, roughly, |Vi| ~ |VusVis|, which is why the Wolfenstein
parametrization looks the way it does.

Experimentally, the magnitudes of the PMNS matrix elements are given ap-

proximately by

Us Us U 0.83 054 0.15
Ung Up Us | 2] —044 047 0.76
U Uy Uss 034 —0.7 0.63

We see that the off-diagonal elements of the PMNS matrix (i.e. the neutrino mixing
angles) are large, unlike the CKM mixing angles of the quarks. This was a big surprise,
when the neutrino mixing angles started to be measured in 1998. Almost all theorists
had expected that they would be small, like the CKM angles. Tt is interesting that for
the leptons the mixing of the the first and third families is smaller than the others, as

we found also for the quarks which could be observed in the Table 1.3.
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12 angle 23 angle 13 angle

quarks V.| = 0.226 V| = 0.042 V| = 0.0036

leptons | |Uea| & sin s, = 0.54 | |Uus| & sinOusm = 0.76 | |Ues| = sin 03¢ = 0.15

Table 1.3: Inter-family mixing in the quark and leptonic sectors

From the Table 1.4 and Figure 1.10, it is easy to observe that there exists a

“hierarchy” structure of the fermions masses. Note that here we assume that it is a
“normal hierarchy” in the neutrino sector, i.e. that the third family is the heaviest and

the the first family is the lightest. (Experiments so far only tell us two differences of

the squared masses of neutrinos Am? =mgi —

2 2 — 2 2
atmospheric Mo and Am =Mmy — My )

solar

So another way to fit the data is with a so-called “inverted hierarchy” where the third

family of neutrino is lightest.)

family I family II family III

my =~ 2.4 MeV | m, =127 GeV | m; = 171 GeV

mg~ 4.8 MeV | my =104 MeV | my = 4.2 GeV

me = 0.51 MeV | m, = 105 MeV | m, = 1.78 GeV

m,, ~ 0 meV my, ~ 7 meV | m,, ~ 50 meV

Table 1.4: masses of fermions in the Standard Model

There are several noticeable patterns, some of which we have already mentioned:
(1) For each type of fermions, up quarks, down quarks and charged leptons, msz >
mo > my. (We often refer to u, ¢, t as “up-type quarks” or just as “up quarks.” Similarly,

we often call d, s, b the “down-type quarks” or just as “down quarks.”)
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(2) Inter-family mass ratios for the up-type quarks (U, ¢, t) are much larger than for
the down-type quarks (d, s,b) and charged leptons (e, u, 7), which in turn are much
larger than for the neutrinos (if the neutrino masses are hierarchical).
(3) The masses of the charged leptons are roughly similar to the masses of the down-
type quarks.
(4) PMNS angles (also called neutrino mixing angles) are much larger than correspond-
ing CKM angles.
(5) For CKM angles, 613 ~ 615 - fa3.

Why these patterns exist is one of the greatest unsolved problems in particle
physics. They are often called “the Flavor Problem.” Many models have been proposed

to explain these patterns.

in(m) s "

V3

vy
vy

up down charged neutrino
lepton

Figure 1.10: the hierarchy structure of fermions

1.12 Grand Unified Theories
1.12.1 Minimal SU(5)
In a theory with an SU(5) gauge symmetry, a 5-plet of fields ¢*, a = 1---5,

would transform under a gauge transformation as

¢a N qbo/ _ Ug’qsa
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or, without indices,
¢ — ¢ =Ug,

where U is a 5 x 5 unitary, unimodular matrix. The complex conjugate of such a field
would be written as (¢*)" = ¢, and the complex conjugate of the matrix U would be

written as (Uoojl)* = UY,. Therefore one has

¢a — Qboc’ = Usfgbav

or without indices

o — ¢ = U,
The field ¢* is called a 5 multiplet (or “fundamental” multiplet) and ¢, is called a 5
multiplet (some call it 5*).

There are also higher-rank tensor multiplets. For example, there is an anti-
symmetric rank-2 tensor ¢ = —@%, which is called a 10 multiplet. Its conjugate,
Do = (gb“ﬁ)*, is called a 10. (Notice that upper and lower indices are distinguished
from each other, and that complex conjugation has the effect of turning one into the
other. One speaks of a tensor with m upper indices and n lower indices as a rank-(m, n)
tensor or sometimes as just a rank m + n tensor.) The 10 multiplet transforms under
the SU(5) symmetry as

6" = o™ = UUS ¢
Other important multiplets in SU(5), which will be mentioned in later sections of this
thesis, are the 24, the 45 and the 45.

The 24 multiplet, which is called the “adjoint” multiplet, is a traceless rank-(1,1)
tensor: ¢3. The traceless condition is that »_  ¢5 = 0. The 45 multiplet is a traceless
rank-(2,1) tensor that is antisymmetric in its upper two indices: (bf;ﬁ = —gbfo‘. The
traceless condition is that ) %% = 0. The 45 multiplet is just the conjugate of the
45 multiplet, and so is a traceless rank-(1,2) tensor that is antisymmetric in its lower

two indices: 5.
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Consider a 5-plet of SU(5):

(bl
¢2
" =1 ¢
¢4
¢5
The SU(5) symmetry group has an SU(3) subgroup that acts upon the first three

components of this 5-plet, and an SU(2) subgroup that acts on the last two components.

"
That is | ¢ | is a triplet under the SU(3), but a singlet (i.e. it does not transform)

e

ot
under the SU(2). And 5 is a singlet (does not transform) under SU(3), but is
a doublet under SU(2).
The eight generators of the SU(3) subgroup look like this

T T} T! 0 0
T2 T2 T2 0 0
T TS T3 0 0
0 0 0 00
0 0 0 00

where T)', a,b = 1,2, 3, are the elements of 3 x 3 traceless hermitian matrices.

The three generators of the SU(2) subgroup look like this

00 0
00 0
00 0
0 T T4
0 TP T

o O o o O

0
0
0
0
0

where T;, i,j =4,5, are the elements of 2 x 2 traceless hermitian matrices (which can

be written in terms of the Pauli matrices, as we showed before).
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There is also a U(1) subgroup of SU(5), whose generator is the traceless hermi-

tian matrix that commutes with all the generators of the SU(3) and SU(2) subgroups:

-1 0 0 00
0 —3 0 00
0 0 -+o00
0O 0 0 %0
0o 0 0 0 3

Let us call this U(1) generator Y/2. It is clear that the first three components of the

__1 Y _ 1
5-plet have Y/2 = —z, and the last two components have 4 = 3.

So the first three components of the 5-plet are an SU(3) triplet, an SU(2)
singlet, and have U(1) charge —3, so one usually denotes it (3,1, —3). The last two
components of the 5-plet are an SU(3) singlet, SU(2) doublet, and have Y/2 = %, so
one usually denotes it (1,2,1).

One sees that SU(5) has a subgroup SU(3) x SU(2) x U(1). These are just
the gauge groups of the Standard Model. That suggests that the Standard Model can
be “embedded” in an SU(5) gauge theory, and in 1974 Georgi and Glashow discovered
that it can be in a very simple way.

In an SU(5) grand unified theory, there is a 5-plet of scalars whose (1, 2, %) part
(i.e. the 4 and 5 components in our conventions) is the Higgs doublet of the Standard
Model, which we have been calling ¢. This 5-plet is sometimes denoted 5y, where
the subscript H means “Higgs”. The conjugate of the Standard Model Higgs doublet,
which we denoted ¢¢ (which has the same degrees of freedom as ¢, because it is just

¢° = ioy¢*) is simply part of the complex conjugate of 55, which transforms, of course,

as a 5 of SU(5).
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1.12.2 First Family of Quarks and Leptons in SU(5)

Consider left-handed fermions in a 5 multiplet that will be called 5; and denote

as Y. It contains fermions in

5L —>(§, 1, §)+(1, 2, —%>
v N g >
wLOL wLa '[/}Lr
Y11 di,
wLQ d%Q
5L - wLa - ng = dCL3
Y4 er
(3 —VelL

Notice the remarkable fact that the simple 5-plet has pieces that have just the right
quantum numbers to be the left-handed anti-down quark df and the left-handed lepton
doublet /;, of the Standard Model! It is important to note that in this equation, the
subscripts 1,2,3 on the left-handed anti-d quark d§ are SU(3) color indices, not family
indices as in some equations in earlier sections. Note also that we will be using lower-
case Greek indices o, 5 = 1---5 for SU(5) indices; Latin indices from the beginning
of the alphabet a,b =1, 2,3 as color indices; and Latin indices from the middle of the
alphabet r,; s = 4,5 as SU(2) weak isospin indices.

Next consider left-handed fermions in a 10 multiplet that will be called 10, and
denoted 497 It contains

10, (3 1 -2 )+ (3 2 §)+(1 1 1)
v NS NS >

(. J/

d}(xﬂ N~ N~ "
L PP v P
0 ug  —u§ —up —dy

—ug 0 uf  —uy —dy

10, = 2 =

1
2 uy - —uj
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Again, note the remarkable fact that the 10-plet has components with just the right
quantum numbers to be the remaining quarks and leptons of a family. That is, the
fermions of a Standard Model family (Q; = (up,dp),u$,d5, 0 = (Ver,er),€5) fit
perfectly with two multiplets: 10 + 5.

This is a good time to mention an important historical point. When people
knew only about the Standard Model, they were used to writing equations in terms of
the left-handed particles and right-handed particles. This made it difficult for people
to imagine how to unify the Standard Model particles in larger multiplets, because one
cannot put left-handed and right-handed fermions in the same multiplet of a gauge
group. (Gauge transformations do not change the handedness of a fermion.) But when
one writes equations in terms of left-handed fermions v, and left-handed anti-fermions

¢, the problem disappeared. Notice that the 5-plet contains the left-handed leptons
and left-handed anti-d quark. And the 10-plet contains the left-handed quarks and the
left-handed anti-u quark and left-handed positron. This shows how notation can make
a big difference in how we think.

The weak hypercharges of the components of the 10-plet, which are written
above, can be computed as follows. The % for elements of wgﬁ are just the sum of the

% associated with each index, because ¢®'# = Ug’Ug'z/;aﬂ. For a % rotation
WP = (ei;’e)o‘, (61‘59)6, WP = ei[w](waﬁ
e B
soLofypr=1_1=1lyb=_1_l—_Zady®=1+1=1
Now the question arises how to write Yukawa coupling of the quarks and leptons
to the Higgs field. It is amazing that this can be done with just two kinds of term that
are often called the “10-10-5" term and the “10-5-bar-5-bar” term. The 10-5-bar-5-bar”

term gives mass to the down-type quarks and charged leptons and has the form

V2P Chrads = (10.51) 5 — Y U3 Cohradhs + Y ¢5°Cohr, ¢,
= Yd,Cdi¢™ +YefCepo™

If one puts in three families, Y becomes a matrix, My = Y/v/2 and M} = Y/\/2 =

My = M}. (The transpose comes from the fact that we write mass matrices with
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the left-handed fermions on the left that left-handed anti-fermions on the right.) So
“minimal SU(5)” predicts m, = mq, m, = ms, m, = m,. But these relations hold at
the GUT scale Mgy ~ 10GeV, and must be “run” using the renormalization group
equation to find their values at low energies where they are measured.

The Yukawa terms needed to give mass to the up quarks has the form

Yw%BC ¢zé¢<€a575< = (10,10.)55 — Y 1°CYY¥d casane

= Yu,Cu$¢°

1.13 Anomalous Violation of B and L in The Standard Model
1.13.1 A Brief Introduction to Anomalies

The Standard Model Lagrangian is invariant under a global U(1) symmetry
that transforms the phases of all the quark fields in the same way: ¢ — ¢ = €.
Noether’s Theorem implies that there is a conserved “global charge,” which is the quark
number. People usually discuss “baryon number” (B) instead, where B = %Nq. So, as
a classical theory, the Standard Model conserves B, and 0,J; = 0, where Jj is the
baryon number current.

Similarly, the original Standard Model Lagrangian, without neutrino mass terms,
is invariant under a U(1) that rotates the phases of all lepton fields by the same amount.
(Majorana neutrino masses, mv? Cvy, are not invariant under this symmetry.) There-
fore, ignoring the very small Majorana mass terms of the neutrinos, the Standard
Model conserves “lepton number” L, so 9, J} = 0.

However, it turns out that there are very subtle quantum effects called “anoma-
lies” that cause B and L to be violated (i.e. not conserved) in the Standard Model.
Anomalies in quantum field theories were discovered in the 1960s by Adler, Bell, and
Jackiw. They discovered that in some quantum field theories, certain quantum me-
chanical amplitudes that should be zero because of the conservation of a global charge
are actually not zero. The non-zero contributions to these amplitudes came from Feyn-
man diagrams called triangle diagrams, in which virtual fermions go around a loop that

has three vertices, with the current operator of the global current at one vertex and
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gauge bosons attached at the other two vertices. No one understood in the 1960s why
these amplitudes were non-zero in spite of symmetries predicting that they should be
zero. That is why they were called anomalies. In the 1970s, the explanation was found:
These anomalies arise whenever the “measure of integration” over fermion fields in the
Path Integral is not invariant, even though the Lagrangian and Action S are invariant.

The anomaly given by the triangle graphs is zero if left-handed and right-handed
fermions going around the loop contribute equally, because they contribute with op-
posite sign — because the anomaly graph has a 7° at the current vertex. If the
gauge bosons attached at the other two vertices are I/Vf bosons, however, then only
left-handed fermions can be in the loop, and there is a non-zero anomaly (unless the
anomaly cancels for some other reason).

When the triangle graph is calculated for the Baryon number current one finds

2

1 g
wo_ WVpo A A
Oty = §nQL—327T2€I P FFy,

where I, is the field strength tensor for the gauge fields of SU(2),, and ng, stands for
the number of left-handed quark doublets minus the number of left-handed anti-quark
doublets (counting colors, e.g. counting (ur,dy) as three doublets).

Suppose that one calculates the amplitude for some process that goes from a
state A at time T; to a state B at time 7T}. Let us integrate the above equation over
all of space and over all times between T; and Ty. By the divergence theorem in four
dimensions, the left side of the equation gives a surface term. The “surface” here is the

three-dimensional surface that consists of all of space at 7; and 7F. One obtains

Ty 1 2
g vpo pa a
(/ d3l’J%>T - Bf — Bz == gnQL /d4l’mgu P FHVFPU' (111)

So baryon number can change if the integral on the right side of the equation is

non-zero. Now we shall explain why that integral can be non-zero.

48



1.13.2 Vacuum “Winding Number”

Let us start by ignoring the Higgs field. For simplicity, assume that we can set
it equal to zero everywhere and consider only the gauge fields of SU(2).. The “classical
ground state” of the gauge fields of SU(2)r, has F, = 0. One configuration of fields
that has Fj, = 0 is simply the configuration A}, = 0. However, this configuration is
not unique, because gauge transformations of Aj do not change Fj,. As we saw in

section 1.5.2, a gauge transformation changes A, =, T*Aj, in the following way:

A, — AL =UAU - é(@MU)U‘l,
where U(z?) is an SU(2);, transformation that depends on spacetime location. If we
take A, = 0, then
4 _
Al = —5(8MU)U Y (1.12)

is also a “classical ground state.” In fact, it is equivalent by a gauge transformation to
the one that has A, = 0. That means that we can describe a classical ground state of
the gauge fields by a function U(z*) that maps points in spacetime (z*) onto elements
of the group, which are represented by 2 x 2 unimodular unitary matrices U.

Let us consider a mapping from all the points in three-dimensional space at
some time 7' to matrices U, such that at all points at spatial infinity U = I. That is
like identifying the points at spatial infinity with each other. Topologically speaking,
three-dimensional space with all points at spatial infinity identified with each other, is
equivalent to the three-sphere S3. (Analogously, an infinite line with points at infinity
identified is topologically a circle S;, and a plane with all points at infinity identified
is topologically a sphere S5.)

We will now show that the space of all 2 x 2 unimodular unitary matrices —
the “group space of SU(2) — is also topologically S3. One can write the most general

2 X 2 unimodular unitary matrix in the following way:

ap + tasz  ta; + as
2 2 2 2
U= ,  ag +ai +ay +ag =1
ial—ag ao—iag
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It is easy to check that this is unitary and has determinant = 1. Each matrix U is
identified by four real numbers ag, a;, as, a3, the sum of whose squares is 1. Those
numbers could be considered the coordinates of a three-sphere S3 in 4-dimensional
space. So, the “group space” of SU(2) clearly has the topology of Ss.

If we consider mappings from S5 to S3, they can be classified by a “winding
number.” This most easily thought about in the one-dimensional and two-dimensional
analogies. Suppose “space” is a circle and “group space” is also a circle (topologically).
One can map all the points of the first circle unto one point of the second circle. Or one
can map the points on the first circle onto the points of the second circle that have the
same “angle.” So one is “winding” or “wrapping” the first circle once around the second
circle. Or one can map the points of the first circle onto the points of the second circle
that have NN times the angle: then one is “winding” the first circle around the other N
times. (Like winding a rubber band around your finger N times.) The same thing can
be done with two-spheres, like winding a balloon around a basketball N times.

Suppose we imagine a process that begins at time 7; and ends at time 7, where
at both and T; and T} the gauge field is in a classical vacuum described by U(z?)
with U — [ at spatial infinity. But suppose that at 7; the mapping (of points in
physical space to points in group space) has winding number NN;, but that at 7’ it has
winding number N;. There is no way for the field to remain in a classical vacuum
for all times between T; and T%. If it did, that would mean that the mapping went
continuously from one winding number to another as ¢ went from 7; to Ty. But this
not possible, because the initial and final configurations are topologically different.
That implies that somewhere in between T; and T, the gauge field is not in a classical
vacuum configuration. It must pass through configurations that have Fyj, # 0. These
configurations have positive energy compared to the classical vacuum. In other words,
the process starts and ends in a classical vacuum, but passes over a “potential barrier”
in between.

This can be thought about in the following way. One can imagine that there are

an infinite number of classical vacuum states of the SU(2); gauge fields, labelled by
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their “winding numbers.” They are all equivalent under gauge transformations. This
is like a mechanics problem of a rigid rotator with potential V() = —V{ cosf. There
are an infinite number of minima (0 = 27N) that are all equivalent; but to go from
one to the next one requires going over a potential barrier.

In the SU(2) gauge theory, it turns out that in the process where the winding
number changes by N units between 7; and T}, the gauge field passes through con-
figurations that have Fy, # 0 and also that the integral fd%%gl‘”””ngFgg, which
appears in eq. (1.11), is just N. In other words, that integral has a topological mean-
ing: it is a winding number. What that means is that in processes that “go over” the
barrier, baryon number is violated.

If temperature is high enough, thermal fluctuations can make the fields go over
the barrier. If temperature is low, then the only way to get across the barrier is by
quantum-mechanical tunnelling. At zero temperature, these tunneling processes are
called “sphalerons.” But people often call even the thermal processes that go over the
barrier sphalerons. At low temperature, the Higgs field is non-zero (it has a VEV),
so calculating a true sphaleron process (i.e. tunneling at low temperature) requires
looking at configurations where both Fj, = 0 and ¢ # 0. Those are the actual
“sphaleron configurations.” At very high temperature, the expectation value of the
Higgs field is zero. So to discuss processes where thermal fluctuations cause the field
to go over the barrier and violate baryon number, the Higgs field can be ignored.

The number of baryons that are created or destroyed in a “sphaleron” process (a
true sphaleron or a thermal process) depends on the coefficient ng,. That coefficient
is the number of left-handed quark doublets in the model (minus the number of right-
handed quark doublets, if there are any).

The discussion above can be extended to lepton number, or any global charge.
For example, if the are fermions in SU(2); doublets that carry a global charge X,
then to calculate the amount by which an SU(2), sphaleron violates X, one has to
count every left-handed fermion doublet of SU(2);, (minus the right-handed doublets)

weighted by the X charge of each.
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Chapter 2

A SIMPLE GRAND UNIFIED RELATION BETWEEN NEUTRINO
MIXING AND QUARK MIXING

2.1 Introduction

In this chapter, we will discuss a model in which all flavor mixing is caused by
the mixing of the three usual chiral fermion families, which are in 10 + 5 multiplets
of SU(5), with extra vector-like fermions in several pairs of 5" + 5 multiplets. As we
shall see, this simple assumption, along with the assumption that there is an abelian
family symmetry, can lead to the result that both Vg and Uy s are generated by a
single matrix. The entire 3 X 3 complex mass matrix of the neutrinos M, is then found
to have a simple expression in terms of two complex parameters and an overall scale.
Thus, all the presently unknown neutrino parameters are predicted.

As noted in chapter 1, experiment has shown that the angles of the MNS matrix,
which describes the mixing among the left-handed leptons [2], are much larger than
the corresponding angles of the CKM matrix of the quark sector [3, 4], which describe
mixing among the left-handed quarks. This was unexpected. Since grand unification
relates quarks and leptons by putting them in the same multiplets, theorists had ex-
pected that the leptonic mixing angles would be comparable in magnitude to the quark
mixing angles. However, this expectation was somewhat simplistic. In SU(5), the left-
handed quarks are related to the right-handed leptons within the 10-plets, so that the
CKM angles should be related to the mixing angles of the right-handed leptons, which
are not observable in the Standard Model. Similarly, the left-handed leptons are re-
lated to the right-handed quarks within the 5-plets, so that the MNS angles should be
related to the mixing angles of the right-handed quarks, which are not observable in the

Standard Model. If there is more mixing among the 5-plets of different families than
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among the 10-plets, the disparity between the MNS and CKM mixing angles would be
explained. This idea can be implemented in models based on any grand unified group,
since all such groups contain SU(5) as a subgroup. Several ways of implementing this
basic idea have been proposed in the literature |5, 6, 7, 8, 9, 10, 11, 12, 13].

In section 2.2, we will propose a model in which there are three 1045 families of
fermions and N 5+ 5 vector-like fermions. (The possible existence of such additional
vector-like fermions has been much discussed in the literature in a variety of contexts
[14, 15, 16, 17, 18, 19, 20, 21, 22].) The central idea of the model proposed here is
that all inter-family mixing is caused by the mixing between the 5 multiplets of the
usual fermions and the 5 multiplets of the extra vector-like fermions. And both quark
mixing and lepton mixing are controlled in this model by a single matrix, which we will
call A. In section 2.3, we will show that this matrix can be determined from the masses
and mixing angles of the quarks alone, and this allows the entire 3 x 3 complex mass
matrix M, of the known neutrinos (which contains 9 real physical observables) to be
predicted in terms of just two complex parameters and an overall mass scale. We will
also discuss the model’s predictions of the quantities which are still unknown and the
post-predictions of the quantities which have been measured, but still not precisely. In
section 2.4, we will propose a new way to generalize the model which might completely
explain the flavor problem. Also how the model could be embedded in a larger group

SO(10) and Es without effecting the predictions of the model is discussed.

2.2 The Model of Flavor Mixing

There are three families of fermions denoted by 10; 4+ 5;, ¢ = 1,2, 3, and extra
vector-like fermions denoted by 5, +5,, A=1,...,N. (N can be as small as 2.) It is
assumed that in the absence of the vector-like pairs, the Yukawa couplings and mass
matrices of the three families would be flavor diagonal, due to discrete symmetries,
K1 x Ky x K3 x K', that distinguish the three families from each other. All flavor

mixing is indirectly caused by mass terms that mix the 5; and 5,. The Yukawa term
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of the model are:

i)
Y, ( 10;) (454) + ¥s (1052) (45) + (2.1)
( 5:) (5u) (5m) +
Vi (5455 (L) + v (5455) (L)

where the subscript H denotes Higgs multiplets. The Yukawa terms in eq. (2.1) are
the most general allowed by the abelian flavor symmetry K7 x K, x K3 x K, K; is a
Zy symmetry under which 10;, 5; and 1%, are odd and all other fields even. The role of
the K7 x Ky x K3 symmetry is to prevent direct mixing among the usual chiral fermion
families. K’ is a Zy symmetry (N > 2) under which 5, — e*™/N5/, 5, — ™/NF,
1y — e /N1y and 1y, — e727/N1/;,. One of the roles played by the K’ symmetry
is to forbid the Higgs fields that break SU(5) at the superlarge scales from coupling to
the fermions. (Typically, these include adjoint Higgs multiplets (i.e. 24-plets), which
would be allowed by SU(5) to couple to 5,55, 545;, etc. This would introduce several
more parameters into the model of fermion masses and reduce its predictivity.)

The first four terms in eq. (2.1) are the standard Yukawa terms of SU(5) grand
unification, and are the minimal terms needed to give mass to the known quarks and
leptons. (As already noted in the original Georgi-Glashow paper on SU(5) unification,
the presence of a 45-plet of Higgs fields avoids the unrealistic relations between down
quark and charged lepton masses that would arise if only the VEV of a 5-plet of Higgs
fields gave mass to the Standard Model fermions [23].) The fifth term is the standard
dimension-5 Weinberg operator that gives the left-handed neutrinos Majorana masses
in either the type-I or type-II seesaw mechanisms [24].

The last two terms in eq. (2.1) are the only ones peculiar to this model. The
first of these simply gives masses to the vector-like fermions, and the second gives
masses that mix these vector-like fermions with the three families. The Higgs fields in
these two terms are gauge singlets, so that their VEVs would naturally be superlarge.

All that matters for the purposes of the model is that the masses coming from these
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two terms be roughly of the same scale, which we shall call M,. We assume that these
masses are much heavier than the weak scale, and we will refer to them as “heavy.”
This scale should be large enough to explain why the extra vector-like fermions have
not yet observed in the experiments. Any fermions whose masses are less than or at
the weak scale (i.e. the Standard Model fermions) we will call “light.” Note that the
Yukawa matrices in the last two terms of eq. (2.1) are in general not diagonal. The
reason for this is that the 324 and 5, transform trivially under the family symmetry
K, x Ky x K3, which therefore does not constrain the form of Y}, and y,;. This is
how the extra vector-like 5 + 5’ multiplets cause family mixing in the model.

First, let us examine the mass matrix of the down quarks that emerges from eq.
(2.1). There are left-handed anti-down quarks in both 5; and 5, which will be denoted
d; and Di, respectively. There are left-handed down quarks in 10; and 5/,, which will
be denoted d; and D’,, respectively. There is a (34 N) X (34 N) mass matrix for the

down quarks

, (2.2)
Ay Mag Dg

Lamass = ( d; D )
where (mq); = yi(5u) + 5:(451), Map = Yig(ly), and Ayj = yy;(1%;). In this thesis,
we follow the convention that Dirac mass matrices are multiplied from the left by the
left-handed fermions and from the right by the right-handed fermions (or, equivalently,
the left-handed anti-fermions).

The (3+N)x (34 N) matrix in eq. (2.2) can be block-diagonalized by multiplying
it from the right by a unitary matrix V whose elements are of order one (since the
elements of the matrices A and M are of the same order) and from the left by a
unitary matrix whose angles are of order my/M < 1 and which therefore can be

neglected. One can write the (3+ N) x (3 + N) unitary matrix V as

A B
Y = , (2.3)
C D
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d(10) - &)
mp A M M A
d(10) - &(5) - D'(5) - D(5) - D'(5') TaG)
mp A=(+A"M M4y
+ e = x -
d(10) &)

Figure 2.1: Diagrams showing how the mass terms Athat mix the 5; with the 5 lead
to insertions of the matrix A on external 5 fermion lines.

where Ais 3 x 3, Dis N x N, Bis 3 x N, and C'is N x 3. This gives

I

mq 0 v mq 0 A B mdA mdB

A M A M C D 0o M

(2.4)

If we define T = M~!A, it is easy to show that the blocks of V may be writ-
ten A = [[+TT]?, B = [1+TT] 7%, ¢ = —T [I+TT] ", and D =
[1+T1T1]

The off-diagonal block myB in eq. (2.4) can be removed by a rotation from
the left that is of order md/ﬂ , which is negligible, as already noted. The block-
diagonalization separates out the light (i.e. electroweak scale or smaller) fermions,
which are the fermions of the Standard Model, from the heavy fermions. The upper-
left 3x 3 block in eq. (2.4) therefore is the “effective” mass matrix of the three observed

down quarks, which we will denote simply Mj:
Md = My A (25)

In other words, the net effect of the mixing of the three families with the heavy vector-
like fermions is to multiply the diagonal mass matrix m, from the right by a non-
diagonal matrix A. This can be understood diagramatically from the Figure 2.1.

One can identify the effective mass matrices of the light charged leptons and
neutrinos by a similar process of block-diagonalization. By doing so, one finds that
factors of A appear in these effective matrices corresponding to fermions that are in

the 5 multiplet of SU(5). Since the mass matrices for the up quarks, down quarks,
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charged leptons and neutrinos come, respectively, from (1010) 5z, (105)54, (510)54
and (55)555y terms, the effective mass matrices for these types of fermions end up

having the form

M, = my
Md = mdA (26)
Mg = Ang

M, = ATm,A

where the “underlying” mass matrices m,,, mgq, myand m,, are all diagonal and given by
(mu)ij = 0 (Yi% + f/z‘%)» (ma)ij = 0ij (yivs + Givas),  (me)ij = 0ij (yivs — 3bivgs),
and (m,);; = 0;;Mi(v2/Mg). These underlying mass matrices m,, mg, my, and m,, are
diagonal because of the family symmetry K7 X Ky X K3. On the other hand, the matrix
A has no special form, because the extra vector-like multiplets transform trivially under
the family symmetry. If we assume that the matrices we called M and A in eqgs. (2.2)
and (2.4) are of the same order (for example, the GUT scale), then the elements of
T = M~A are of order 1, and one expects that all the elements of A will also be of
order 1.

Before moving to the next section, we would like to discuss the renormalization
effects on the matrix A, which could be different for different types of fermions. At the
unification scale, the same 3 x 3 matrices A and M appear in the (N = 3) x (N + 3)
mass matrices of the charged leptons and the down quarks. But, due to gluon loops,
the A and M of the down quarks should run more strongly between the unification
scale and the scale M, than the corresponding matrices of the leptons. The crucial
point, however, is that A depends on the ratio 7= M ~!A; and since gauge boson loops
cause A and M to run in the same way, these effects cancel out in A. Moreover, the
renormalization effects due to Yukawa couplings (which are small for the 5 fermions)
can be neglected. Thus, it really is the same matrix A (if one neglects very small
effects) that appears in My, M,, and M,. This result makes the model simple and

predictive.
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2.3 The Predictions and Post-Predictions of The Model
First let us discuss the quark sector. The up quarks are already in the “physical
basis” or “mass basis,” since M, = m,, is diagonal. The down quark mass matrix is not

diagonal, because it is has the form

5d 0 0 All A12 A13
My = mdA:,ud 0 € O Ay Ay A23 (27)
0 0 1 Aszp Asg Ass

where 114 is the 33 element of the diagonal matrix myg.

The matrix A, like any matrix, can be written in the following form

A=DAxU, (2.8)
where Ax has the form
1 b ce?
AA == O 1 a 5 (29)
00 1

with a, b, and ¢ real, and where U/ is unitary and D is diagonal. This is evident,
because A can be made to have triangular form by multiplying from the right by a
unitary matrix, and then the diagonal elements of that triangular matrix can be scaled
to be 1 by multiplying from the left by a diagonal matrix. We can take a and b real,
because the phases in the 12 and 23 elements of Ax can be absorbed into & and D,
while leaving its diagonal elements real.

By egs. (2.7) and (2.8), the effective mass matrix of the observed down quarks
is given by My = myDAAU, with my = pg diag(d4, €4,1). The unitary matrix U can
be absorbed into redefined right-handed down quarks. (It is important to note that
since this is a transformation of right-handed quarks, it will have no effect on the

CKM matrix.) The diagonal matrix D can be absorbed into a redefined diagonal mass
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matrix: my = myD. The phases in my can then be absorbed into redefined left-handed

down quarks. Finally, therefore, one may write

Mg = mgAa
0 0 0 1 b ce?
= Uy 0 & O 01 a
0 0 1 00 1

gd Sdb 5d66i9
= Ha| 0 €& € : (2.10)
0 0 1

To reach the physical basis of the down quarks, the matrix M, must be diagonal-
ized. As will be seen below, the rotations required to do this are small. Therefore, the
eigenvalues M, are to a very good approximation just equal to its diagonal elements,
so that 1, = my, €4ty = ms, and gdﬁd = my.

We may therefore write

mg magb mgce®

Mg = 0 m, msa . (2.11)
0 0 my

The diagonalization of this matrix requires a “bi-unitary tranformation” of both
the left-handed and right-handed down quarks. The unitary transformation of the
right-handed quarks does not affect the CKM matrix (and anyway these rotation an-
gles are quadratic in small ratios of quark masses and thus negligible). The unitary
transformation of the left-handed down quarks is just the CKM mixing matrix, since
the mass matrix M, is already diagonal. (See the discussion of CKM mixing in the

Introduction.) We then have

mq 0 0
My=Vigu| 0 me 0 |- (2.12)
0 0 my
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Comparing eq. (2.11) and eq. (2.12), it is easy to show that

am My
|‘/cb| ~ mbs a = E|‘/;b| ~ 2
S
b
V| & T;”d — b ZS\VM\ ~4 (2.13)
s d
70
V| = = e D011~ 3, 02 Soar
mq

Turning to the lepton sectors, one sees that the mass matrix of the charged

leptons can be writte

Ay Ay Ag o 0 0
My = A"mg=| Ap Agy Asg 0 € 0 | ne (2.14)
Az Axz Asg 0 0 1

The hierarchy among the charged lepton masses tells us that 6, < & < 1. So,
the diagonal matrix my is hierarchical, just as my and m, are. By comparing eqs.
(2.7) and (2.14), we see how this model explains the disparity between the neutrino
mixing angles and quark mixing angles. Because My = mgq A, whereas M, = ATm,,
the mass matrix of the down quarks has a hierarchy among the rows, whereas the
charged lepton mass matrix has a hierarchy among the columns. Since rotations of
the left-handed fermions (which are the ones relevant to the CKM and MNS mixing
angles) are rotations among the rows, we see that small quark mixing angles and large
lepton mixing angles arise. (This is a realization of the basic idea of “lopsided” models
[5, 6,7, 8,9, 10, 11, 12, 13].)

We can make the matrix A in this equation have the same form as given in eq.
(2.8) by doing the same combination of rotations to the left-handed leptons as we did
to the right-handed down quarks, followed by analogous re-scalings and re-phasings. If

we do the same rotations to the left-handed charged leptons and left-handed neutrinos,
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no MNS mixing is induced at this stage. We get

M, = Almy
1 00 5 0 0
= b 1 0 0 €& 0 | Ky
ce’ a 1 0 0 1
5 0 0 me 0 0
= ob & 0 | = myb  m, 0 |. (2.15)
0ce® a1 myce’ m.a m,

This is not diagonal, but to a very good approximation it can be diagonalized by
rotations done only to the righthanded charged leptons. Rotations of the left-handed
charged leptons are also required, but they are rotations by angles that are proportional
to squares of small lepton mass ratios, and can be neglected. Thus, to a very good
approximation, the charged lepton mass matrix in eq. (2.15) is in the mass basis of
the left-handed charged leptons. In this basis, the effective mass matrix of the three
light neutrinos M, has the form M, = AL, Ax which is given by

! 0 0 fa® 0 0\ [ 1 FeVil TEIVisle?
M, = :Zd Vis| 1 0 0 pe* 0 0 1 nml_:|‘/cb| Ly
Vol TRV 1 0 0 1 0 0 1
(2.16)
where ge?’ pe’® and the overall scale j, are free parameters of the model, § is the

Kobayashi-Maskawa CP-violating phase, and the V;; are the CKM matrix elements.
Since we only have the freedom to re-phase the left-handed neutrinos, there are three
physical phases in eq. (2.16), rather than one as in the other mass matrices. The extra
two phases are the ones called a and § in eq. (2.16).

The mass matrix M, shown in eq. (2.16) contains all the information about
the masses, mixings and CP-violating phases of the neutrinos. There are nine physical

observables involved: the three neutrino masses, the three MNS angles, the Dirac CP
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phase, and the two majorana CP phases of the neutrinos. These are all determined by
the five model parameters in eq. (2.16): j,, pe®and ge®.

Since five neutrino observables have already been measured (0,01, Oatm, 013, Am3,
and Am2,;), we can use them to determine the five model parameters, and then predict
the four as-yet-unmeasured neutrino observables. Since the equations are non-linear
(they involve trigonometric functions), there is no guarantee that they can fit the five
measured neutrino properties with five adjustable parameters. (To put it another way,
the adjustable parameters a and (5 are bound within the range [0, 27).) Nevertheless,
good fits are obtained. This is only true, however, if some of the measured neutrino
properties have values that lie within a smaller range than that presently allowed by
experiment. For example, although the current experimental range of the atmospheric
neutrino mixing angle is 0y, = 45 + 6.5°[25], the model only obtains good fits for
Ot < 43° with values near 40°preferred, as we shall see. The fits also prefer a value
of 0, greater than or equal to 34°, i.e. greater than the present experimental central
value. The quark properties are also constrained: the best fits are obtained with
ms/mg < 20, and § greater than or equal to its present experimental central value.
Thus, in addition to predicting the four as-yetunmeasured neutrino observables, the
model places non-trivial and testable constraints on the values of quantities that have
been measured.

In the Table 2.1, we show a representative fit in which all the input quark
parameters and the neutrino observables obtained as output are in their experimentally
allowed ranges (and in most cases at their central values). The experimental values
are taken from the 2012 Review of Particle Properties [25], except for e, (the neutrino
Dirac CP phase) where we use the result of a recent global analysis of neutrino data
[26]. For my,/ms we have used the renormalization group results of [27] to obtain
ms(my) from ms(2GeV), which is given in [25].

Note that the model’s prediction for d;epis 1.157 radians, which accords remark-
ably well with the one-sigma range found in [26] of 1.177{7rad. The value of (M,,),,(to

which the amplitude of neutrinoless double beta decay is proportional) is much smaller
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’ Quantity \ Values in fit \ Experiment
Ly 0.1428 eV —
pe'e 0.1525e= 2734 —
qe” 0.01405e %% | —
my/ms 52.9 52.9 + 2.6
ms/myg 19 17 to 22
Vs 0.2252 0.2252 £ 0.0009
Ve 0.0409 0.0409 £ 0.0011
Vs | 0.00415 0.00415 £ 0.00049
5 1.30 rad 11877 1farad
050l 34.1° 33.89° T0ors.
Oatm 40° 45° +6.5°
013 9.12° 9.122° *0-00%
om3, 2.32 x 107%eV2 | 2.327072 x 10~ %eV?
dmiy 7.603 x 107°eV? | (7.5 4+ 0.2) x 107°eV?
Olep 1.157rad L1rty 3 rad
(M) ee 0.0020 eV

Table 2.1: A fit to the quark and neutrino data. u,, pe’®and ge*’are model parame-
ters. Jjcpis the neutrino Dirac CP phase, and (M, ), the mass that comes

into neutrinoless double beta decay.
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Figure 2.2: The result of fits with the values of quark parameters given in Table
I, 0,,, = 34.2°, and 03 = 9.12°. The curves are the relation of r
(= 0miy/dm3;) to the predicted &, for different values of 04,. The
horizontal lines are the one-sigma limits for .

than the experimental limits, which tend to be in the range of a few tenths of an eV
to several eVs for different experiments [25]. This prediction of the model is not very
sensitive to variation of the model’s input parameters.

Figures 2.2 - 2.4 show the degree of sensitivity of the ¢, prediction to the values
of Oupm,0s0r and § (the quark CP phase). In the Fgure 2.2, we have fixed the values of
all the quark mass ratios and CKM parameters, and of #,, and 6,3, but have allowed
Outm and the ratio Am?2,/Am3, (which we henceforth call ) to take different values.
The curves are the relation of 7 to the predicted d;, for different values of 6,,. The
horizontal lines are the one-sigma limits for . One sees that ¢, is predicted to be
roughly 1.157 radians and that values of 0, < 41°are preferred.

In the Figure 2.3, we have done a similar thing, but this time fixing 6,,,to be
40°and allowing 6, and r to vary. One can see a preference for values of 6,, equal
or above the present experimental central value. In the Figure 2.4, we have allowed
the quark CP phase ¢ and r to vary. One sees that the best-fit value of dj, is rather
insensitive to the assumed values of the measured quark and neutrino properties, but

the width of the range of J;.,values that give good fits is quite sensitive.
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Figure 2.3: The result of fits with the values of quark parameters given in Table
I, Oty = 40°, and 013 = 9.12°. The curves are the relation of r (=
dm3,/0m3,) to the predicted ., for different values of 6y,
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Figure 2.4: The result of fits with the values of quark parameters other than § given
in Table I, 0,,, = 34.2°, and 0,35 = 9.12°, and 6, = 40°. The curves are
the relation of r (= dm2,/d0m2;) to the predicted dy, for different values
of the quark phase 9.
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2.4 Conclusions

The model proposed here gives an account of how the CKM and MNS flavor
mixings arise, but does not explain the mass hierarchy among the families, since the
hierarchies in the diagonal matrices m,, mg, my and m,, are simply assumed. There are,
however, several simple ways in which the present model could be extended to give an
explanation of the mass hierarchy. One way is to combine the structure in this model
with the structure assumed in [|. In that paper, the mass hierarchies were explained by
the three usual families mixing with extra vector-like 10 4 10 fermion pairs in a way
analogous to the mixing with 5+5 assumed here. Combining the structures of the two
models would be appealing since it would mean that the vector-like fermions would
comprise entire family-antifamily pairs. (It has been pointed out that this can lead
in a simple way to unification of gauge couplings in non-SUSY models [22].) We will
discuss a way to combine these two ideas which might be able to provide a complete
explanation to the flavor problem in chapter 6.

It should be noted that the present model could be embedded in many grand
unified schemes. For example, in an SO(10) model, the ordinary families could be in
three 16 multiplets, while the vector-like fermions could be in three 10 multiplets. In
Eg, one gets the extra vectorlike fermions “for free", since the 27 contains 16 + 10 + 1
of SO(10). Different patterns of breaking of the grand unified group could be assumed
without affecting the predictions for fermion masses and mixings. For example, in many
unified models, an adjoint Higgs field does some of the breaking of the unification group.
If that adjoint Higgs multiplet does not transform under the K’ symmetry mentioned

') and hence not

after eq. (2.1), it would not couple renormalizably to (5,55) or (5,5
contribute to the matrices A and M in eq. (2.4) and the matrix A. Consequently,
except for negligible higher-order corrections, the matrix A would not “know" that the
unification group is broken, and the same A would appear in both the quark and lepton
sectors, as is necessary for the model to be predictive.

In conclusion, if all flavor changing in both the quark and lepton sectors arises

as a consequence of the mixing of the usual families with extra vector-like fermions
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that are in 5+ 5 of SU(5), a testable relationship arises between the quark and lepton
mixing. This relationship allows the prediction of the four as-yet-unmeasured neu-
trino observables as well as testable constraints on several quantities that have been
measured. Measurement of the Dirac CP phase of the neutrinos d;.,, as well as more
precise determinations of such quantities as Oy, Osor, |Vas|, ms/mq and § (the quark

CP phase) would provide stringent tests of the model.
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Chapter 3

PROTON DECAY AND THE ORIGIN OF QUARK AND LEPTON
MIXING

3.1 Introduction

In the last chapter, we discussed a highly predictive model that relates the MNS
mixing of the leptons [2] and the CKM mixing of the quarks [3, 4| by positing a single
source for all flavor violation, namely mixing between the three “usual” fermion families
with “extra” vector-like fermions in 5'+5 multiplets of SU(5). This was shown to lead
to several testable predictions including neutrino masses and CP-violating phases.

Just as the CKM and MNS angles specify how fermion mass eigenstates are
arranged within the multiplets of the electroweak SU(2), group, there are mixing
angles that specify how the fermions are arranged within the multiplets of the grand
unification group. Since the model we discussed in the last chapter posits a single
source for all flavor mixing, it predicts these grand unified mixing angles also. Proton
decay branching ratios depend on these angles, and so discovery of proton decay and
measurement of those angles would provide further non-trivial tests of the model. We
extract the predictions for proton decay coming from the exchange of the grand unified
gauge bosons, which would dominate in a non-supersymmetric version of the model.

What makes this model so predictive is the combination of SU(5) symmetry,
which relates the quarks and leptons, and abelian flavor symmetries, which forbid
flavor violation in the sector of the “usual” fermion multiplets, which consists of three
families of 10 + 5 multiplets. One of the interesting features of the model is that even
though it unifies quarks and leptons, it explains in a simple and natural way why the
CKM mixing angles of the former are much smaller than the MNS mixing angles of the

latter, as we saw in the previous chapter. The point is that ultimate source of all flavor
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violation is the mixing among 5 multiplets, which contain the left-handed leptons, but
not the left-handed quarks. This is the basic idea that underlies so-called “lopsided
models” [5, 6, 7, 8, 9, 10, 11, 12, 13|, of which the present model is a particularly
simple and predictive example.

This model is also very closely related to a model proposed in 1984 as a solution
to the Strong CP Problem |16, 17, 18]. In that model, CP is assumed to be a symmetry
of the Lagrangian that is spontaneously broken by the VEVS of the singlet scalars 17,
that produce the off-diagonal mass matrix A. In fact, the model proposed here has
the same structure as the model originally proposed by A.E. Nelson in [16], except
that here the 3 x 3 mass matrices of the ordinary three families are required to be
flavor diagonal by family symmetries. Therefore, the mechanism for solving the Strong
CP Problem proposed there can easily be implemented in the present model. If it
is, then further predictions result, though they would require measuring proton decay
branching ratios to less than 1 percent accuracy. That the mechanism can be tested
at all, however, is quite striking and surprising, as the relevant physics happens at
the GUT scale. Again, what makes that possible here is the powerful combination of
SU(5) symmetry and abelian flavor symmetry.

In section 3.2, we will go into more detail in our treatment of complex phases
than we did in [28] as this is necessary to determine the relative phases of certain proton-
decay amplitudes. In section 3.3, we derive the predictions for the SU(5) mixing angles
and proton decay branching ratios. In section 3.4, we see that by embedding the model
in SO(10), which is very simply done, even more interesting proton decay predictions

result. The most interesting proton decay predictions are shown in eqs. (3.25) - (3.27).
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3.2 The Complex Phases of The Model in Proton Decay

As we have already introduced in the chapter 2, the Yukawa terms of the model

are
Lyw = Yi(10710V)(55) +,(1075; ) (54)
+ Y,(107107)(45,) + 5:(1075; ) (45)
+ (\/Mg)(5; 5, )(5u)(5m)
+ V!, (555,) (1y) + v/, (555, ) (L),

Here we have used a somewhat different notation than in the last chapter. The “usual”

(3.1)

chiral multiplets 10 + 5 are here given a superscript U and the “extra” vector-like
fermions in 5+ 5 are given a superscript £. This will help keep track of the multiplets
being discussed, as it will be necessary to carry out a series of changes of basis. The
subscript H denotes Higgs multiplets. The last two terms give SU(5)-invariant masses
to extra vector-like fermions in the 5F and 5" multiplets which are denoted as 5" and
5 in the chapter 2, so that these masses can be much larger than the weak scale and
possibly even the GUT scale. It does not matter to the analysis in this chapter what
the scale of these SU(5)-invariant masses are.

The Yukawa terms in eq. (3.1) that involve only the usual fermion multiplets

give rise to mass matrices m,, mg, my, and m, that are flavor diagonal

Uy (M), ufog, dmgf (ma),, d%” Eggf (my),, Efoy, Yoy (my),, Vi (3.2)

However, the fermions in 521-], 1 =1,2,3, are not simply the observed Standard Model
fermions. The 5. and the 5; mix, with some linear combinations of them becoming
“heavy”, and the three combinations orthogonal to them remaining “light”. We denote
these respectively by 57 and 5. To identify these heavy and light multiplets one must
look at the heavy fermion masses. From the last two terms in eq. (3.1), these are seen

to have the for
, —U —FE —U —E
55 (10, (Vi) 5+ 1V, ()] 55) = 55 (2,5 +M,,55),  (33)

One sees that 5" oc (A5 + M5"). One can easily write the light 5~ as the linear

combinations orthogonal to these. The light 5 are the standard model fermions we
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observed in the experiments. One can then invert to write the “usual" multiplets 5

as linear combinations of 5 and 5. The result turns out to be (suppressing indices)

57 = A5 +B5", (3.4)
where A and B are the same complex matrices given in the last chapter. (A is 3 x 3 and
Bis 3x N, where N is the number of “extra" 5 multiplets.) For the 10 multiplets, there
are no heavy mass terms or mixing with “extra” multiplets, so the “usual” multiplets
are simply the same as the light multiplets: 10Y = 10%. If we rewrite eq. (4.5) in

terms of the light fermion multiplets using eq. (3.4), and suppress indices for clarity,

we obtain
T c T c T T c T T
wo, My U de mg A dgu €gL A" my KIOL, v, A" m, A v (3.5)

Note that the matrix A appears next to the fermions that are in 5 multiplets, because
A reflects the effects of the mixing of those multiplets. The terms in eq. (3.5) give the
effective mass matrices of the three families of Standard Model fermions, which we will
denote by capital M: M,, My, My, and M,,.
So far the analysis is the same as presented in the last chapter. There we saw
that
M, = my,, My = mgA, M, = ATmy, M, = ATm, A, (3.6)

where m,,, mg, my, and m,, are the diagonal and hierarchical “underlying” mass matri-

ces, and A is a matrix that can be brought to the form
A=D Ar U, (3.7)

where D is a complex diagonal matrix, ¢/ is unitary and

1 b ce?
Ax=101 a . (3.8)
00 1

Here a and b have been made real by absorbing phases into D and U.
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It will be important to keep track of complex phases for the later analysis of

proton decay, let us define D = ¢® D, where D and ® are real diagonal matrices, and

R

. — i, R — R —
similarly m, = e"®*m;,

, mg = eamB omy = e®tml o m, = ¢P*mll where ®,, m!

R

etc. are real diagonal matrices.

It will be convenient to define a “flavor basis” of SU(5) multiplets (denoted by
superscript F') by 5" = UB" and 10F = ¢/(®+®a)10L, (There are three families of these,
but we are suppressing the family indices.) Therefore, if we use eq. (3.7) to rewrite
the expressions in eq. (3.5), we can absorb the factors of & and some of the phases

into redefined fermion multiplets, as follows.

WL my Ul =l (EPomB)ut =l mP e ®u22a-22)e
10l 10L 10l 10L 10F 10F
=ul m, ey | where m, = mf, Q. = o, — 20, — 20,
10F 10F u
dr A) d° =dT  (e®amB) (e"®DAU) d° =dT  (mBD) Ax d°
T (maA)ds, = d (i) (DAY o, = T, (mfiD) Ax d,
_Jr — c _— R
= leF (g An) dgF, where My = mjyD,
T (AT T (14T AT Poi®\ (,i®epyRY g gT AT (=R i(®—®g) pe
ﬁgL (A" my) £ o = EgL (U AADe™) (e**tmy") e, = ﬁgF Ap (DmyY) e .,

E (AAmg) ©¢e €TOF, where My = Dml, Op. = &, — Py,
VgTL (AT m, A) v, = I/T UT AL (P @F ) D2mBY A\ U v, = vl AL 2@ F ) (D2mlt) A Vg
= vl (A} ¢®m, AA) o m, = D*mf, 6,=30,+ ®.
5
(3.9)

This gives the mass matrices of the three Standard Model families in the 107, 5" basis

72



as

M, =m,e®=,  Mg=mgAr, M;= Alm,e®e, M, = AL(e©m,)Ax.

(3.10)
Note that so far no transformations have been done that contribute to CKM or MNS
mixing. To get to the 107, 5" basis from the 10%, 5" basis, we have done a transforma-
tion by U to the 5 multiplets, i.e. to (i) the left-handed anti-down quarks (right-handed
quarks), which does not affect CKM mixing, and (ii) the left-handed charged leptons
and neutrinos, which, because it was the same for the charged leptons and neutrinos,
does not affect MNS mixing.

The parameters that come into the quark and lepton masses and the CKM and
MNS mixing have been reduced to the matrix Aa; the four real diagonal matrices
My, Mg, My, and m,; and two relative phases in ©,. The phases in ©,. and O only
affect right-handed fermions, and for that reason do not affect the MNS and CKM
angles. (This is why they were not discussed explicitly in the last chapter.) But they
do matter, as will be seen, for proton decay.

Now, as usual, we have to diagonalize above mass matrices as by “bi-unitary”
transformations, which means going from the SU(5) “flavor basis” to the “mass basis”
of the Standard Model fermions, i.e. the basis where the 3 x 3 effective mass matrices
of the Standard Model fermions are real and diagonal. We will denote the fermions in
this basis with a tilde. The matrix M, is already diagonal. It can be made real by
redefining the phases of the anti-up quarks as follows: @ = ujor and @¢ = ey gr.
(Here and in the following we are not showing family indices.) The matrix My = Tig Aa

has the form

Sd 0 O 1 b ce Sd Sdb 3d66_i9
Myg=mqAr =T | 0 & 0 01 a |=8,1 0 & &
0 0 1 00 1 0 0 1

The matrix M, must be diagonalized by a bi-unitary transformations. The unitary

matrix that transforms it from the left is just the CKM matrix (since M, is already
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diagonal), and the one that transforms it from the right is very close to being the

identity matrix, as was explained in chapter 2. Thus we may write

mg 0 0
My=mgAa=V: | 0 my 0 |. (3.12)
0 0 my

The mass eigenstates for the down quarks are therefore given by d=Vi dipr =

CKM
leF - V

" wny @, whereas for the anti-down quarks, one has simply d° 2 d%F.

The diagonalization of M, proceeds in an analogous way, except transposed. So
the non-negligible rotation in this case is done from the right, i.e. to the left-handed
anti-leptons /¢, whereas a negligible transformation is needed of the left-handed leptons
. We can thus write Ag my = my Vie. Therefore the mass eigenstates of the anti-
leptons are (¢ = Vjee'©r Cor = l=r. (See eq. (3.9).) Since negligible rotation of
the left-handed charged leptons is needed to diagonalize M,, the MNS mixing comes

almost entirely from the diagonalization of the neutrino mass matrix M,, which is

given by

MU = Ag(ei@”my)AA

1 0 0 ge® 0 0 1oV Z—Z|Vublei‘s
= e V] 10 0 pe 0 0 1 LY
me | Viple® TVl 1 0o 0 1 0 0 1

(3.13)
where we have pulled out an overall factor p, to scale the 33 element of m,, to 1. Since
the transformation to diagonalize M, is to a very good approximation just the MNS

. ~ -‘— . . . ~
matrix, one has v = U/  ver = ver = U, V.

We can now write the content of the SU(5) multiplets that contain the Standard

Model fermions, in the 107, 5" basis. Using the facts that u,or = 1, U

c
10F
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@, dygr = Vegy d, dip = d° (e = Vie £°, Lgr = {, and vgr = U, 7, one has
107 = [ 7Vl e o B = U, ,
VC’KIVId I g
I
(3.14)

where [ is the family index. So, for example, if I = 1, we see that the SU(5) partners of
the physical @iy, are (i) the physical u¢; times the phase e (®«)i1_(ii) the CKM linear
combination of the physical down quarks, namely VCKMJ = (VuchL +Vus§L+Vub5L), and
(iii) the linear combination of the physical anti-leptons ((Vie)11€¢+(Vie )19+ (Vie ) 137°)

times the phase e~#(©¢)1,

3.3 Proton Decay Angles for SU(5) Modes
In this section, we will consider proton decay caused by the exchange of the
superheavy gauge bosons of SU(5). These obviously only make transitions within the

irreducible multiplets of SU(5). From eq. (3.14), therefore, we see that the only mixing
V. and Vie. The

matrices that enter into such proton decay amplitudes are U I

MNS?
CKM and MNS matrices can be measured at low-energy, and are fairly well known.
The matrix Ve cannot be measured at low energy, but is predicted by the model, since
it comes from diagonalizing AXm,. Aa is known and determined by the masses and

mxings angles of quarks. The diagonal matrix m, can be determined from the masses

of the charged leptons. One finds that to an excellent approximation

1 —n”;—zb —Zi cet? 1 —0.02 —0.001exnm
Vie = ;;;—Zb 1 —Z—Za ~ 0.02 1 —0.12 ,
Me 0 Tug 1 0.001e~ s 0.12 1

(3.15)

Since the 7 lepton is too heavy to be involved in proton decay, only the 12 element of
Vie , which we shall call ¢, enters the proton decay amplitudes. (¢ = 0.02.)

As can be seen from eq. (3.14), this model gives quite definite predictions

for all the mixing angles that come into SU(5) fermion multiplets and thus into the
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amplitudes for proton decay via the exchange of the superheavy SU(5) gauge bosons.
In particular, one sees that the only mixings that come into those amplitudes are the
CKM and MNS elements and the (small) 12 element of V.

While this is a definite and (in principle) testable prediction, it is not very
distinctive of this model, as all models will involve the CKM and MNS mixing. The
one non-zero parameter that comes into proton decay that is distinctive of this model
is (. Because ( is small, however, it would be very hard to measure even if proton
decay is seen. On the other hand, if ( is measured, then, as we will show, it would
allow a test of a well-known mechanism || for solving the Strong CP Problem that is
otherwise almost impossible to test.

If we embed this model in SO(10), as is quite natural and simple to do, one
finds predictions for proton decay branching ratios that are quite distinctive of this
model. In fact, they would allow an independent measurement of the parameter b
and a combination of a and ¢, which are also determined by low-energy physics. We
shall consider the SO(10) embedding of the model and the resulting proton decay
predictions in the section 3.4. First, we shall find the proton-decay operators coming
from the exchange of the SU(5) gauge bosons.

Let us denote the superheavy gauge bosons of SU(5) by W, where a = 1,2, 3 is
an SU(3). color index and i = 4,5 is an SU(2), weak index. The W¢ could be the X
or Y bosons and also myx = my is assumed. The relevant couplings are (E)WVV?WC +
(V)W + () W%h,, in Standard Model notation. Dropping the color and weak
indices and putting in the family indices I one has u*, WQ; + Q W5 + L W d, where

u v _
Qr = and L; = . Here the family indices refer to the 107, 5" basis,

1 1

76



shown in eq. (3.14). These terms give the d = 6 operators

% (@[’Vﬂu?) (ny“df;) - % (@ﬂ#uf) (@J’V“g(cl)

5

=5tz [(drpus) @oyds) + @rug) (€r"d5)] (3.16)

—gnz (@) (dye5) + (dryeug) @7es)] .
Referring to eq. (3.14), and keeping only the fermions light enough to be decay products

of a nucleon, the relevant operators are

2?552 ([cos Ocd + sin Gcé]ﬁmﬂc) (vewd'c + Du’y“§c>

95 (T 06 (Erde - Tarse
+omr (@yd) (Eyde + i3

- 2?25% (@ry,u°) ([cos Ocd 4 sin 0¢3)yH[E° + e’mlCﬁCD (3.17)

sz (@) ([ sinfod + cos Yos)y# [—e 2 ¢ee + ]

o ([COS fcd + sin 005]7uac> (ay[e® + e 1¢ac]),
where o7 and a9 are the 11 and 22 elements of the diagonal matrix of phases Ope.

Collecting like terms (and doing a Fierz transformation [| of the last term in eq. (3.17))

we obtain:

2 3 ~
2?3; ([cos fcd + sin ecg]%a‘f) (ﬁeyﬂdc + T gc)

. (@y,0°) (Ewcic +/wa‘§c)
2M3 g
2 — = . — . = —
5t (@) [209(d77%) + (259 — €7 2C)(59%%) + (2¢7%1C = ) (dy"E) — eo(37"0)|
(3.18)

where sy = sinfc = V5, ¢y = cosb, and where we have dropped terms of order (sq

(= 0.004) or smaller.
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The phases a7 and ay are unknown free parameters of the model. They enter,
however, only in the small terms proportional to {, and thus their effect would not be
significant unless the proton decay branching ratios were measurable to better than a
percent accuracy. If the O(¢) terms could be measured precisely enough, however, it
would allow a test of a well-known mechanism for solving the Strong CP Problem, as
we will now explain. The model we are describing here implements in a very simple
way the mechanism for solving the Strong CP Problem proposed in [16, 17, 18]. Indeed,
it is the model proposed in Nelson’s paper, except that here we have imposed a flavor
symmetry to make the Yukawa terms involving the “usual" fermion multiplets diagonal.
To solve the Strong CP Problem (assuming no supersymmetry) all that is needed is
to impose CP as an invariance of the Lagrangian that is spontaneously broken by the
Higgs fields we denoted 1}, in eq. (3.1). What would happen in that case is that the
phases matrices ®,, ¢4, ¢y, and ¢, would all vanish. (The phase matrix ¢ would
not vanish, however, as it comes from the matrix A that arises ultimately from (1},).)
One can see from eq. (3.9), that O is given by ®, — &, and therefore would vanish.
Thus the mechanism for solving the Strong CP Problem [16, 17, 18] predicts that

0412042:0.

3.4 Proton Decay Angles in The SO(10) Embedding of The Model

More interesting predictions for proton decay arise if the model is embedded in
SO(10). This embedding is very simple. The “usual” fermion multiplets are contained
in spinors of SO(10), while the “extra” vector-like fermion multiplets are contained in

vectors of SO(10):

10V +5” c16Y, 5745 c 10", (3.19)
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Then the Yukawa terms in SO(10) are

Lys = Y,(16Y16Y)(10,)
+ Y,(16}16})(126),)
+ (A, /Mg)(1616Y)(16,,) (16,)
+ Y7, (10510,,)(14) + v/, (10516Y)(164;).

(3.20)

The analysis presented in the previous section goes through without change. Now,
however, there are additional superheavy gauge bosons in SO(10) that mediate proton
decay, namely those that make transitions between the 10V and 5" within the spinors
16Y. These new gauge bosons are X’ and Y’ in SO(10) which transform as (3,2, &) +
conj. under the Standard Model gauge group SU(3). x SU(2);, x U(1)y, and can be
denoted by W4 and W,;, where a is a color index and i is a weak index. These new
gauge bosons have coupling to the 10V and 5° in the 16V of the form YW st eP10
(where «, 3, etc. are SU(5) indices), which contains (Ech/aiwj — EbjWaiwc)eijabc.
Translating this into the notation of the Standard Model, one has

(u) "W ai (L) ;€7 + (Q) jp W 0i(d€) €™ €. (3.21)
The fermions in these operators are in the “usual” multiplets 10Y + 5 ¢ 16Y. Let us
make this explicit, but suppress the SU(5) indices for clarity: FlOUWLEU +@10UWd%U.

Using egs. (3.4) and (3.9), this can be rewritten in terms of the fields in the multiplets
10" and 5" shown in eq. (3.14):

FlOUWLgU + aloUWd%U

— EloLW/ALgL + @loLwAdgL
(3.22)

= W DAAULg) + Qo WDAA (UL,

= €i(¢‘d+q)) [FlOFW[DAA]LgF +@10FW{DAA]CZ§F
The gauge bosons in eq. (3.22) form a weak doublet with electric charges 3

and —%, which we will denote W, /3) and W_y/3). First, let us consider the couplings
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of W1/3), which will give the proton decay modes with charged leptons. Writing out
the terms in the last line of eq. (3.22), referring to eq. (3.14), and keeping only those
quarks and leptons that are lighter than a nucleon, one has
el PP [T 13y Dy Y g 5 (An) 1oy + T (13 D1 Y 5y 5(Aa)1sdS5)
(3.23)
= /PP D [T (1 73) (€ + bit) + T (1) (d° + b5°)],

where D; stands for the JJ element of the diagonal matrix D. The couplings in eq.
(3.23) give the d = 6 nucleon decay operators

2 TETTIET. ~ey (= 5 e
(23’4 (D1)2> ([€ + by, a©) (" [d + b3e])
(3.24)
2 . E— - B
=K (ﬁ) (wy,a©) ([€ + birly"[d° + b5°]),
where the second line was obtained by a Fierz transformation, and we have defined the

2 2
291(2)/M%o
95/M;3

Combining these SO(10) operators with the SU(5) operators given in eq. (3.18),

real parameter k = (D)

we can compute the proton-decay rates for the two-body decay modes having charged
leptons in the final state, namely p — 7%*, p — 7%u*, p — K%™, and p — Ku™. If
we consider the three ratios of these four rates, most of the unknown quantities cancel

out. Using the results of [29] we obtain

L(p— 7u™)  (bk)* + |sg — 2712

= 3.25
['(p — wlet) (14 £K)2+ (2¢9)> ( )
F KO + b 2 2 a2

[(p — nle™) (14 k)2 + (2¢9)?

1’\ KO + 1 2,.\2 2

['(p — wlet) (1+ k)2 + (2¢9)?

with
2
m2\2 [1+ =2(D —F)

=2(1-—£& e =0.105 £ 0. 3.28
R < mf,) ( T+ D+ F 0.105 £ 0.005 ( )
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where D and F' are chiral lagrangian parameters found in [30] to be D + F = 1.267 +
0.003 and D — F' = —0.341 £ 0.016 and mp = 1150 MeV is an average baryon mass.
One sees that if the small effects of ( are neglected, the three measurable ratios
given in eqs. (3.25)-(3.27) depend in the SU(5) model (x = 0) on no unknown model
parameters, giving three testable predictions. In the SO(10) model they depend on
only the one unknown model parameter &, giving two testable predictions. The SO(10)
version is more interesting, however, in that the value of b can be extracted in two
independent ways from these two predictions and compared to the value of b obtained

from fitting the CKM mixing, which is b = 2=V,.. This is a highly non-trivial test of

mq

the model. And, indeed, this is one of the few models in the literature (maybe the only
one) where proton decay allows a direct test of a model of quark and lepton masses
and the mechanism of flavor mixing.

Let us now turn to the operators involving W_/3), which give the nucleon decay
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modes with neutrinos.

PPN [GW (g D1 37 5y 5 5(An) vl
+ ¢i(®at2®n [[Ceaz-i- Seg]W(—z/:a)Dl 2J=1,2(AA)1JJ‘CI}
+ ei®at2®)2 ([ gyd + coBIW a3y Do ZJ:LQ(AA)QJCZCJ]
= PPN G (g3 Dy (v + by + e )]
+ ei(®at2® [MW(fz/s)Dl(dc + b5°)] (3.29)
4 ei(@d+2®)2[mW(_2/3)D2§C]
— PP D [Ty gy (Ve + b, + ce 0, )]

+ P2 Dy [egdW (a5 d + (50 + Acg) S (_ay3)d°

+ (Ceb — )\SQ)CZW(_Q/?))gc + (Seb)EW(_g/g)gc],

where ) is a complex number with magnitude Dy /Dy, and phase (®y+2®P)y— (P g+2P);.
Both the magnitude and phase of A\ are free parameters in this model, even if the
mechanism of [16, 17, 18] is implemented.

The terms in eq. (3.29) allow us to write down the d = 6 nucleon decay operators
that come from the exchange of W(_y/3):

2 — - _ - — _
e/~ Put2Pat22)1 (_95 ) [Ced%dc + (8o + Acp)57,d° + (cob — Asg)dry, 5 + (895)5%50] [TAtac],

2M?2
(3.30)
where v, = (v, + by, + ce v, ). This can be compared to the operator containing the

neutrino fields coming from the exchange of SU(5) gauge bosons, given in eq. (3.18),
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which after Fierzing is

2 — B _ ~ _ ~
(2?\;2) |:<09d7,udc + 895’7udc> (ﬁefyluﬂc> + (CQ d’yugc + Sg §,YM§C> (D’u,}/,ﬂac)] ) (331)
5

There are two measurable two-body decays of the proton that involve neutrinos,
p — m7v and p — KTv, since the flavor of the neutrino is not observable in practice.
Thus, two more ratios of rates can be measured. In the SU(5) version of the model,
these do not depend on any additional model parameters, so two predictions result for
the neutrino modes. In the SO(10) version of the model, an additional complex model
parameter enters, namely A. For some ranges of |A|, the phase of A doesn’t make much
difference, so there would be one prediction for the neutrino modes. One can see form
the definition of v, that this prediction would test the values of the parameters a and

c that are given in eq. (2.13).

3.5 Conclusions

To sum up, in the SU(5) version of the model, there are five measurable ratios
of rates for the two-body proton decays, and so there are five predictions if the effects
of the small parameter ¢ can be neglected. These five predictions do not test the values
of the quantities a, b, and c¢. On the other hand, if the effects of ( could be measured
with enough precision, the values of the phases a; and as could be determined. If
they are consistent with 0 or 7, then it would support the mechanism for solving the
Strong CP Problem proposed in [|. In the SO(10) version of the model, the same five
measurable ratios of proton decay rates depend (if ¢ is neglected) on two unknown
model parameters, x and \. If the value of the latter is such that its phase does not
matter, then there are three predictions. These do test the quantities a, b, and ¢, and

thus would provide a highly significant discriminant between this model and others.
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Chapter 4

A SINGLE SOURCE FOR ALL FLAVOR VIOLATION

4.1 Introduction

In this chapter, we are going to discuss another way to test the model proposed
in the chapter 2. This model was shown to give several predictions for quark and lepton
masses and mixing angles and for mixing angles within grand unified multiplets that
are observable in proton decay. Here it is shown that the same master matrix A controls
the flavor-changing processes mediated by a Standard-Model-singlet scalar that exists
in the model, giving predictions for 7 — uvy, 7 — ey, and pu — ey. Therefore, certain
parameters of the model may be measurable in three independent ways: by precise
determination of neutrino and quark properties, by proton decay branching ratios, and
through flavor-changing lepton decays.

In section 4.2, we will show how the model leads to predictions for flavor chang-
ing in the lepton sector. In section 4.3, we will analyze the flavor-changing effects that

arise from the exchange of a Standard-Model-singlet scalar that exists in the model.

4.2 The Model with A Single Source for All Flavor Violation

We will start our discussion again from the Yukawa terms of the model

Lywe = Y;(10;10;)(5x) + y;(10;5;)(5m)
+ (10 10)(45H)+y1(105)( )
+ (Ni/MR)(5:5:)(5u)(5m)
+ Yip(5455)(La) + Y (545:) (L),

(4.1)

where the subscript H denotes Higgs multiplets. Repeated indices (i, A, or B) are

summed over. Note that the vacuum expectation values of 1/, spontaneously break
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the abelian family symmetries; so that the last term in eq. (4.1), which mixes the 5;
and E/A, does not respect the family symmetries and can give flavor violation. It is
important for the predictivity of the model that the last two terms in eq. (4.1) involve
only SU(5)-singlet Higgs fields, as otherwise the master matrix would be different for
quarks and leptons. This can be ensured by another abelian symmetry that prevents
the SU(5) adjoint Higgs field from coupling in these terms [28].

Let us recall that [Y)z(1y)] = Map and [v/4,;(1%;,)] = A4; and first examine the

down-type quarks. These have a (34 N) x (3 + N) mass matrix of the form

mq 0 dS
(d0), Disry) G, (4.2)
A M I

The block diagonalization is carried out by a bi-unitary transformation of the (3 +

N) x (3+ N) mass matrix:

mq 0 I G my 0 A B Md 0
— = . (4.3)
A M -G I A M ¢ D 0o M
N———— N————
~=Uy, =Ugr

Here the elements of G are small and U}, is approximately diagonal, because the ele-
ments of my are very small compared to those of M and A. In earlier chapters, we
could neglect the matrix G, but for the calculations we will do in this chapter, it must
be included. One can give exact expressions for the matrices A, B, C, D, and GG, which

will be useful in section 4.3. Defining T'= M ~'A, one can write

A = [I+TT)]7V?

B = [[+T!T)\V2Tt = ATt =TI + TTTV2=T'D

C = -TI+T'T)V?=-TA=—[I+TTV?*T=-DT (4.4)
D = [[+TTHh /2

G = —M'"D*Tm],

Since the elements of A and M are of the same order, the elements of T" are of O(1),

and the matrices A, B, C, D have off-diagonal elements of O(1). As we showed in
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earlier chapters, one can write the effective 3 x 3 mass matrices of the Standard Model

up-type quarks, down-type quarks, charged leptons, and neutrinos a
Mu = MMy, Md = mdA, Mg = Ang, M,, = ATm,,A, (45)

where A is of the form A = D Ax U. And as discussed before, the matrix U can be
absorbed into redefined right-handed down quarks and the left-handed lepton doublets.
Similarly, the phases in D can be absorbed into redefined fields. The diagonal real
matrix |D| can be absorbed into redefinitions of the original diagonal mass matrices
as follows: my = my|D|, my = my|D|, m, = m,|D|? and m, = m,. After these
redefinitions, the mass matrices of the three light families take a new form and eq.

(4.5) can be rewritten a

M, =m,, Mq=mgAr, M,=Am,, M,=A\m,Ax. (4.6)
4.3 Flavor Changing from Singlet Scalar Exchange

In this section we consider the effects of the scalar field 15 that couples to
the vector-like fermions to produces the N x N mass matrix Map = Y)5(1y). We
will henceforth call this singlet Higgs field Q = () + Q. The exchange of the € will
mediate flavor-changing processes. For these effects to be observable in practice, in this
chapter, we must assume that the scale M,, which characterizes the mass and vacuum
expectation value of €2, is not too much larger than the weak scale. We will assume
that it is of order 1 TeV to several TeV.

Let us look first at the Yukawa couplings of Q to the down-type quarks. In the
same notation of eq. (4.2), the Yukawa couplings of Q) to the down-type quarks is given
by

0 0 dfg) -

(d0); Disry) Q, (4.7)
0 M/(Q) D,
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When one block-diagonalizes to separate the light and heavy fermion stats, this Yukawa

matrix is transformed by the unitary matrices Uy, and Ug as in eq. (4.3):

0 0 I G 0 0 A B 1 [ GtMC GtMD
— —_
0 M/(Q) —G I 0 M/(Q) C D O\ mc wMD
~—_—— ———
~yl =Ur
(4.8)

So the effective Yukawa coupling of Q) to the three light down-type quarks d, s, and b,
is given by d;(GTMC);;dS (Q/(9)). Remarkably, the effective Yukawa coupling matrix
here, GTMC/(Q), which we will call Y, can be written simply in terms of the master
matrix A. Using eq. (4.4), one obtains

Yy (Q) 2 GIMC = (—mqTtD*M~")M(~TA)
= myT'D?*TA
= myTT(I+TTH'TA (4.9)
= my"T(I+T'T) 1A
= mg(A™2 — T1)A® = mg(A — AATA).

In going from line 3 to line 4, we have used the fact that (I +7T7T")'T = T(I+T7T)!,
as can easily be seen by expanding out the expressions is parentheses as power series.
In the last line, we have used the fact that A = (I +T17T)~/2, and that A is hermitian.
Let us rewrite this expression in terms of the triangular matrix Aa, since that is the

matrix whose elements are known. Since A = DA U, we hav

Yd<Q> = md(A - AATA)
= ma[DAAU — (DAAU)UTALD*)(DAAU)] (4.10)
— mgDAx [I — A\|D|2PAA U.

The factor U on the right will be absorbed by the re-definition of the right-handed down-
quark fields. Doing this re-definition, and using the fact that mqyDAx = MgAa = My,

the Yukawa coupling matrix takes the form

Ya(Q) = Mol — AL|DPAu]. (4.11)
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The mass matrix M, is diagonalized by a bi-unitary transformation to give VJLMC,VdR =
Mghys = diag(mg, ms, mp). As we have shown in the previous chapters, the matrix Vy,
should be the CKM matrix, while the matrix Vg differs from the identity matrix by
terms of order O(m?/m?), O(mgms/m?), and O(m?2/m?), which can be neglected. Tt
is clear then that in the physical basis of the down quarks

1
yPhys o @Mghys [I — AL |D|?A4]. (4.12)

Obviously, only the second term in the brackets leads to flavor changing. Let us
parametrize the unknown matrix D as diag(d, ¢, (). The flavor-changing Yukawa cou-

pling matrix of the Q to the physical down-type quarks is of the form d;(Y;}¢);;dQ

34535
wher
mg 0 0 1 00 52 0 0 1 b celf
Y[ = | 0 ms 0 b 10 0 |2 o 01 a
0 0 my ce™® a 1 0 0 |¢]? 00 1
mg 0 0 ANga Ags Agp
= | 0 m 0 Na Ay Ay |
0 0 m Apa Aps Ay,
(4.13)
where

Ags = A =10,

Ag = Apy=|6%ce®, (4.14)

Ay = A; = lela+ |6]?bce’.
Note that the flavor-changing (i.e. off-diagonal) elements of Y,/ depend only on two
unknown combinations of parameters: |§*/(Q2) and |e[*/(2). Note also that Ay, and
A,, are real in the physical basis of the quarks, so that the ex parameter of the
K% — KO system, does not put constraints on flavor changing coming from the singlet

scalar exchange.
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The charged-lepton sector is identical except for a left-right transposition. So
writing the flavor-changing Yukawa coupling matrix of the Q to the physical charged
leptons as £; (Y,F9);;6Q, one finds

/|
me 0 0 1 00 62 0 0 1 b ce?
Y = | 0 m, 0 b 10 0 le2 0 01 a
0 0 m, ce”® aq 1 0 0 ¢ 00 1
Me 0 0 Aee Aeu AET
= | 0 m, 0 Npe D Dur |
0 0 mr ATG A‘r,u ATT
(4.15)

where

Aoy = Ay =07,
A, = A, =10|%ce?, (4.16)
r Az, = lel*a + |0]*bce™.

The flavor-changing Yukawa couplings come into the processes {1 — 57y through-
two loop diagrams, as shown in [31, 32]. The specific diagrams that dominate in this
model have the vector-like fermions running around the loop that gives an effective Q-
photon-photon coupling. The resulting branching ratios for the flavor-changing lepton
decays can be expressed in terms of the quantities given in eq. (4.16) as follows [33]:

BR(fy — ) = 24 (%)3 (é—>)4 1Ay e, | (4.17)

2
2 my
ms

If one assumes that the expression for A, in eq. (4.16) is dominated by the [§]* term,

One prediction is that

2

Vo |" 1. (4.18)

Vu S

BR(T — e7)
BR(p — ey)

2
A

‘ ¢
A

Y ‘

ep

then one would also have the prediction

BR(T — wy) = |c?BR(pn — ey) 216 - BR(u — ev). (4.19)
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Given the present limit [34] that BR(u — ey) < 5.7 x 107!3) this would gives a
prediction that BR(7 — py) < 107, This is well below even what is expected to be
observable at a super-c-7 factory [35]. On the other hand, the branching ratio for this
decay can be much larger if A, in eq. (4.16) is dominated by the |e|* term. As we will
show below, there is an approximate theoretical bound that |e|*> < 1/2. This would

give

(4.20)

4
BR(t — p7) < 1.5 x 10~° <1 Tev)

()
The flavor-changing processes involving quarks do not get large enough contributions
from the exchange of the singlet scalar Q to stand out from Standard Model contribu-
tions. For instance, the coefficient of (5d)(5d) operators is found from eqs. (4.13)-(4.14)
to be of order ﬁb2’5|4 < 10715(GeV) 2 (%)4, where we have used an upper
bound on |6]? that is derived below. (From the first line of eq. (4.24) one finds that
|6* must be less than (1+5?)~' ~ 1/17.)

Let us now consider the parameters d,¢, (. While the matrix D = diag(d, ¢, ()
is not known a priori, it is nevertheless possible to derive strict upper bounds on the

parameters ||, |¢|, and |(| from the properties of the master matrix A. From the fact

that A = (I +T1T)~"/? and that A = DAAU, one has that

A At = DANAKDY = (1 + T1T) !

(4.21)
(DANALDH) ™ — [ =T'T.
Computing the matrix on the left side of the above equation, one obtains
1/]0[? —b/(8%€) (ab — ce”)/(6%¢)
—b/(8¢") (146%)/ef? —(a+ab? —bee)/(*¢) |~ =TT,
(ab—ce™)/(6¢*) —(a+ ab® —bee ) /(eC*) (1 + a® + |ab — ce?|?)/|C|?
(4.22)

For any matrix T, there is an inequality that must be satisfied by the elements of 77T

namely

(TTT)* < (T'T)is(T'T)g5 Y i, (4.23)
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This is obvious if we write T;; = (t;))i, where t;),i = 1,2, 3, are three complex vectors.
Then the inequality is just seen to be the statement that |Fz*l) tiy| < || [E)]. From
this inequality with (i,7) = (1,2), (1,3), and (2, 3), respectively, one obtains after a
little algebra

(1+0)|0]2+ |e]* < 1,
(1+a®+ |ab — ce?)|5> + [¢]? < 1+ d?, (4.24)

(14 a®+ |ab — ce®|H)|e|> + (1 + ) [C)> < 1+ +
using the values of a, b, ¢ and @ given in eq. (2.13), the third equation of eq. (4.24)
gives an upper bound on |e|? of approximately 1/2.

In this chapter, we have assumed that the scale M, of (2) is in the low TeV
range, otherwise the flavor-changing effects from exchanges of @ would be hopelessly
small. But then one must run the Yukawa couplings Yjp and y/y; shown in the last
line of eq. (4.1) from the GUT scale down to the scale M,. If these ran differently for
the leptons and quarks, it would make the matrices A and M in eq. (4.2) different for
quarks and leptons, and thus also make the master matrix A different for quarks and
leptons. That could destroy the predictivity of the model. If one considered only gluon
loops in the running there is no problem, as the effect would be to increase A and M
by the same factor for quarks relative to leptons. This factor would cancel in the ratio
T = M~'A, and therefore also in A = [I + T1T]~'/2. However, the gluon loops could
do the following: they could increase the Yukawa couplings Y}z and y); for quarks
so much that the effect of these Yukawas on their own running could be much more
significant for quarks than for leptons. That would make the forms of the matrices A
and M — and therefore the form of A — different for quarks and leptons.

There are two ways to avoid this problem. One is that all the Yukawas Yz
and y/;; remained small for the whole range from Mgyr to M,.. This has a drawback,
however. If these Yukawa couplings Yz are small compared to 1, then the VEV (Q)

would have to be large compared to a TeV to make the vector-like fermions in 5" + 5
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heavy enough not to be seen. That would suppress flavor-changing effects from €
exchange.

A cleaner way to avoid the problem is to assume the following two conditions:
(a) The Yukawa couplings v/, that generate the mass matrix A are small compared to
1, and the VEV of the Higgs fields 1’;; correspondingly large compared to a TeV. (That
would have the additional advantage of making flavor changing from the exchange of
these scalars negligible.) (b) The Yukawa coupling matrix Y} is proportional to the
identity matrix, which could be the result of a flavor symmetry that acted on the
vector-like families. Then even if gluon loops drove Y} 5 to be of order 1 at low scales,
that would not affect the form of Y} 5.

Another theoretical issue raised by M, being near the weak scale is that the
spontaneous breaking of the family symmetry group Gy would cause cosmological
domain walls. This breaking is done by the VEVs (1p;). To avoid overclosing the
universe, these domain walls would have to be “inflated away". One simple possibility
is that G is actually broken at a scale much higher than M, but only induces a VEV
for 1y, that is of order M,. For example, consider the terms £(0) = —1M?0? + {0,
where the scalar field o and fermion bilinear ¥ are odd under a Z, and M is of
order the GUT scale. Let the fermion bilinear get a condensate (1¢)) = A3, where
A ~ (M?M,)"/3, which is many orders of magnitude bigger than M,. The Z, will be
broken at the scale A, whereas () = A3/M? ~ M,.

4.4 Conclusions
The model of flavor symmetry and flavor violation proposed in [28] has the
virtue that it is (i) conceptually simple, (ii) explains some of the qualitative features of
the quark and lepton spectrum (e.g. the MNS angles being much larger than the CKM
angles), and (c) is highly predictive. As such, it can provide a kind of “benchmark" for
seeing how large various kinds of flavor-changing processes might be expected to be.
The model is of the “lopsided" type [5, 6, 7, 8, 9, 10, 11, 12, 13|, which tends to

give relatively large flavor-changing effects. In models with symmetric mass matrices,
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which are very common in the literature, off-diagonal Yukawa couplings Y;; are typically
proportional to /m;m; /v. In lopsided models, however, Y;; and Y}; are very different
in magnitude from each other, being proportional to m;/v and m;/v. This is the reason
for the name “lopsided", and why the flavor-changing effects tend to be relatively large.

It is likely, then, that the flavor-changing Yukawa couplings given in eqs. (4.13)-
(4.16) (with the bounds in eq. (4.24)) are typical of what would expect for a new scalar
field. We see that if the scale of new physics M, is of order 1 TeV, there is good hope
of eventually seeing the processes 7 — vy, 7 — ey, and p — e7y. One also sees from
this model, that observing such processes can confirm or rule out specific models of the

origin of flavor and flavor violation.
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Chapter 5

MODEL OF QUARK AND LEPTON MIXING AND MASS
HIERARCHY

5.1 Introduction

It is shown that an idea proposed in the paper by Babu and Barr in 1996 that
relates in a qualitatively correct way the inter-family mass hierarchies of the up quarks,
down quarks, charged leptons, and neutrinos, can be combined with the idea which
relates quark mixing and neutrino mixing discussed in the chapter 2. In this chapter,
we will propose a possible way combining these two ideas. In the resulting model,
the entire flavor structure of the quarks and leptons can be expressed in terms of two
master matrices: a diagonal matrix H that gives the inter-family mass ratios, and an
off-diagonal matrix A that controls all flavor mixing.

The flavor problem has two aspects: (a) explaining the pattern of mixing angles
for the quarks and the leptons and (b) explaining the pattern of inter-family mass
hierarchies for the up-type quarks, down-type quarks, charged leptons, and neutrinos.
We will show in this chapter that an idea for explaining the mass hierarchies proposed
in 1996 by K.S. Babu and S.M. Barr [5] can be successfully combined with the idea
discussed in chapter 2 [28] for explaining the mixing angles. We shall refer to these as
the “BB idea” and the “BC idea” respectively. The two ideas are actually complemen-
tary, and by combining them a model emerges that is simpler and more explanatory
than either by itself.

The BB idea was based on the observation that the inter-family mass hierarchy
is strongest for the up quarks (u,c,t), is intermediate for the down quarks (d, s, b)
and charged leptons (e, i, 7), and seemingly is weakest for the neutrinos(vy, v, v3). It

was noted in [5] that this can be explained if the mass matrices of these four types of
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fermions have the forms M, = Hm,H, M, = Hmg, M, = m, and M, = m,,, where
H is is a diagonal matrix with a hierarchy among its elements, and where m,, mq, my
and m, are matrices with no special form, i.e. with all elements of the same order.
Moreover, it was shown how these insertions of the hierarchy matrix H can arise in a
simple and natural way from mixing between the three chiral families of usual fermions
and extra vector-like fermions in 10’ + 10" multiplets.

The BC idea was based on the observation that inter-family mixing is weaker for
the left-handed quarks than for the left-handed leptons, and that this can be explained
if the fermion mass matrices have the form M, = m,, M = m4A, M, = ATm,, and
M, = ATm, A, where A is a “master matrix” that controls all inter-family mixing, and
where the matrices m,, mg, my, and m, are diagonal and hierarchical and therefore
have no mixing. Moreover, it was shown in [28] how these insertions of the master
matrix A can arise in a simple and natural way from mixing between the three chiral
families of usual fermions and extra vector-like fermions in 5 + 5 multiplets.

These two ideas are clearly similar in a number of respects. In the BB idea
one matrix H controls all the inter-family mass hierarchies, while in the BC idea one
matrix A controls all inter-family mixing. In both ideas, these master matrices arise
from the mixing of the three chiral families with vector-like fermions. And the forms
of the fermion mass matrices that arise in both schemes are products of diagonal,
hierarchical matrices with non-diagonal, non-hierarchical matrices.

In section 5.2, we shall briefly review the BB idea. In section 5.3, we will show
how BB idea can be combined with BC idea. In section 5.4, we deal with the question
of introducing breaking of SU(5) into the fermion mass matrices so as to avoid the well-
known minimal SU(5) relations mgq = m., ms = m, and m;, = m, at the unification
scale. In section 5.5, we show that the relative magnitudes of the various inter-family
mass hierarchies (of the up quarks, down quarks, charged leptons, and neutrinos) come
out to be of the right magnitude in the combined scheme without parameters having

to be tuned to unnatural values.
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5.2 Brief Review of The BB Idea

The BB idea was that every fermion 10 multiplet in a Yukawa term is accom-
panied by a factor in the mass matrix of a hierarchical, diagonal matrix H, which one
can write as H = diag(«, 8,1) h, where @« < § < 1. This can happen as the result
of the mixing of the 10 multiplets in the usual three chiral families, which we denote

by 10V + 5,

7 )

with extra vector-like 10 multiplets, which we denote by 10%; + EEZ-
1 =1,2.3). Let the “underlying" Yukawa terms that give electroweak-breaking quark
( 2, ying g gq

and lepton masses be of the form

V455 + (5. VB 5uby /M. (5.1)

U
J Y V]

(107Y,*10V5, + (10VY;,5, )54 + (10Yy,;5

7=

The role of the term with the 45 of Higgs fields is to give different contributions to
the mass matrices of the down quarks and charged leptons [23, 14| and thus avoid the
“bad" predictions of minimal SU(5) that m. = mg, and m, = m, at the GUT scale.
Suppose that 10V and 10%; mix in a family-diagonal way to produce a light linear
combination 10%; that contains Standard Model fermions and an orthogonal linear

combination 10 that is superheavy. Then one can write
107 = cos 6;10%; + sin §;107. (5.2)

Substituting this into eq. (5.1), one obtains for the effective Yukawa terms of the

Standard Model fermions

(10%; cos 0;Y}; cos 0 10%,)5,+(10%; cos QiY;jgy)gH+(10Li coS Hiyijgg)4_5H+(5§]Y55§])5H5H/MR.
(5.3)

Therefore, the effective quark and lepton mass terms of the Standard Model quarks

and leptons can be written
M, = Hm,H,

My = H myg,

¢ ¢ (5.4)
Mg = My H,
Mu = My,
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where

cos 6, 0 0 a 0 0
H = 0 cosb, O =10 8 0 |h (5.5)
0 0 cos 05 0 0 1

and where (m,);; = Yjvs, (ma)i; = Yijus + yijvzs,  (me)i; = Yijus — 3yijvgs, and
(my)ij = Yg(v?)/MR) These four “underlying” mass matrices m, ,mq, my, and m,, are
not assumed to have any special form, and therefore for each of them one expects all

the elements to be roughly of the same order. From eqs. (5.4) and (5.5) one has

a? aff « 111
My~ | ap B2 B | thy My~ 1 11 | o
a [ 1 111
(5.6)
a o o a [ 1
Mg~ 1 B B B | Ha My~1 a B 1 | o,
1 1 1 a g1

where “~” means that the various elements are of the given order of magnitude. This

obviously gives

My @ Me © My ~ a?:p3%:1
Mg : Mg - M ~ «:p:1
) b 8 -
Me 1 My, : My ~ «a:f:1

My, P Myy - My, ~ 1:1:1.
This reproduces well, in a qualitative way, the strengths of the inter-family mass hierar-

chies of the different types of fermions. Also from inspection of eq. (5.6) it is apparent

that
111 1 a/f «
Uuns~ | 1 1 1 |, Vekm~| o/ 1 B |- (5.8)
111 a B 1

This gives O(1) MNS mixing angles and small CKM mixing angles, with |V;| ~

|ViusVis|, which also is qualitatively correct. On the other hand, since there are no
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constraints on the forms of the four underlying 3 x 3 mass matrices m,,, mq, my, and
m,, the BB idea in this form has many free parameters and can only make qualitative

post-dictions rather than precise quantitative predictions.

5.3 Combining The BB and BC Ideas

In the BB idea, all the inter-family mass hierarchies come from the single matrix
H, while in the BC idea all the inter-family mixing comes from the single matrix A.
The question naturally arises whether these two ideas can be combined in such a way
that the whole flavor structure can be accounted for with only the matrices A and H,
thereby producing a more predictive and explanatory model. The answer is yes, as we
shall now show by describing a specific model that does this.

The fermion content of the model consists of the following SU(5) multiplets:

U —F —F
(10Y 45, )ic103 + (105 +10)a-105 + (5, +5%)m—10..N- (5.9)

goee

Yukawa terms involving only 10Y and 32] will give rise to “underlying” mass matrices
that get multiplied by factors of the matrices H and A. In order for H and A to account
for all the flavor structure, both the hierarchies among the masses and the pattern of
mixing angles, the underlying mass matrices should have a trivial flavor structure, i.e.
they should be proportional to the identity matrix.. This can be the case if there is
an SO(3) family symmetry under which the 10Y and EZU transform as triplets. The

underlying Yukawa terms would then have the form
Y,(107 107) 5 + Ya(10Y5) 5y + Y.(5; 5,) 5ubu/Mg. (5.10)

Note that unlike eq. (5.1) there is no term here with the 455 of Higgs fields. Since all
the underlying Yukawa terms must be flavor-independent, due to the SO(3) symmetry,
adding a term with the 45 in eq. (5.10) would still leave the down quark and charged
lepton mass matrices proportional to each other at the GUT scale. Therefore, the
group-theoretical factors needed to avoid the “bad” minimal SU(5) relation My = M
must appear in either the H or A matrices. In the model we are describing, they will

appear in the H matrix, as will be seen.
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The matrix A arises, in exactly the manner explained earlier, from the mixing
of the 5, with the “extra" 52, which are assumed not to transform under any flavor
symmetry. Let there be at least two Standard-Models-singlet Higgs fields that are
triplets under SO(3), denoted by 1%, where n labels the Higgs triplet and i is the

SO(3) index. Then one can write the following mass and Yukawa terms for the fermion
5 multiplets:

Myun(57 55) + yn (51, 5,) (1)

(5.11)

= 5., (M5, + Ani5,),
where Ay = > Ymn(17). We assume that the matrices M and A are superheavy and
of the same order. (For example, they may both be of order the GUT scale.) These
terms will make N linear combinations of the 5 fields superheavy and leave three
linear combinations light. These light linear combinations, which contain Standard
Model quarks and leptons, will be denoted giL. The superheavy combinations will be
denoted by 5.

It is easily seen that if A = [I + T1T])"Y2 and B = [I + TTT)7Y/?T", where
T = M'A, then 5° = A5" + B5"”. Exactly as in the BC model, when substituted
into eq. (5.10), this leads to factors of A in the effective mass matrices of the Standard
Model quarks and leptons.

The factors of H in those matrices arise, as in the BB scheme, from the mixing of
10Y with the 10%. In order for H to come out diagonal, the 105 + 105 must transform
under a flavor symmetry. A simple possibility is an abelian symmetry Zél) X Z§2) X ZQ(?’),
such that 10’y and E’A are odd under ZéB) if A= B and even otherwise. Let there be
three Standard-Model-singlet Higgs fields 14, which are triplets under SO(3). Then

the following mass and Yukawa terms of the fermion 10 multiplets are allowed
105 (Yaly +ya245) 105 + 1075 (Yi13) +y,247) 107 (5.12)

The role of the adjoint Higgs fields 24, and 244 is to introduce SU(5) breaking into the

quark and lepton mass matrices, through H, and thus avoid the “bad" minimal SU(5)
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prediction that the down quark masses equal the charged lepton masses at the GUT
scale. It is notationally simpler, however, to explain the mixing of the 10 multiplets
without considering the effects of the adjoint fields in eq. (5.12), so we will first discuss
the unrealistic case where the VEVs of the 24y are set to zero (which we will call
the “minimal model”) and then later discuss the realistic case where their VEVs are
non-zero.

If certain coefficients in the Higgs potential are positive then the VEVs of 14
will be orthogonal to each other in SO(3) space: > (141 (15%) = c4d4p. (In particular,
if the coefficients of the terms (3 1%1?})2 are positive it will ensure this orthog-
onality.) Without loss of generality, one can then choose a basis in SO(3) space such
that the axes are aligned with the VEVs of the three singlet VEVs. That is, so that
(14%) = 5464, Defining, Y (1y) = M4 and Y (14)) = A46%%, eq. (5.12) with adjoint
VEVs set to zero gives

105 (Ma105 + As6%10Y). (5.13)

The three linear combinations of 10 multiplets appearing with the parentheses in eq.
(5.13) are superheavy and will be denoted 10, whereas the three linear combinations
(—AA105 + M454110Y) that are orthogonal to them contain Standard Model fermions
and will be denoted 10%;. This gives

107 = cosf; 10%; + sing; 6 107, (5.14)

where cos0; = 04 Mu/\/IMal?> + |A4]? and sin; = 54 Ay/\/|Mal? + |A4al?. Substi-
tuting this into eq. (5.10), one finds that every factor of 10; in the effective Yukawa
couplings of the Standard Model fermions is accompanied by a factor of cos@;, as in
eq. (5.3). We will assume a hierarchical pattern |A;/M;| > |Ag/Ms| > 1> |As/Mj].

Then we can define a matrix H by

cos 6, 0 0 a 0 0
H= 0 cos 69 0 = 0o 5 0 |, (5.15)
0 0 cos O3 0 0 ~

100



where o < 8 < v 2 1. Substituting 5. = A5 + B5" and eq. (5.14) into eq. (5.10)
and using eq. (5.15), the effective mass matrices of the Standard Model quarks and

leptons can then be written

pae — My=(H D) A pa,
= ATH),U,d — MgZAz (DH),LLd,
) — M, = Az (D2> AA o,

(5.16)

This is the basic result of the model. Other than certain overall mass scales (fiy, fq,
and p,,) all the flavor structure of the quarks and leptons is controlled by two matrices:
a mixing matrix A and a hierarchy matrix H. In going to the last expressions in each
line of eq. (5.16), we have used A = DAAU and absorbed U by field redefinitions
(as explained previously). We write the matrix D as D = diag(d, ¢, 1)d and absorb
the factors of d into redefined mass scales i/, and p),. One therefore ends up with the

following result (for the “minimal" version of the model):

laf> 0 0
Mu — 0 ’/8’2 O Nu;
0 0 1
b 0 0 1 b ce?
My = M] = 0 |Bel 0O 01 a | uy (5.17)
0o 0 1 00 1
1 00 52 0 0 1 b ce
M, = b 10 0 € 0 01 a -
ce® a 1 0 0 1 0 0 1

Of course, the form obtained for M, is the same as before. The parameters called
pet®r and ge’eare here called €2 and §%n this chapter. It should be noted that in eq.
(5.17), the phases of §, €, a, and 8 do not matter for the matrices M, My, and My,
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as they can be absorbed into the fermion fields. But for the neutrino mass matrix M,
the phases of 6 and € do make a difference, and have to take definite values to fit the
neutrino masses and mixing angles.

One easily sees from eq. (5.17) that in this “minimal model” one has, to very

good approximation, the following “postdictions”

My :me:my = |al?: |81,
Mg Mg My = Mme:my,:m, = |ad]:|Be: 1, (5.18)
@:pPl = |02 |e)?: 1.

From fitting the neutrino masses and mixing angles ||, one can determine |e| = |/p =
V01525 = 5+ and [§| = /g = V0.0141 = 1;. And one can obtain the values
of |a| and |B] directly from the up quark mass ratios: |3| = \/m./m; = 5 and
la| = \/mu/m; = 355- (We take the fermion masses here and in the following equation

to be the masses at 2x10'% GeV as run up to that scale using the MSSM renormalization

group equations with tan 5 = 10 [36].) From these values one has the following result:

minimal model hierarchy |ad| : [Be| 11 = 535155 1
actual lepton ratios Me : My - My = ﬁ : % 1 (5.19)
actual quark ratios Mg :ms:my = T 7 L

One sees that the minimal model works surprisingly well, in fact better than in the
BB idea taken by itself, where the inter-family mass ratios of the charged leptons
and of the down quarks are o : § : 1, as shown in eq. (5.7). (That would give

Me /My ~ Mg /My ~ @~ ﬁ, which is off by an order of magnitude for the electron.)
Thus the factors of § and e, which come from combining the BB and BC ideas, give

more realistic down quark and charged lepton mass hierarchies.
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The combined model we are describing (so far in a minimal form) is more ex-
planatory than the BC model. In the BC model the inter-family mass hierarchies of
the up quarks, down quarks, charged leptons, and neutrinos are completely unrelated,
being determined by four diagonal matrices whose elements are free parameters. In the
combined model, these hierarchies are all related, and related in a way that we have
just seen is qualitatively correct. The 12 parameters in the four hierarchical diagonal
matrices of the BC model are replaced by just 7 parameters in the minimal model:
lal, |81, 10, |€ls peus 4y, and ). This would be a huge increase in predictivity, but
of course it is too predictive, since the minimal model gives the “bad" minimal SU(5)
prediction that the charged lepton masses are equal to the down quark masses at the
GUT scale. To cure this problem requires that group-theoretical factors reflecting the
breaking of SU(5) appear in the fermion mass matrices. The simplest way for this to
happen is through the matrix H as a result of the adjoint Higgs fields in eq. (5.12)
getting non-zero VEVs. We shall now look at this in detail.

5.4 The Group-Theoretical Factors that Distinguish M, from M,

As can be seen from eq. (5.19) [and below from eg. (5.21)], the group-theoretical
factors must enhance the muon mass and the d quark mass by about a factor of about
3 or 4, while having little effect on the other quark and lepton masses. Again using the
results of || with quark and lepton masses run up to 2 x 10'® GeV, using the MSSM

renormalization group equations, and normalizing those masses to the b quark mass,

one has
(md>m57mb) /mb = (ﬁ? 60%7 1) )
(5.20)
(Me, my,my) Jmy, = <W167’ ﬁ, 1.24) )
Then using the values of |af| and |Be| given in eq. (5.19), one has
(@—;, s, mb) Jmy = (3.13,0.817,1),
(5.21)

(%7%7m7> /mb = (121,349,124)
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The ratios given in eq. (5.21), which are all predicted to be equal to 1 in the minimal
model, must be accounted for by the group-theoretical factors.

Seemingly, the simplest way to do this is through the coupling of adjoint Higgs
fields to the 10 multiplets of fermions, as shown in eq. (5.12). Let us first just consider

the effect of the VEV of the 24y, which couples as 105 (y4245)10%. If we define x4

by % 24H)> = kaYy/2, where f stands for the fermion type w,u‘ d, or ¢, and Y} is
the weak hypercharge of f, then the effect is that in eq. (5.13), M4 gets replaced by
My(1+k4Ys/2). Assuming that |[Ay /M| > |Ay/Msy| > |As/M;| ~ 1, then the angles
defined after eq. (5.14) are different for different fermion types and given approximately
by

cosff = )X—fll (1+ /£1Yf/2))

< cosbf = )]X—j (1+ KQYf/Q)) (5.22)

—-1/2

2
< cosf] = [1—1—‘% (14 r3Yy/2)2 ~1,

where Y;/2 is the weak hypercharge of the fermion of type f. Then the matrix H
defined in eq. (5.15) is replaced by matrices Hy, which are different for different types

of fermion in the 10 multiplets:

cos 9{ 0 0
Hy = 0 cosb) 0 ; (5.23)
0 0  cos 83{

and the fermion mass matrices have the forms

= (HuHye) fiu
My= (HyA)pg — My= (HyD) Ax pa,
= (AT Hye) pg — My = AL (D Hye) g,
M,= AT A p, — M,= AL (D?) Aa u.,

(5.24)
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If we consider the masses of the charged fermions of the second and third fami-
lies, there are four mass ratios (m—i, ZLL—Z, Z—‘:, and %) that must be fit using the param-
eters in eq. (5.22), and there are four such parameters, namely |Az/Ms|, k3, |Ag/Ms|,
and Ko.

Consider first the ratio m,/m;. As is well-known this is predicted in minimal
SU(5) to be 1 at the GUT scale, as is also the case in the minimal version of the present
model. In reality, however, this ratio is not exactly 1, though it is near to 1 (especially

in the MSSM). In fact, for tan 8 = 10 it is 1.24 at the GUT scale as shown in eq.

(5.20). With the group-theoretic factors of eq. (5.22) one sees that it is given by

2

. A 1,.\ 2
m;, cos 6% L+ |52] (L4 gks)
124 = (17 -2 ' , (5.25)
m S _
v) Moz 0803 T |2 ()

which is indeed close to but not exactly 1, for A3/M; < 1. We can also write (putting
in the values given in eq. (5.21)):

A o 1/4
osi7 = el g (14 g PO ) (5.26)
€\/Me/my 11— %/{2 1+ |]\A4—z|2(1 — %Kg)_Q
and
A o\ 1/4

.49 — M/ _ 1L+ £y (HW@P(H%KS) 2) (5.27)
49 = = N — : :

e\/me/my \/(1+ %@)(1 _ %/12) 1+ |ﬁi|2(1 — %/{,3) 2

eqs. (5.25) to (5.27) contain three equations with three unknowns ks, r3, and |Az/Ms].
They are solved by the values kg = 11.2, k3 = —2, and |A3/M;| = 0.86. The remaining
ratio m./m; can then be fit by the choice |Ay/Ms| = 110.

Fitting the first family masses is more involved. There are three additional
masses to be fit (m., mg, and m,), but the expressions in eqs. (5.22) have only two
additional parameters (k1 and |A;/M;|. Indeed, it turns out that there is no fit. It
is for this reason that one must include the effect of the term containing 244 in eq.

(5.12). Actually, only one such adjoint Higgs field is required to obtain a good fit,
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namely 241, However, as the expressions are somewhat complicated looking, we do
not show them.

One sees, then, that introducing the group-theoretic factors required to break
the well-known minimal SU(5) mass degeneracies means that the model ends up with
as many free parameters as there are in the BC model of [28]. Thus combining that
model with the BB idea leads to no increase in the number of precise quantitative
predictions. However, there is a gain in explanatory power, in that the inter-family
mass hierarchies of the different types of fermions are related to each other in a way

that is qualitatively correct.

5.5 The Typical Values of § and ¢

We now turn to a discussion of the values of § and ¢, the elements of the diagonal
matrix D. It is a nontrivial condition for the viability of the model that the same values
of |0 and |e| give realistic results both for the neutrino properties and for the mass

hierarchies of the down quarks and charged leptons. As we have seen, the model clears

1

g and

this hurdle. The fit to the neutrino properties obtained in [28] gives |§| =

€| = and these values also give realistic mass hierarchies, as shown in eq. (5.18).

The question arises whether these are natural values for |§] and |e| to have. Why
should there be any hierarchy in the elements of D7 And why should that hierarchy
be parallel to the hierarchy in H, with the diagonal elements increasing from the first
to the third family? And why should they have these particular values? It turns out
that the values of 0| and |e| needed for good fits are indeed natural, in the sense that
they lie in the middle of the range of values that are most “likely"” given the values of
the elements of the triangular matrix Aa, as we will now show.

The matrix D = diag(d, €, 1) arises from bringing the matrix A to the form A =
DAAU, as previously explained. The matrix A, in turn, is defined by A = (I+777)~1/2,
where T'= M~'A, and M and A are the matrices appearing in eq. (5.11). Tt is natural

to assume that the matrices M and A are both roughly of order the grand unification
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scale, but there is no symmetry reason why M and A should have any special form.
Consequently, the matrix 7" has no reason to have any special form either.

Suppose that the elements of T are treated as random complex variables all of
which have the same probability distribution. For each choice of T', one can compute
the matrix A, and from that determine the matrices D and Ax. Not surprisingly, one
finds that the elements of D are correlated with those of Ax. In fact, simple arguments
show that if the elements of A5 that we have called a and b are large, then typically
|0] ~ 1/ab and |e| ~ 1/a. Since fitting the CKM angles gives a ~ 2 and b ~ 4, the
most likely values are |§] ~ 1/8 and |e| ~ 1/2.

This is confirmed by a numerical search treating the elements of T as random
variables. We have randomly generated one million matrices 7" whose elements are
given by T;; = 107" with —1 < r;; < +1 and 0 < 6;; < 27 with uniform probability
distribution. We compute the matrices Ax and D for each randomly generated 7', and
require that the parameters in Ax (i.e. a, b, ¢, and 0) agree with the values in eq.
(2.13) within experimental limits. For those that meet this requirement, we plot the
values of |¢| ™! and |§] 7! in the Figure 5.1. One sees that there indeed tends to be a mild
hierarchy |d| < |e| < 1. The dark cross in the Figure 5.1 represents the values that give
the best fit to the neutrino properties according to [28]: (|e|~1,]6]7!) = (2.56,8.44). Tt

is apparent from the Figure 5.1 that these lie in the most probable range.

5.6 Conclusions

We have shown that an idea proposed to explain the relative strengths of the
interfamily mass hierarchies of different types of fermions |5| can be combined with an
idea proposed to explain the relative strengths of interfamily mixing angles [28|. The
former idea was based on all interfamily mass hierarchies coming from a single master
hierarchy matrix H, the latter was based on all interfamily mixing angles coming from
a master mixing matrix A. In both ideas, the master matrix arose from the mixing of

the three usual fermion families of the standard model with extra vector-like fermions.
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Figure 5.1: The values of (Je|™,|6|7!) that come from randomly generated matrices
T that give realistic Axn. The dark cross represents the values that give
the best fit to neutrino properties: (e|™!, |d]71) = (2.56,8.44).
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As we have shown in this paper, the two ideas dovetail together quite natu-
rally. Moreover, we have shown that a certain conceptual simplification arises from
the combination of the two ideas: in the combined model, all the standard model mass
matrices can be expressed in terms of only the two master matrices, with some group-
theoretic factors (analogous the well-known Georgi-Jarlskog factors [14]) to avoid the
well-known bad minimal SU(5) relations between the charged lepton masses and down
quark masses. If it were not for the need to introduce these group-theoretic factors,
the combined model would have several fewer free parameters than the model of [28]
and many fewer than that of [5]. The way that we introduced the group-theoretical
factors in this paper made the number of free parameters to be the same as in [28|.
There may be a simpler way to introduce these group-theoretic factors, leading to an
even more predictive model, a possibility that deserves further study.

We have also shown that the typical interfamily mass hierarchies that arise
in the combined model are qualitatively correct. Specifically, given the mass hierar-
chy among the up quarks < u, ¢, t ) and the known CKM mixing parameters, the
strengths of all the other interfamily mass hierarchies, namely those of < d, s, b ) ,
< e, W, T )and,< vy vy, U3 ) , are predicted up to group-theoretical factors of or-
der 1, and come out to be of the right magnitude. This is a very nontrivial and un-
expected result, which perhaps lends some credibility to the basic approach proposed

here.
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Chapter 6

COGENERATION OF DARK MATTER AND BARYONS BY
NON-STANDARD-MODEL SPHALERONS IN UNIFIED MODELS

6.1 Introduction

In this chapter, we will discuss an asymmetric dark matter model with a new
sphaleron process besides the one we have already explained in section 1.13. The
central idea of the model is that sphalerons of a new gauge interaction can convert a
primordial asymmetry in B or L into a dark matter asymmetry. From the equilibrium
conditions for the sphalerons of both the electroweak and the new interactions, one
can compute the ratios of B, L, and X, where X is the dark matter number, thus
determining the mass of the dark matter particle fairly precisely. Such a scenario can
arise naturally in the context of unification with larger groups. An illustrative model
embeddable in SU(6) x SU(2) C Eg is described in detail as well as an equally simple
model based on SU(T7).

The fact that the number densities of dark matter and ordinary baryonic matter
are comparable [37] has suggested to many authors that they may have a common
origin, that is that the dark matter and baryonic matter may have been generated by
the same processes, or that one of them may have been generated from the other. This
idea is sometimes called “cogeneration" of dark matter and ordinary matter. There
is a rapidly growing literature studying various ways that this might have happened
[38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49].

The first papers to propose this possibility [50, 38| were based on the idea that
primordial asymmetries in baryon and lepton number (B, L) were partially converted
into an asymmetry in some other global quantum number (call it X) by sphaleron pro-

cesses |51, 52, 53] when the temperature of the universe was above the weak interaction
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scale. Assuming X to be conserved (or nearly so) at low temperatures, the lightest
particles carrying this quantum number would be stable and could play the role of dark
matter. What would result from such a scenario is “asymmetric dark matter" [54, 50].

A very interesting idea first proposed in [55] is that a primordial asymmetry in
B or L (or both) is partly converted into an X asymmetry (and thus a dark matter
asymmetry) by sphalerons of some new non-abelian gauge interaction. In this paper
we point out that this mechanism arises very naturally in grand unified models. In a
previous paper [50], it was noted by one of us that grand unified models with groups
larger than SU(5) provide a natural context for the emergence of dark matter. The
larger fermion multiplets of such models typically contain fermions that are Standard
Model singlets, which could play the role of dark matter. Unified models can also
have accidentally conserved global charges (analogous to B — L in SU(5) models) that
could be the charge X carried by dark matter. It was also noted in [50] that larger
unification groups can have additional non-abelian subgroups whose sphalerons could
convert B and L asymmetries into an X asymmetry. Here we show that simple models
can indeed be constructed that realize this possibility. Most of this paper is devoted
to an example based on an SU(5) x SU(2) that is embeddable in Eg. At the end of
the paper we note that a similar and equally simple model can be constructed based
on SU(7). These models exploit all the features of grand unification favorable to the
genesis of dark matter that were emphasized in [50].

In the section 6.2, we will introduce a model in which includes a new gauge group
SU(2), and the new interaction whose sphalerons are responsible for cogenerating
the dark matter which is different from the electroweak group SU(2),. The particle
contents of the model are also introduced. In the section 6.3, we will show that the
present ratio of the number densities of dark matter particles and baryons, npy /ng,
can be calculated thermodynamically from just the particle content of the model and is
independent of the nature of the primordial asymmetry. This allows one to determine
the mass of the dark matter particle, which is given simply by mpy; = mpM”—B

Qp npm”

the section 6.4, we will explain why a massless fermion S and a very light scalar field
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o are needed in the model to make the dark matter purely asymmetric. We will also

discuss possible ways to detect the dark matter particles in collider experiments.

6.2 The Model
The model we propose is based on the gauge group Ggy x SU(2)., which can

be embedded in larger groups in the following way:
Es D SU(6) x SU((2) D SU((B) x SU(2) D Ggu x SU(2). (6.1)

We will denote the SU(2) factor in eq. (6.1) by SU(2). in order to distinguish it from
the electrweak SU(2), which we will call SU(2),. The particle content of the model
is exactly what would arise from such an embedding. In particular, each family of

fermions consists of the 27 particles that make up the fundamental representation of

Eg
27 — (15,1) 4 (6,2) — (10,1) + (5,1) + (5,2) + (1,2)

(6.2)

~|

u — lr
= gc, ’uc + 7dc + 7d? + (XI)7
d vr

\N|

where I = 1,2, and the decomposition in eq. (6.2) corresponds to the sequence of
groups in eq. (6.1). The index [ in eq. (6.2) stands there and through the paper for
the index of the extra SU(2). group. Note that each family automatically contains
particles, denoted x;, that are singlets under Ggy; but non-singlet under SU(2), and
thus able to play the role of dark matter, illustrating the point made in [50].

While egs. (6.1) and (6.2) show that our model is naturally unified in a larger
group, this is not essential to the mechanism of cogeneration. Henceforth in this
paper we will discuss the model as if its gauge group is just Ggy x SU(2), without
any assumption about whether this is unified at some high scale. Nevertheless, it is
convenient as a notational “shorthand” to refer to fermions and scalars by the SU(5) x
SU(2), multiplets in which they would be contained if the model were further unified,

and we shall often do this.
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In SU(5)x SU(2), language, then, each family consists of (10,1)+(5,1)+(5,2)+
(1,2). Besides the (1,2) = x; already mentioned, there are other non-Standard Model
fermions contained in each family, namely the half of the fermions in the (5,2) and
the fermions in (5,1). This is a vector-like 5+ 5 pair, which we call “extra” vector-like
fermions, as in previous chapters of this thesis.

The spontaneous breaking of SU(2),, at a scale M,, is accomplished by the
vacuum expectation value (VEV) of a (1,2) multiplet of Higgs fields that we shall
denote €2;. This Higgs field also gives mass to the “extra fermions" by means of the

following Yukawa coupling
(5,2)(5, 1)((1,2)) (6.3)
It was said above that the fermions x; that transform as (1,2) play the role of
dark matter. But more precisely, there are three families of these SU(2), doublets, or
altogether six flavors of them, and it is the lightest of them that is stable and composes
the dark matter. To give these six fermions mass we introduce six partners for them
that are singlets under all the gauge groups. We denote these by x&, a = 1,..,6. The

Yukawa terms that give them mass are

Ya(x,xa) () (6.4)

The value of the scale M, at which SU(2), is broken by (£2;) does not matter very
much as far as the mechanism for generating a dark matter asymmetry is concerned. It
should certainly be large enough that the SU(2), gauge bosons and the “extra” fermions
in (5,1) and (5,2) would not already have been detected. On the other hand, the dark
matter particles, which will later be seen to have mass around 1 GeV, obtain mass from
the VEV of ;. Therefore, the larger the VEV of Q; is, the smaller must be its Yukawa
coupling to the dark matter particles. We know that some Yukawa couplings in nature
are very small (those of e, u, and d are of order 107°). If one does not wish Yukawa
couplings to be smaller than 107>, say, one would need M, to be less than about

100 TeV. We imagine, therefore, that M, is somewhere between 1 TeV and 100 TeV.
Moreover, as will be discussed later, if M, is larger than about 100 TeV, the SU(2).
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gauge interactions will be too slow to keep the “dark sector” of particles in thermal
equilibrium with the Standard Model particles long enough to avoid problems with
primordial nucleosynthesis (The energy trapped in massless particles of the dark sector
can cause the universe too expand too rapidly in the era of primordial nucleosynthesis).

It should be noted that since the €); is in a pseudo-real representation of the
gauge group and since we will not give it any global charge that would distinguish from
its conjugate Q; = 10982}, the symmetries of the model allow Q; to couple in the same
ways that Q; can. For example, there are both (x;x¢)(Q;) and (x;x¢)(Q;) Yukawa
terms, and similarly there are both hh}Q; and hh’IQI terms in the Higgs potential.
(These facts imply that the chemical potential of the Q fields zero, which is relevant to
our later discussion.)

To break the electroweak gauge group and give mass to all the Standard Model
quarks and leptons, there must be more than one SU(2),, doublet of Higgs fields. The
masses of the up quarks come from a Higgs doublet, which we shall denote h, that would
be contained in (5,1) of SU(5) x SU(2).. In that language, it has Yukawa couplings of
the type (10, 1)(10,1)((5, 1)), which contains in particular wu®(h). The down quarks
and charged leptons obtain mass from a pair of Higgs doublets, which we denote h/,
that would be contained in (5,2) of SU(5) x SU(2),. These have Yukawa couplings of
the form (10, 1)(5,2)((5,2).,), which contains in particular dd$(h’) and ¢°¢;(h}). The
neutrinos can obtain mass from the dimension-5 effective operator vyv (k) (h';) /Mg.
It does not matter for our purposes whether this operator arises from the Type I or
Type Il see-saw mechanism.

Finally, two more types of particle are contained in the model: some number
(p) of gauge singlet fermions that will be denoted S and a gauge singlet boson that
will be denoted o. These will play the role, as will be seen, of enabling the dark
matter particles to annihilate with their antiparticles efficiently enough to leave only
“asymmetric dark matter.” It means that we need the annihilation rate still be bigger
than the Hubble expasion rate even when 7' ~ 1 GeV. (i.e. I'py, > H). This puts

a constraint on the mass and coupling of the scalar o, which will be discussed in the
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section 6.4.

The complete fermion and scalar content of the model is displayed in the Table
6.1. In the last two columns of the Table 6.1, we give the charges of the fields under two
global symmetries, U(1)x and U(1)y. The charge X is the crucial one for the model. Tt
is the asymmetry in X that is responsible for the existence of stable dark matter. The
charge W plays the role of constraining the couplings of the singlet fields S and o that
are responsible for the annihilation of dark matter particles with their anti-particles.
In particular, the global U(1)y invariance means that these fields interact only by the
Yukawa term y(x¢S)o. This term allows the annihilation process x¢+ x¢ — S+ S to
occur by the exchange of a ¢ boson in the ¢ channel. The ¢ boson is assumed to have
no vacuum expectation value, and therefore the S fermions are massless. In this way,
essentially all the dark matter anti-particles annihilate with dark matter particles into
massless particles, whose energy is red-shifted away as the universe expands, leaving
only the dark matter particle excess, i.e. the “asymmetric dark matter.” The global
symmetries U(1)x and U(l)y can arise as accidental symmetries of the low energy

theory even if Ggy x SU(2), is unified in a larger group, as will be discussed later.

6.3 The Genesis of The Dark Matter Asymmetry

Now that the particle content and couplings of the model have been defined, we
turn to the process by which the dark matter asymmetry is generated. The sphalerons
of SU(2), create one each of every left-handed fermion that is a doublet of SU(2).,
namely (for each family) the three colors of d§, the leptons v; and ¢, and the X-bearing
particles x;. Thus, for the SU(2), sphaleron processes AX = AB = %AL. (We follow
the loose but common practice of referring to processes that involve the anomaly of
some group G as “sphaleron processes” or “sphalerons” even if they happen at a tem-
perature far above the scale at which G is broken rather than through tunneling.) The
sphalerons of the electroweak SU(2)., give AX =0 and AB = AL. All other processes

at low energy conserve B, L, and X. (There might be grand unified interactions that
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name | Ggy x SU(2), | SU(5) x SU(2). | SU(6) x SU2), | Es | X | W

3% ( Z ) (3,2,+1;1) (10,1) (15,1) 271 0 | 0

3% u® (3,1,—2%:1) (10,1) (15,1) 2710 | 0

3x (e (1,1,+1;1) (10,1) (15,1) 2710 | 0

3% (é) (1,2,+1;1) (5,1) (15,1) 271 0 | 0

3x de (3,1,—%1) (5,1) (15,1) 2710 | 0

3x < 5172 ) (1,2,—-%:2) (5,2) (6,2) 271 0 | O
1,2

3% ds , (3,1,43;2) (5,2) (6,2) 271 0 | 0

3% X1,2 (1,1,0,2) (1,2) (67 2) 27 +1 0

X(1: ..... 6 (1717071> (171) (171) 1 -1 0

px S (1,1,0;1) (1,1) (1,1) 1|0 |+1

Q1,2 (17 17072) (172) (67 2) 27 0 0

h (1,2,+3;1) (5,1) (15,1) 271 0 | 0

o (1,1,0;1) (1,1) (1,1) 1| +1| -1

Table 6.1: The fermion and scalar content of the model.

violate these quantum numbers, and such interactions might have played a role in gen-
erating a primordial asymmetry in one or more of them. But when the temperature is
far below the grand unification scale, we can neglect these interactions.)

There are four cosmological eras that need to be considered: (a) The era when
some primordial asymmetry of B, L, or X (or some combination of them) was gener-
ated. This could have been by means of grand unified interactions; but in any case we
assume that it happened when the temperature was much higher than the scale M, at
which the SU(2), interactions are broken. It does not matter for us which of the many
mechanisms that have been proposed for baryogenesis or leptogenesis is responsible for
this, or what the relative values were of the asymmetries in B, L, and X that were
produced in this primordial era. (b) The era after the primordial asymmetries were
generated, but when the temperature is still greater than 7T,, where T, is the tem-

perature below which the SU(2), sphalerons processes effectively cease. (¢) The era
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when Ty < T < T, where Ty is the temperature below which the SU(2);, sphaleron
processes effectively cease. (T has been estimated to be about 200 GeV [52, 53].)
And (d), the era when T' < Tyy.

In era (b), when both kinds of sphaleron processes (SU(2), and SU(2)) are
active, the ratios of X, B, and L are determined by thermodynamics. The point is
that the requirement of equilibrium for the two kinds of sphaleron processes gives two
conditions on the two independent ratios of these quantum numbers. At the end of era
(b), when T falls below T, and the SU(2). sphaleron processes effectively cease, the
ratio of X to B — L is frozen, because all other processes conserve both B — L and X.

In the next era, when Ty < T < T, the SU(2), sphaleron processes continue
to violate B and L, though conserving B — L, and the ratio of B to L changes to a new
value that can be computed from the requirement that the SU(2); sphalerons are in
equilibrium. The ratio of B to L becomes frozen when the temperature falls below Ty,
since after that point all processes conserve both B and L. Consequently, from that
point on, down to the present, X, B, and L remain in constant ratios to each other.

Finally, when the temperature falls below the mass of the lightest X-bearing
particle (which is the dark matter particle), virtually all the particles with non-zero X
annihilate with their anti-particles into massless S fermions, except the residue that
cannot annihilate due to the asymmetry in X.

We now turn to the thermodynamic calculation of the ratios of X, B, and L,
which parallels the calculations in [56, 50]. We start with era (b) when there is already
some primordial asymetry and when T > T,. We assume that in this era the SU(2),
symmetry may be treated as unbroken. Thus the particles within an irreducible multi-
plet of Gy X SU(2), all have equal chemical potentials, and the chemical potentials of
the gauge bosons vanish. Finally, we assume that the scattering processes involving the
Yukawa interactions and scalar self-interactions are in equilibrium. For the processes
in thermal equilibrium, the sum of initial state chemical potentials is equal to the sum
of final state chemical potentials. This gives relations among the chemical potentials

that allow one to write all of them in terms of just five, namely nq, 1, iy, ftn, and [y,
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which are respectively the chemical potentials of the quark doublets (u,d), the lepton

doublets (v, ¢;), the x;, and the scalar fields h and o. In particular, we have

o = po = o =0,

pr+pp+po=0 = up=—pur,

prn+ iy +po =0 = pp = —pn,

Hue = —HQ — Hh,

flae = —HQ — s (6.5)

flee = —fir, — i,

pae + pige + o =0 = lge = —ftae = p1Q — fn,

P+ tixe +p0 =0 = fiye = —fiy,

Pe + s + le =0 = pig = [l — o
These relationships come from the scattering processes allowed by certain Yukawa in-
teractions and scalar interactions. The eighth line is from the Yukawa interaction
(x;x5)Qr. The first line comes from the fact that both the terms (x,x¢)§2; and
(x,x%)Qr exist. The second and seventh lines are from the interactions (5, 2)(5,1)(1,2) .
The third line is from the interaction (5,2)1/(5,1)4(1,2)q. The fourth line is from
the interaction (10,1)(10,1)(5,1),. The fifth and sixth lines are from the interaction
(10,1)(5,2)(5, 2)s. Finally, the last line can be derived from the interaction term y°So.

The next step is to realize that the electric charge () and the global charge W

are conserved by all interactions, and therefore the conditions () = 0 and W = 0 must
be satisfied. These two conditions will allow us to solve for the chemical potentials of
the scalars, 1, and fi,, in terms of those of the fermions, pg, pr, and . In computing
the density of () and W, we assume that all the particles of the model have masses
small compared to M, and thus to T. (When T ~ T, the mass of {2 may perhaps not
be negligible compared to T, but this will not matter for what follows since g = 0.)
Moreover, when the number density of particles of type i, which we call n;, is low ||, it

will be linearly related to its chemical potential,

(6.6)

n; o

T.
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We will show the derivation of eq. (6.6) in the appendix. The condition for electric

charge to vanish is then

0 = Q o 6up(—1)+3pe(+1) + 3uz(+1)+

MQ(+35) + Otuc (=3) + (=) + 18uae(+5) + Ipige(—3)+
(6.7)

(6(0)/f(0)[sn(+1) + 2pa (=1)]

= 0 = —12up+24u, = = 1iur
where in each term the first number is the number of states of that type, the number
in parentheses is the charge of that type,
f(@) = 22 [7 y2dy[cosh?®(34/92 + 22)] 7 and b(z) = &5 [7° yPdy[sinh®(31/y? + 22)] 7}
are integrals over the Fermi and Bose distribution functions and x = m/T. Since
we are assuming that the particle masses are small compared to T,, we have that
b(x)/f(x) = b(0)/f(0) = 2. In obtaining the last line of eq. (6.7), we have used the

relations given in eq. (6.5). In a similar way we have, from the vanishing of W

0 = Wocpus(+1) + ((0)/f(0)uo(=1) = ps=3us
(6.8)
= My~ e = Pe = o = (ﬁ) s
where to get the last line of eq. (6.8), we have used the last relation in eq. (6.5). We
remind the reader that the integer p in eq. (6.8) is the the number of massless S fields.
(See Table 6.1) The minimal model would therefore simply have p = 1.

The final step in analyzing era (b), is to use the equilibrium conditions for the
two types of sphalerons to relate the chemical potentials of the fermions, g, pr, and
fty- For the sphaleron processes of SU(2)y, as we have already explained in the section
1.13, only the left-handed doublet fermions will be produced. Therefore, the condition

for equilibrium of the SU(2);, sphalerons is simply

1
0="9uq +6ps+3uz = o= -z, (6.9)
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where the number in front of each term is the number of fermion doublets of that type
produced by a sphaleron, and where we have used puy = —py, from eq. (6.7). For the

SU(2), sphalerons, for the similar reason, the equilibrium condition is

0 = 6pr+9ae + 3y = 6pur + N—pq + pn) + 3y

= 0 =%u—%ug+3u, = 0=Tpur+3u, (6.10)
— _9

= Hx = —3ML,

where in the middle steps in eq. (6.10) we have used eqgs. (6.7) and (6.9) to eliminate

i, and pig.

So, finally, we have from eqgs. (6.7) - (6.10) all the chemical potentials in terms
of just one, py. We are now in a position to compute the ratio of X to B — L at the
end of era (b). Again assuming that the particles that carry B, L, and X are light

compared to T}, one has

B o 5 (18ug — Yptue — 18p1qe + Yze) = 184 — 6pn = =9z,
L oc 12pp — 6pg — 3puee = 21pg, — 3pn = g, (6.11)

X0 Gty = Optye + (00)/F(O))pto = 1201y + 2 = ~9 (252) .

Consequently,

X 6 <7p+ 12) | (612)

B-L 19 p+2
which, by a very strange coincidence, is simply equal to 2 in the minimal case, where
p = 1. This is the ratio of X to B — L that exists also at the present era.

In order to obtain the present ratio of X to B, which is our aim, we need to
consider what happened in era (c), when the present ratio of B to L was established.
We assume that in era (c), where 7' > Ty, > My, the electroweak symmetry is unbro-
ken and therefore the chemical potential of the W bosons vanishes and the chemical

potentials are equal for all particles within any Standard Model multiplet.
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In era (c), we no longer have to consider the quantum number X or the chemical
potentials of the X-bearing particles, as they do not affect the ratio of B to L. The
important chemical potentials are jig, f1,, and 5. The chemical potentials of the other
quarks and leptons are given in terms of these by the relations in eq. (6.5), which are
still valid in era (c) for the particles of the Standard Model. Eq. (6.9), which gives the
relation arising from the equilibrium of SU(2), sphaleron processes, is also still valid.

The strategy is the same as the calculation done in era (b), but simpler. The
first step is to use the condition that the universe has () = 0 to derive a formula for
o, in terms of p1g and pp. This relation is different from that for era (b), given in eq.
(6.7), because in era (b) the charge density included the contributions from the “extra”
quarks and leptons in (5,1) and (5,2), namely the ¢, 7, d° and the half of the £1 5, vy 5
and df , with which they mate to obtain mass. Those fermions are light compared to
T in era (b); but in era (c) (or at least near the end of that era) we can neglect them
because we assume that they are heavy compared to the electroweak scale and thus
highly Boltzmann suppressed.

Therefore the only particles that one must consider in computing the electric
charge density are all the fermions of the Standard Model and the three electroweak
Higgs doublets h, and hf,. The relations given in eq. (6.5) that involve only the
chemical potentials of these are still valid. All the Standard Model fermions may
be treated as massless (since we are assuming that SU(2); is unbroken in this era).

However, the masses of h and h} , must be taken into account. We therefore define the

quantity ¢, = [b(mn/Tw) + b(mp, /Tw) + b(mu, /Ty )]/b(0).
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Given all this, one has

0 = Q o 3ur(—1)+ 3pe(+1)

9o (+3) + Ituc(—35) + Yg(—3) + Ipac (+3)+

(6(0)/£(0))cnpun(+1)+ (6.13)
= 0 = —6pr+6po+ (12 + 2c,)
= 0 = _S,UL + (12 + 2ch),uh =  Up = ﬁu[/,
where we have used the SU(2), sphaleron equilibrium condition ug = —é,uL, given in

eq. (6.9). Now that we have both s, and pg in terms of yy, we may compute the ratio
of B to L. Again, this gives a result different from eq. (6.9), because of the different

relation between temperature and mass that holds in era (c¢). One obtains

B o % (18ug — e — Yptae) = 1200 = —4py,

(6.14)
L o< 6pp — 3ppe =9, — 3pp =9, — 36;1%“/3 = 421—2’?”/@,
Therefore, when T falls below Ty, the ratio L/B is frozen at
L 3 (14 + 3¢y,
—=———]. 6.15
B 4 ( 6+ cn ) (6.15)

Combining this with eq. (6.12) gives
{ _ 6 (Tp+12 66 + 13cp, (6.16)
B 19\ p+2 4(6+cp) )’ '

which for the minimal case p = 1 reduces to

X 66+ 13c,
== 6.17
B 2(6+cp) (6.17)

For the allowed range 0 < ¢, < 3 this varies between 5.5 and 5.833. If, as seems

reasonable, one assumes that one linear combination of the three electroweak Higgs

122



doublets (the “Standard Model Higgs doublet”) is much lighter than the others, one
would expect ¢, = 1, giving X/B = 5.64. A value of X/B ~ 5.6 implies that the dark
matter particle has a mass close to 1 GeV. [Since the Standard Model Higgs doublet will
get the VEV, in the section 1.1.1, we know the mass parameter in the Higgs potential
= vv2X and A < 1. This means u can’t be too large but other linear comninations
could be. Therefore, only one will contribute to cj,.|

Besides the dark matter particle itself, there are five other flavors of x(x°)
particles. These are, by definition, heavier than the dark matter particle and will all
have decayed or annihilated by the time the temperature reaches 1 GeV. It is important
that the energy released in these decays and annihilations does not get trapped in the
dark sector (i.e. the sector of y, x¢, o, and S), as otherwise the thermal energy of the
massless S particles at the time of primordial nucleosynthesis might cause the universe
to expand too fast, leading to an excessive primordial Helium abundance. However, as
long as M, < 100 TeV, the particles of the dark sector are kept in thermal contact with
the Standard Model particles by SU(2), gauge interactions and do not “overheat".

6.4 Asymmetric Dark Matter Particle and Possible Ways to Detect

In order for the dark matter to be almost purely asymmetric, there must be an
efficient mechanism for dark matter particles and their antiparticles to annihilate into
massless particles. This is why we introduced the massless S fermion(s) and the scalar
0. Given the Yukawa coupling y(x°S)o, which was mentioned earlier, the exchange of a
o allows the annihilation process x°+x¢ — S+S. In order to have the density of dark
matter anti-particles very small compared to the density of dark matter particles, m, /y
must be less than about 10 GeV. Of course, this involves fine-tuning in the absence of
supersymmetry or some other symmetry or mechanism that would make such a small
scalar mass natural.

In computing the ratios of B, L, and X above, we made certain assumptions
about the SU(2),, and SU(2), dynamics. In particular, we assumed that at the temper-

ature when the anomalous processes of one of these interactions become cosmologically
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negligible, the interaction in question may be treated as still unbroken. It is possible to
make other assumptions [|. The result for the B, L, X ratios would not greatly change.
But to get an exact result one would need to understand the sphaleron dynamics and
the details of the SU(2), and SU(2). phase transitions well.

The whole scenario depends on there being a global charge X that is conserved
except for the SU(2), anomaly (and possibly GUT-scale interactions). The question
is why there should be such a global U(1)x and whether it is compatible with grand
unification. The answer is that it can arise as an accidental symmetry of the low-
energy theory. And, despite appearances, this can easily happen even in a grand
unified version of this model. For example, consider an embedding of the model into
SU(5) x SU(2).. Suppose that all the Yukawa couplings allowed by SU(5) x SU(2),
exist, except for (5,2)(1,2)(5,1)n. (In other words, the following Yukawa couplings
exist: (10,1)(10,1)(5,1), (10,1)(5,2)(5,2)n, (5,1)(5,2)(1,2)p,, and (1,2)(1,1)(1,2)p.
This is easily ensured by a discrete global symmetry that commutes with SU(5) x
SU(2),. For instance, one can have a Zy symmetry under which (10,1) — w(10,1),
(5, 1) — w*3(5, Dn, (5,2)n — w*(5,2)p, with all other multiplets transforming trivially.
It is easy to show that with the coupling (5,2)(1,2)(5,1); missing, the global U(1)x
shown in the Table 5.1 arises as an accidental symmetry of the low-energy theory.

If the model like the one we have discussed is correct, how would one observe
dark matter in the laboratory? It would be very difficult to produce or detect it
directly, since it interacts with the Standard Model particles only by the SU(2), gauge
interactions, which are much more feeble than the weak interactions, because broken
at a much higher scale. On the other hand, the “extra” quarks and leptons that are
in (5,1) and (5,2) could be directly produced in accelerators through their Standard
Model interactions. These then could decay into a combination of Standard Model
particles and the dark particles x(x¢) by means of their SU(2), gauge interactions.
Each “extra” fermion in (5, 2) is a partner in an SU(2), doublet with a Standard model
fermion, to which it can be converted by emitting an SU(2), gauge boson. That boson,

in turn, can decay into y+7%). The “extra” fermions can also decay by ordinary charged
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weak interactions entirely into Standard Model particles. The point is that the “extra"
fermions mix slightly with the Standard Model fermions of the same color and charge.
For example, the d¢ mix with the left-handed d, s, and b quarks with mixing angles
that are of order mg,/mg, and similarly for the “extra" leptons.

The model described above is an illustration of a general idea that could be
implemented in other ways. For example, one can construct an SU(7) unified model
that is in many ways quite similar to this. The fermions can be placed in three families,
each consisting of 21 + 7 + 7 + 7, which is the simplest way to incorporate a family in
SU(7). Under the SU(5) x SU(2), subgroup, each family decomposes into (10, 1) +
(5,2) + (1,1) + 3 x (5,1) + 3 x (1,2). As in the model described earlier in this paper
there would be (1,2) fermions, which could be the dark matter, and “extra fermions"
in 5+ 5 of the SU(5). A difference with the model described earlier, which would
be phenomenologically significant, is that the extra vector-like fermions in the SU(7)
model would not be paired in SU(2), doublets with ordinary Standard Model quarks
and leptons. Both components of each (5,2) get large mass with (5,1) multiplets.
Nevertheless, there would be mixing between the “extra fermions" and the Standard
Model (SM) fermions. As in the model described earlier, those mixing angles would
be of order the ratio of the masses of the SM fermions and extra fermions. The result
would be that a heavier extra fermion would predominantly decay into a lighter extra
fermion plus a dark matter pair, as its decays into a SM fermion plus dark matter pair
would be suppressed by these small mixing angles. The lightest extra quark (or lepton)
would have no choice, however, but to decay into SM quarks (or leptons). This would
predominantly happen through the weak interactions, since, as in the model described
earlier, the d° would mix slightly with the left-handed d, s, and b, and similarly for the

leptons.

6.5 Conclusions
We have shown that it is possible to construct simple unified models in which

the sphalerons of a new interaction convert asymmetries of B and L into a dark matter
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asymmetry. Since there are two kinds of sphaleron process involved, the equilibrium
conditions allow one to compute the ratios of B, L, and X (the dark matter number)
independently of the nature of the primordial asymmetry, e.g. whether it was an
asymmetry in B or in L. Since one can compute the ratio of X to B in such models,
one obtains a prediction for the mass of the dark matter particle. The dark matter
particles in the scenario we describe does not have Standard Model gauge interactions
and so would not be easily detectable in a direct way. However, such models generically
give rise to extra vectorlike pairs of quarks and leptons that transform like 5 + 5 of
SU(5). These could be directly produced, and decay into Standard Model fermions plus
dark matter particle-antiparticle pairs. The phenomenology of such models remains to
be explored.

These models predict the number density of dark matter a prior: but not their
mass, leaving mass of the dark matter particle to be inferred from the measured dark
matter density. It would be interesting to see if a model could be constructed which

predicts a priori both the number density and mass of the dark matter particles.
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