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ABSTRACT

This thesis studies boundary integral methods for solving time-dependent partial
differential equations from continuum mechanics. The two models we analyze will be
transient Stokes flow and scalar acoustic scattering by penetrable obstacles. We will see
the two main flavors of analysis of Time Domain Boundary Integral Equations in these
two problems: for analysis of the Stokes system we take a Laplace domain approach
that dates to [7]. The analysis of the acoustic scattering and transmission problem will
be carried out with the newer semigroup theory based analysis from [73] and [36].

We begin with a detailed exposition of a central tool, Convolution Quadrature,
that we will use throughout the rest of the thesis for temporal discretization. We pro-
vide motivation for the method from various points of view and derive both multistep
and Runge-Kutta Convolution Quadrature with an eye towards implementation of the
method. From this foundation, we move on to the analysis of transient Stokes flow by
way of the Laplace transform. This leads us to a detailed study the Brinkman equa-
tions. Analysis of the Brinkman Single Layer potential and operator is then used to
derive stability and convergence results back in the time domain for the Stokes problem.
We provide numerical experiments and simulations using various spatial discretization
schemes. Finally, we study the scattering of acoustic waves by inhomogeneous pene-
trable obstacles. Chapter 4 presents a detailed stability and convergence analysis of a
three-field boundary and finite element coupling scheme. By showing the underlying
problem generates a Cp-group of isometries, we are able to prove stability and conver-
gence of the scheme directly in the time domain. In a similar vein, Chapter 5 explores

computationally two alternative coupling schemes.
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Chapter 1

INTRODUCTION

In this work we present solutions of various time-dependent partial differen-
tial equations (PDEs) by way of time domain boundary integral equations (TDBIESs).
Layer potentials give an explicit solution to PDEs through convolution with the fun-
damental solution of the problem at hand. Imposition of boundary conditions on layer
potential representations leads to boundary integral equations. When considering dis-
cretization, integral equation methods deal better with unbounded domains, and are
a natural choice for scattering problems. Boundary integral equations, as the name
suggests, also reduce the problem of finding a solution in a volume to finding an un-
known defined on the boundary of the obstacle of interest. The solution can then be
reconstructed at points not on the boundary in a post-processing step. This reduction
in dimension can be advantageous in the discretization of some problems, particularly
in two spatial dimensions, when the solution to a boundary integral equation reduces
to a one dimensional problem.

Integral equations are not immune from certain challenges. Integral equation
solutions are suited to problems where the fundamental solution is known. This puts
significant restrictions on the types of problems that can be handled: we are immedi-
ately relegated to linear, homogeneous, and constant coefficient problems. Any model
that does not satisfy these constraints will generate volume integrals that need to be
discretized, and might be less efficient than simply using another method from the
start, although volume integral equations are a popular method of choice for some
applications. We study a method to overcome some of these limitations by coupling
boundary and finite elements in Chapters 5 and 6. From an implementation point

of view, boundary elements are much more difficult to program than finite elements,



since they make use of singular integrals, which need special care. Upon discretization,
integral solutions to PDEs generates dense matrices, which makes their storage and
solution much more of a computational burden. There is much research aimed at ame-
liorating these challenges, including fast solvers based on the Fast Multipole Method
[31] for matrix-vector multiplication and fast direct solvers [63]. To save on storage
costs, there are tools like H-matrices [32] and H?-matrices [33] for compressing the
structured matrices of the boundary element method.

While this thesis makes exclusive use of Galerkin methods for spatial discretiza-
tion, there is an alternative approach. A Nystrom spatial discretization collocates the
solution on chosen points, and applies a quadrature rule to the integral. While much
simpler to implement, every new kernel requires potentially developing a new quadra-
ture method. We will see the deltaBEM [26] tools in Chapter 3 that are Nystrom
flavored, but can still be understood as a non-conforming Petrov-Galerkin method.

The history of integral equations for the solution of PDEs goes back to potential
theory for the Laplacian, which has been known for over a century. While well studied
for steady state and time-harmonic problems, integral methods for transient problems
took root in the mathematics community only in the 1980s, with the foundational
papers of Bamberger and Ha-Duong [7, 8]. These early works focused on a Galerkin
space-time approach for discretization of the time domain integral equations for acous-
tics. Around the same time, Christian Lubich developed the Convolution Quadrature
method [58] for the stable and accurate discretization of Volterra-type convolution
integrals. It took some time for CQ) to become a key tool in the temporal discretiza-
tion of TDBIESs, beginning with the heat equation [62] and other linear and semi-linear
parabolic problems [61]. CQ-BEM discretizations of transient problems have also come
to include problems from elasticity [77, 65] and electromagnetism [20, 21, 53]. The
advantage of a CQ temporal discretization is that it makes use of the fundamental
solution to the resolvent (Laplace-transformed) equations and time domain data to
produce time domain output. This is advantageous compared with Galerkin-in-time

discretizations, since the fundamental solution to the resolvent problem is generally



known and simpler, even when the fundamental solution to the transient problem is
distributional. Until recently, analysis of CQ discretizations has made extensive use of
the Laplace transform as well. This changed with the direct-in-time analysis of [73]
that circumvents the Laplace transform method and provides sharper bounds in the
case of L™ bounds for data with L' regularity in time. On the other hand, Laplace
transform methods provide estimates based on weighted Sobolev norms in time with
data in similar spaces. There are still open questions in the direct-in-time analysis of
CQ discretizations. There is preliminary work on direct-in-time analysis for semi-linear
and nonlinear problems [10], and the analysis is entirely missing for Runge-Kutta based
CQ as well as high order backward difference formulae.

There has been much research on the CQ-BEM discretization of parabolic PDEs,
but almost exclusively for the heat equation, including that of [4, 23] and [43]. There
has also been interest in the use of fast methods by Tausch in [79, 80, 66]. The only
references integral methods for transient Stokes flow we are aware of at present are [39]
and [40]. In our work on transient Stokes flow, we will encounter the Laplace domain
flavor of analysis mentioned earlier.

We then turn our attention to the scattering of acoustic waves by penetrable
obstacles. This problem has applicability in the inverse problem, i.e., recovering prop-
erties of the (unknown) scatterer from the scattered wave. This is contrasted with
the forward problem, where the obstacle and physical parameters are known, and we
seek to compute the scattered wave. Developing fast, stable, and accurate methods for
computing the scattering of acoustic waves by penetrable media can be used in geo-
prospecting for oil, defect detection and non-destructive testing, sonar, and parameter
estimation. Although the tools presented in this thesis are not applicable to this case,
an application of boundary elements or coupled BEM-FEM would be interesting as
well in the design and simulation of metamaterials, i.e. materials with a negative index
of refraction.

Chapter 4 presents a complete direct-in-time analysis of a three-field symmetric

BEM-FEM coupling scheme. We include a novel first-order formulation from [36] that



eliminates a number of technical difficulties that arise in the analysis of [73]. We derive
stability and convergence results and provide a number of simulations to demonstrate
the method. We also discuss a “reduction-to-the-boundary” algorithm that cuts the
computation time significantly by allowing parallel time stepping. Chapter 5 presents
a computational study of two different coupling schemes that eliminate one of the
unknowns of the system. The first reduced coupling scheme, due to Costabel [22] and
Han [35], can be shown to generate a Cy-group like its three-field cousin. The second
coupling scheme, in the style of Johnson and Nédélec [44, 72], eliminates one of the
constraints on the boundary integral representation, and as a result, we loose symmetry
and cannot show that this method generates a Cy-group. We perform a number of
experiments to test the stability of the method, since there is not a theoretical basis

for its stability.



Chapter 2

AN ALGORITHMIC INTRODUCTION TO CONVOLUTION
QUADRATURE

In this chapter we will explore in detail the algorithmic aspects of multistep and
multistage Convolution Quadrature, following closely the introduction to CQ given in
Convolution Quadrature for Wave Simulations (with F.—J. Sayas) [37]. Where appro-
priate, we have spent more time in developing the algorithms for CQ approximations
to convolution equations and forsaken specific theoretical details. First we discuss
the mathematical prerequisites for the types of functions and convolutions we will be
handling. We then segue into CQ based on a linear multistep method. This includes
derivation of the methods through various avenues, exposition of the algorithms, and
a discussion of the convergence theory for linear multistep CQ. In the linear multistep
case, we have two possible avenues for analysis of semi- and fully-discrete problems.
The Laplace domain analysis dates to the original work of Lubich in [58], and is a
standard method in the literature. More recently, there have been developments that
circumvent the Laplace domain analysis through the application of finite-difference
style analysis coupled with stability results from semigroup theory [11, 68, 38]. In
particular, a direct-in-time analysis for BDF2-based CQ for scalar acoustics has run
into technical challenges not experienced with trapezoidal rule and Backward Euler
CQ, though current work aims to circumvent this [69]. There is also not yet a fully de-
veloped theory for direct-in-time analysis of Runge-Kutta CQ discretizations, though
there is progress in the direction in [13].

Note that this chapter is purely expository and contains no novel material,
although some approaches to the multistep and multistage CQ presented here are

original.



2.1 Background

We now introduce the heart of the mathematics leading up to Convolution
Quadrature: convolution of causal functions and distributions. Causal convolution
operators will often be recognized through their Laplace transforms (which will be
called their transfer functions). As a first step towards a precise determination of the
kind of functions we will be dealing with, let us define the term causal. A function
f: R — X (where X is any vector space) is said to be an X-valued causal function
when f(t) =0 for all £ < 0.

We will refer to the independent variable ¢ as time. We make use of the notion of
causality, rather than simply requiring functions to be defined only on [0, 00), because
key results will require functions that vanish for negative times. We will consider

functions with a nonzero value at ¢ = 0 to be discontinuous at that point.

Causal Functions and Convolutions
The convolution of two causal functions f : R — R and g : R — R is

defined as
(f*g)( / flt—=1)g (2.1)
This definition makes sense, for instance, if both functions are integrable. Note that

this definition coincides with the more traditional form of the convolution of functions

(fxg)(t / f(t—1)g(r)dr

when f and ¢ are causal. The first extension we will need to consider is when f :
R — R™™ and g : R — R™. In this case, (2.1) defines a causal function f*x¢g: R —
R™. In this more general definition (where the convolution integrals are easily defined
component by component), it is clear that we cannot even discuss commutativity of
the convolution operator (2.1). We can generalize further to two Hilbert spaces X
and Y and the space B(X,Y) := {A: X — Y : A linear and bounded}. We can
then start with a causal continuous function f : R — B(X,Y) and a causal function

g : R — X and obtain through convolution (2.1) a causal function fxg: R — Y.



Because all functions involved have been assumed to be continuous, the integration
in (2.1) can be understood in the sense of a Riemann integral for each value of t. A

causal convolution equation is an equation of the form

(f xg)(t) = h(t) VL, (2.2)

where h : R — Y is causal, f : R — B(X,Y) is causal, and we look for a causal
X-valued function g.

The simplest possible example of convolution is the causal antiderivative

/ g(r)ir,

corresponding to the convolution with the Heaviside function:

1, t>0,
H(t) =
0, t<0.

A slightly more general operator is given by the expression

/t Mg (r)dr. (2.3)

Note that if we define
t
) = [ X g(ryar (2.4
0

then y is the only causal solution to the equation y— Ay = g, or, in the more traditional

language of ordinary differential equations, y satisfies
y—Ay=g,  in[0,00),  y(0)=0, (2.5)

and has been extended by zero to the negative real axis. The formula (2.4) is the
variation of parameters formula (or Duhamel’s principle) for the initial value problem

(2.5). Similarly t
y(t) = )\_1/0 sin(A(t — 7))g(T)dr

is the operator that yields the unique causal solution to 4 + Ay = g.



One example of causal convolution equation is the Abel integral equation

fglr)
/0 v D) (2.6)

This singular integral equation can be solved, for example, as follows [49]:
" h(D) / "1 / " og(r)
dt = drdt
/0 Vr—t 0o VJr—t 0\/t—7'T
t r 1 t
= [ g(7) / dtdr = 7T/ g(7)dr,
/o A (r=t)(t—T1) 0

and therefore the solution to (2.6) is

g(t)zld/t M) dr, t>0.

;E t—T

2.2 Transfer Functions and Convolution Operators
Suppose that f is a B(X,Y)-valued causal Laplace transformable distribution
and that g is an X-valued causal Laplace-transformable distribution. The convolution

f * ¢ is defined as the Y-valued causal distribution whose Laplace transform satisfies

L{f * g}(s) = F(s)G(s).

We can be more precise by using the notation and background of Appendix A. If
F e A(p, B(X,Y)) and G € A(uz, B(X,Y)), then FG € A(p1 + p2,Y) and L7H{FG}
exists. This means that if f € TD(B(X,Y)) and g € TD(B(X)), then fxg € TD(Y)
is well defined. We can similarly define a convolution of the form f % g where f €
TD(B(Y,Z)) and g € TD(B(X,Y)).

Having presented the appropriate tools to understand convolutions and convo-
lution operators in a distributional setting, we now present a series of examples of
increasing complexity.

If f is a differentiable function, then differentiation, given by
boxf=[f «— sF(s)=L{f}

is a convolution operator. If f takes values on a Banach space X, then this still holds,

but we must consider

<[X®50>*f:f-



Backwards shifts (delays) are also causal convolution operators for ¢y > 0:
O x f=flt—1t) <«— e *F(s).

We can combine derivatives and delays to form a convolution equation that seeks a

causal function y such that given ty > 0

Jy=9—9(—to).

By taking the Laplace transform, we see that this is equivalent to

1 _ ,—sto
Y(s) = ———G(s)
If we assume g € TD(R), then G € A(y, R) for some p. It is clear that |1=¢"0| <

2|s|71. Therefore the product @G(s) € A(p — 1,R), and so Y is the Laplace
transform of a causal, polynomially bounded function y, which is the solution to the
differential-delay equation.

Now we move to a more interesting example of a convolution operator. Suppose
Q C R? is an open and bounded set and g € L*(€2). Consider the problem of looking
for

u€ Hy() st (Vu,Vo)g+ s*(u,v)q = (g,v)a Yo € Hy(Q).

The Lax-Milgram Lemma shows that there is a unique solution to this problem that
depends continuously on g. However, we need a more precise bound in terms of s than

what the Lax-Milgram Lemma gives us. To this end, we denote
a(u,v)s0 = (Vu, Vo)g + s*(u,0)e and  JJull o = | Vullg + |s*ul?.
We also have that if o := Re s and ¢ := min{1, o}, then

5]
19 < Jlullyo = llulie, Vue H'(Q).

allul

With this in hand we can show that

S
fullo < Ca gl



and therefore the solution operator ¢ — w is a causal convolution operator. In
particular, this variational problem corresponds to a distributional version of the wave
equation

it=Au+g

with homogeneous initial and boundary conditions.

Let us finally tackle Abel’s equation. The kernel in Abel’s equation is f(t) = \/%,
whose Laplace transform is £L{f(¢)}(s) = \% for s € C,. It is then clear that s~/2 €
A(—1/2,C), and therefore if g(t) and h(t) have distributional Laplace transforms G(s)

and H(s). The Laplace transform of Abel’s equation is

which shows that Abel’s equation and its solution operator are bona fide distributional

convolution operators.

2.3 Multistep Convolution Quadrature.

Convolution Quadrature dates back to the work of Christian Lubich [58, 59]
as a stable method to discretize causal convolution equations. A CQ discretization of
a causal convolution or convolution equation possesses a number of desirable traits.
The approximation can be made to high order for smooth enough data by changing
the background ODE solver, which can be done quite easily. It also computes the
convolution with time domain readings of the data and the Laplace transform of the
convolution kernel. This is advantageous in cases where the convolution kernel in the
time domain may be unknown or distributional. In the Laplace domain, however,
convolution kernels are generally simpler than their Laplace domain counterparts, and
are analytic in the complex Laplace parameter.

We now begin in earnest in the development of Convolution Quadrature. Our

goal is the numerical approximation of forward convolutions

y(t) = / f(t —r)g(r)dr, >0,

10



and convolution equations

t
/ F(t = 7)g(r)dr = h(), ¢ 0.
0
We will approximate the convolutions on a uniform grid of time step size k > 0
t, :=nk, n>0.

Data will be read in the time domain, leading to discrete forward convolutions

y(tn) = yn = Z Wi (K) g (tn—m)

and discrete convolution equations
Z Wvljz(“)gn—m = h(tn-m)-
m=0

A very simple model problem
Let us now take some time to develop Backward Euler (BE) based CQ for
a few simple problems to understand how CQ approximates convolutions. Suppose
g : R — R is a causal function and ¢ > 0. We seek a causal function y that satisfies
the ODE
y—cy=g. (2.7)
Implicit in the causality of y is the use of a homogeneous initial condition. A non-
homogeneous initial condition y(0) = yo can be handled by placing it on the right
hand side:
Y —cy =g+ yodo-
This, however, requires modification of some of the C(Q weights to retain the full order
of convergence (at least for parabolic problems) [58, Corollary 4.2]. We will only
consider the homogenous case. Applying a BE approximation to the time derivative

in (2.7), we arrive at the approximation

N ()] 2:8)

11



We demand that {y,} be a causal sequence, so y,, = 0 for n < 0. Since BE looks one
step into the past, we will have that y_; = 0. We can show that ¢(0) = g(¢y) = 0 and

therefore yo = 0. We can rearrange (2.8) into the time-stepping form

n — n— tn
Y Y1t g(tn)

1-— 1 — ke

and work backwards until n = 0 to obtain

= HZ m+1g<tn m)- (2.9)

The exact solution to our ODE (2.7) is

yuwzllﬂmr~ﬂm,

which, when we look at the point ¢,,, has the form

Z/t g(t, —7)dr.

Therefore our BE ODE solver is making the approximation

tm K
To(t, —1)dT % ———q(t, — t,).
| ot =~ ottt

To better understand where this approximation is coming from, we need to introduce

another tool, the (-transform. For a given causal sequence {y,} we can define its

¢-transform as the formal series

n=0

We do not concern ourselves with the convergence of the series and consider it as
a formal transformation of causal sequences. The (-transform works well to solve
recurrences such as those that arise from discretizing ODEs with a linear multistep

method. We can displace the sequence to the right

(Yo, y1,...) — (0,?/0,y17--~)

12



by multiplying its associated (-transform by ¢
Y(Q) — CY(C) =D ynal™
n=1

The second operation on (-transforms is convolution of two sequences {a,} and {b,},

which in the discrete time domain corresponds to their Cauchy product,

n
E A bp—m,
m=0

or in ¢ domain, is just the product of the (-transforms,

A(C)B(C) - i (i anbn—m> Cn

n=0 \m=0
If we encode our recurrence equation (2.8) using (-transforms, we get the equation

(1_C—c)Y@%=G@L

K

which yields

Y(¢Q) = =—G(0). (2.10)

— —c

o

We can manipulate the right hand side of (2.10) algebraically or use Cauchy’s Integral

Formula to show that

1 K n
=i DY ume et

K n=0

The above shows how we may use the Laplace transform of the convolution
kernel (henceforth called the transfer function) and readings of data in the time domain
to produce time domain output. We discretize continuous convolutions with discrete
convolutions, where the coefficients of the discrete convolution are the coefficients in
the (-transform of the transfer function. In a moment we will justify the use of Taylor

series.

Some more examples and a general observation
If we want to instead discretize our basic ODE (2.7) with the Backward Differ-

entiation Formula of order 2 (BDF2), our problem reads

1/3 1
2y =2+ 2y ) — ey = g(t,) ¥R > 0.
H(Zy Yn1 + Y 2> Y = g(tn) Vn

13



We can take the (-transform of the recurrence to find

A last example involves discretization of (2.7) with the implicit trapezoid rule (TR).

The recurrence reads

C

1
- (Un — Yn-1) — = (Yn — Yn—1) =

5 (9(tn) +g(tn-1)),

DO | —

which can be solved with the (-transform

Y(0) = ——C(C).

E(1+<>_C

All of these solutions have the general form of

1
Y(¢) = WG(Q (2.11)
where
1-¢ BE,
0(¢) =4 2-2¢+1¢> BDF,
21=¢ TR.

1+¢

We notice that the unique causal solution to (2.7) is given in the Laplace domain by

the expression

S—C

whereas the discrete versions have the form (2.11), or, in an implicit form,

Ls0v(o) - ev(¢) = G (o). (2.12)

K

If we can expand the discretized transfer function as a power series

1 IR
iy i _ c m
(360 -¢) =S wnne
then the recurrence in (2.12) can be written as

Yn = Z W, (K)g(tn—m)-

14



More general convolutions and Convolution Quadrature

We now consider the causal convolution

y=1r=*g, (2.13)

where we assume g : R — X and f : R — B(X,Y). We take g to be known and
causal, and we only require that f have a known Laplace transform F(s). The Laplace

transform of (2.13) is then

If we discretize this Laplace domain convolution, the equation becomes

Y(Q) =F (18(0) G(O).  G() = _g(ta)C". (2.14)
If we can expand
F(£5(Q) = > wn(r)C™, (2.15)

then the convolution (2.14) can be written explicitly

Un = > wi(k)g(tnom), 1 >0. (2.16)

The discrete convolution (2.16) with coefficients given by (2.15) is said to be the Convo-
lution Quadrature (CQ) approximation to the continuous convolution (2.13). Since we
have assumed that F is analytic in C,, if §(0) € C; then the mapping ¢ — F (246())
is analytic in a neighborhood of ( = 0, and therefore the ( series (2.15) is simply a
Taylor series. This justifies our use of Cauchy’s Integral formula for the computation

of the convolution weights.

CQ approximation of convolution equations

Written in the Laplace domain, a convolution equation is

F(s)G(s) =H(s) or G(s)=F(s) "H(s),

15



with the caveat that on the right F(s)™! may be unknown. Applying a CQ discretiza-

tion to the convolution equation leads to the discrete convolution

F(16(¢) G(¢) =H(CQ), H(Q) = hltm)(™

m=0

Written as a marching-on-in-time scheme, this becomes
w(l):(ﬁ')gn = h(tn) - Z W,i(/{)g(tn_m),
m=1

and so the CQ discretization is well-defined when w{ (k) is invertible. We might wonder

what happens if we know both F(s) and F(s)™!, and compute
= m -1 — -1 m
F(0(Q) = _wn(m)C™ and F(13(0) =D wn (m)C™
m=0 m=0
Then the convolution equation F(£6(¢))G(¢) = H(¢) becomes simply

Go = wh (K)h(tnm).

Do these two methods produce the same solution? The answer is yes. We have assumed

F(s) is a transfer function that is analytic in C, and so is F(s)~'. Then

B =wl ), Sk Rk =0 n> L

This proves that

produce the same sequence {g,}.

16



2.4 A Discrete Differentiation Approach to CQ

We are interested in approximating the continuous causal convolution y = f*g,
which reads in the Laplace domain Y(s) = F(s)G(s). We restrict ourselves for a
moment to the case when F(s) = s, which corresponds in the time domain to computing

y = g. We discretize this problem with Backward Euler with a fixed time step £ > 0:

Y = =(9 — g(- — K)).

The Laplace transform of this convolution is

which we can write as

Y. (s) = 5.G(s), (2.17)

where

S = %(1 —e ") = %5(6_85), (¢)=1-C.
If we apply BDF2 to our toy ODE y = ¢, we get
Y~y =5 (59 = 29(- — k) + 39(- — 2)),
which has the Laplace domain form

Yi(s) = L(3 —2e7 + Le7>")G(s).

This has the same form as (2.17) with the discrete differentiation function

i(C) = % —2( + %CQ. Finally, a trapezoidal rule discretization of the toy ODE reads

e +yu(- — ) = (g — g(- — K)),

which fits the form of (2.17) with the rational approximation

17



As we did before, we can now consider approximating more general convolutions
Y(s) =F(s)G(s) by Yi(s)=F(s0)G(s).
To derive the method, we again expand the transfer function

F(26(¢)) = > wh(k)C™

m=0

and insert the discrete differentiation symbol

Fls) = 30 whR)e™ = 30wk (m)e .
m=0 m=0

We recognize that F(s,) is the Laplace transform of the distribution

Z w'rljl(l{) ® 6tm’
m=0
and so Y,(s) = F(s,)G(s) is the Laplace transform of

Uel(t) = wh(k)g(t —tm), tn <t <tpp
m=0

If we sample at t = t,,, we recover our original C(Q method:

Un = Yu(tn) = Z wg(“)g(tn—M)'

An important observation is that there is a continuous-in-time convolution in the back-
ground of the CQ discretization. The previous two equations demonstrate that CQ
produces a sampling at the time steps of this continuous convolution. However, we are
only able to evaluate the solution at the prescribed time grid. If we wish to evaluate
the solution at a point not on the time grid, we would have to start all over. There is a

possibility of non-uniform time stepping which has been developed recently in [56, 57].

Operational notation

The original work of Lubich on CQ [58] made use of an operational notation

to indicate causal convolutions and their CQ discretization. The idea is as follows.

18



In the Laplace domain, the multiply-by-s operator corresponds in the time domain to

differentiation, so we write our toy ODE as y = ¢ = dg. We then use the notation

y=F()g=f=*g, where F(s)=L{f}(s).

In this way, the Laplace domain transfer function and time-dependent data are both
clear. Upon discretizing with CQ, we make an approximation 0 ~ J, for a fixed time
step k > 0. CQ replaces the continuous differentiation operator with a discrete one,

s = 26(e7*). The CQ method is written as
F<a‘i)g = Z wrFrL(’i)gfi(' - tm) = fl-i *9, fn = Z wfn(’i) ® 5tm‘
m=0 m=0

2.5 Lubich’s Original Exposition
In this section we present the derivation of the CQ method as was originally
presented in [58]. Note that the original presentation was for operators of negative

order defined outside a sector
larg(s —c)| <m—¢, d<7/2, ceR
A negative order transfer function F : C; — B(X,Y) satisfies
[F(s)| < C(Res)ls|*  p<—1.

for all s outside of the sector. The constant C(-) is non-increasing and polynomially

bounded (see Appendix A). This condition means that

1 o+100 1 e’} )
f(t) = 5 /a'ioo e*'F(s)ds = o) TR (0 + iw)dw
defines a continuous and causal function whose Laplace transform is F, independent
of the choice of ¢. In addition, if a > o, we have a non-standard Cauchy’s integral

formula .
1 (n) 1 g+i00 1
—F"(a) = —— ——F(s)ds, (2.18)

n! 271 (s —a)rt!

T —100
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derived by taking limits in a contour integral around a. We now proceed to compute

(f*9)( / f(r)g(t —7)dr = /Ot (% /Uj:o eSTF(s)ds) g(t —7)dr

1 o+100 t
=5 s F(s) (/0 eTg(t — ’/')d’/') ds.

/Ot e*Tg(t — 71)dr =: y(t; s)

and note that y(t; s) satisfies the ODE ¢ = sy + g. The assumption of causality gives

We denote the term

the initital condition as y(0) = 0. We can apply a Backward Euler discretization to
y(t; s) to get

tn n 1
ST ~ —
/0 € g(tn - T)dT ~ ’imzzo (1 _ /{S)m'H g<tn—m)‘

Plugging back in, we obtain

n o+i00 K

o) =3 (on [ G )t

=0 ,
-~

win (k)

To figure out the coefficients, we use the non-standard Cauchy integral formula (2.18)

b= G (g [ o)

e

This is the same BE-C(Q method as we derived before.

to show

2.6 Convergence of Multistep CQ

We state here without proof the key convergence results for BDF-based and
trapezoidal rule Convolution Quadrature. For proofs of the following convergence
results for BDF-based CQ, we refer the reader to [58]. The results in [58] are valid

for operators whose Laplace transform is of negative order and is defined outside a

20



A
n\/
Vv
)

—

»
~—

Figure 2.1: The sector |arg(s) — ¢| < m — ¢. The domain of definition of F is the
exterior of the sector.

sector. These were extended in [60] to operators whose transfer function is analytic in
a half-plane and to transfer functions of positive or negative order. The trapezoidal rule
convergence theory was completed later in [9] for transfer functions that take values
in a half plane. To state the convergence results for BDF-CQ, we assume that the
transfer function F is analytic in a sector |arg(s —c)| <7 — ¢ with ¢ < 7, c € R, and

satisfies in the exterior of the sector

|IF(s)]| < M|s|™" for some M >0 and p > 0.

We require that the linear multistep method be A(a) stable for a > ¢. Geometrically,
this means that the region of absolute stability for the multistep method must contain
the domain of analyticity of F. We also require that it is stable in a neighborhood
of infinity, strongly zero-stable, and consistent of order p. In terms of the generating

function §((), this corresponds to:

(1) 6(¢) is analytic and without zeros in a neighborhood of the closed unit disk

|| <1, with the exception of a simple root at { = 1,

(2) |argd(¢)| < m— a for |¢| < 1, for some o > ¢, and
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(3) L6(e™*) =1+ O(h*) for some p > 1.

The backward difference family of ODE solvers of order p < 6, which corresponds
to the choice )
1 i
6 =010,
i=1
satisfy the hypotheses. The angles « for these methods are o = 90°,90°, 88°,73°, 51°, 18°
for p=1,...,6. The BDF-7 and higher methods are not zero-stable and are therefore

unusable. Under these assumptions, Lubich states the following theorem.

Theorem 2.6.1 ([58, Theorem 3.1]). Under the previous hypotheses on F and §, there
is a C > 0 such that if g € CP([0,T])
F(0k)g(t) = F(0)g(t)] <Ct*" (k|g(0)] + - -+ &g~ (0)]

HP <|g<p1>(o)| +t max yg<p>(7)y>) te [k, T].

0<r<t

The constant C' is independent of k and t but depends on T.

With this theorem we see that we recover the full order of the underlying time stepping
method for smooth enough data with sufficiently many vanishing derivatives at ¢t = 0.
A second theorem extends Theorem 2.6.1 to the case of ; < 0. The constant in its

statement also depends on the final integration time 7.

Theorem 2.6.2 ([58, Theorem 5.1]). Under the previous assumptions on 6 and F, we

have for any positive integer k
|sF(De)g(t) — s"F(s)g(t)] <Ct#~'~" (%\9(0)\ + o Y ]gPD(0)]

+ 1 (|7 (0)] + g™ ()] + - - + t¥]g®+* D (0))]

k41 (p+k)
+1* max |g (T)I)) :
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2.7 Algorithms for Multistep CQ

We now explain the implementation details for multistep CQ. We will use generic
pseudocode for the actual algorithms, but implementation of the method follows closely.
Another exposition of many of the CQ algorithms can be found in [16]. Before we
proceed, we need to introduce some tools.

Given a vector X := (zg, ..., zy) € CM*! we define its Discrete Fourier Trans-
) ) )

form (DFT), denoted as X, by

271

xf_zxnCMHu (=0,...,M, where (41 :=eMI.

We can recover the original vector through the Inverse DET (IDFT)
M

1 In
xn::]\/[—i—l; ey n=0,..., M.

Given x, y € CMT! we define their discrete periodic convolution x #,e, y € CYT! by

( pery meyn m + Z TmYM+14n—m, n207~"7M-

m=n+1

This definition of discrete periodic convolutions is somewhat complicated and does not
reveal much of the structure of the result. Instead, we can consider the vectors as

infinite sequences x,y € (°(Z) that are M + 1 periodic. Then the periodic sequence
M

( pery Zwmynm n € 7,

m=0

which has a much more convolutional feel, coincides with the original definition of
periodic convolution. The DFT diagonalizes discrete periodic convolutions as follows:

—

(X *per Y)E = /x\ﬁ/y\é~

In this way, we can compute discrete periodic convolutions quickly by taking the DFT of
the two vectors, multiplying componentwise, and then taking the IDFT. Now, suppose
that x and y are causal sequences. We need to compute the first N components of

their discrete convolution

(X*Y)n meyn m, m=0,...,N. (2.19)
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We notice that we are really only using the vectors (zo,...,2x), (%o, ..,yn) € CNTL.

Define

x™ = (zg,...,25,0,...,0), y™=':=(yo,...,yn,0,...,0) € C*N*? (2.20)
—— ——

N+1 N+1
as the zero-extensions of the components of the sequences x and y that are relevant

for the discrete convolution (2.19). Then it is easy to see that
(X*Y)n = (X #pr y*)n, n=0,...,N. (2.21)

Equations (2.20) and (2.21) provide an algorithm for computing the first terms of a

discrete convolution of sequences (2.19).

Algorithm 2.7.1 (Computation of discrete convolutions). To compute the convolution
(X%Y)n =D Twlp-m, n=0,....N,
m=0

(1) keep N + 1 components of the sequences x and y and extend them with N + 1

zeros at the end,
(2) take the DFT of the extended vectors,
(8) multiply the resulting vectors component by component,
(4) take the IDFT of the result of (3), and

(5) keep the first N + 1 components of (4).

Reducing computation by symmetry

Our data will be taken to be real-valued, and so we can reduce our computation
by noticing that the DFT of real data exhibits a certain symmetry. Assume X is a

Banach space with a conjugation operator and let x = (xq,...,zy) € XN+ If

I’N_H_g:fg le,...,N,
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we will say that the vector x is Hermitian. This is not a standard definition, but we will
find it useful. It is precisely this type of symmetry that occurs when we take the DFT
of real-valued data. In what follows, we will remark that an algorithm to compute a
vector x can be symmetrized when we know in advance that x is Hermitian. In this

case, we will:
(1) compute z, for £ =0,..., %], and

(2) copy the missing components xy41-¢ for £ =1,...,[§].

Computation of CQ weights
We will now work to compute the weights of the CQ method, given by

S r W )

The first coefficient is simply wg (k) = F(£5(0)). Following the original works [58, 59],

., n=0,...,N. (2.22)
¢=0

we will use Cauchy’s integral formula to compute the remaining coefficients. We will
take the integration contour to be a circle Cg := {( € C : |(| = R} for a value of
R to be determined. Because F is analytic (and therefore its derivatives are too), we
will approximate Cauchy’s integral formula with the composite trapezoidal rule. For
simplicity, we will use the same number of quadrature points as CQ weights that we
need. Studies on the impact of the number of quadrature nodes on the accuracy of the

computation can be found in [18]. We now compute

WE(R) = b CmIR(LS(0))dC

21 Cr

1
— R™ / 672ﬂim9F(%5(R62ﬂ'i0))d9
0

Vi F (R (RCy 1))

N F(LO(RCE)).
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Our approximate C(Q) weights are then given by

Fo = F(L5(RC,))).

N—|—1

One possible choice of radius is R = ¢2871 where ¢ is machine epsilon. This choice
strikes a balance between efficiency and accuracy, and allows about 8 digits of precision
when computing the CQ coefficients [59]. If we have F(3) = F(s) and §(¢) = 6(C), then
the sequence of evaluations of ﬁg is a Hermitian sequence, and its computation can be

reduced by symmetry.

Algorithm 2.7.2 (Computation of CQ weights). In this algorithm and those that fol-
low, we use the notation (Par + Sym) to denote steps that can be done in parallel

and reduced by symmetry.

(1) (Par 4+ Sym) Compute
F=F(25(R(Y), £=0,...,N.

(2) Apply the IDFT

N

1 ~
Fopp=——Y Fu(% =0,...,N.
N+14& 6N+ T

When F' is matriz-valued, the IDFT must be done component-by-component.

(3) Scale the weights
wh (k) =R™F,, m=0,...,N.
We can replace the approrimation to the zeroth weight with its exact value
wo (k) = F(36(0)).
All-steps-at-once computation of convolutions

Our goal now is the computation of a forward convolution

ngfm(ﬁogm? nZO?"'7N7
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where we assume that we are approximating the CQ weights by

N

R = otn = -
wy, () ~ N+1 ;Fe N Fe=TF(LO(RG)).

Because of Cauchy’s integral formula, all weights with negative index vanish:

wr (k) = L C"IRQd¢ =0 ¥n < -1

21 Cr

We then compute

m=0 m=0
N N
R™" -~ A(n—m)
R F m
2 (V)

This leads us to the following algorithm presented in [16] and based on algorithms
developed in [34].

Algorithm 2.7.3 (All-steps-at-once forward convolution). We sample the input data

at discrete times

and approrimate

(1) Scale the data

(2) Compute the DFT
R N
he =Y hnCyTT, (=0,...,N.
=0

(3) (Par4+Sym) Apply the discrete transfer functions in the Fourier domain

0= Fehy,  Foi=F(LS(RGE)).
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(4) Compute the IDFT

N

1 In
Up = N——|—1 5N+17 nZO,...,N.

(5) Rescale
Uy, = R0,

All-steps-at-once solution of convolution equations

We remarked earlier that solving a convolution equation F({)G(¢) = H(() is
equivalent to computing the forward convolution G(¢) = F~1(¢)H(() in the case that we
know F~1(¢). We can then modify the procedure for computing forward convolutions

to handle convolution equations quite simply

N R N N
~ ) <N+ ; Zle@cﬁa) Wtum), Byt = F(R0(RCG) ™

N

9n = - (N:_ Z (Z RmthN > QN—H) ’

=0

We do not need to compute the inverses ﬁ[l, but instead we will solve linear systems.

Algorithm 2.7.4 (All-steps-at-once solution of convolution equations). We sample

the data at discrete times

and seek to solve
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(1) Scale the data
U = R"h,,, m=0,...,N.

(2) Compute the DFT, v,, for { =0,...,N.

(3) (Par4+Sym) Solve the linear systems in the Fourier domain
ﬁﬂ/&é =y, ﬁe = F(%é(RC§ﬂ1))~

(4) Compute the IDFT wy, for { =0,..., N.

(5) Scale
gn = R "w,, n=0,...,N.

Computing convolutional tails

We focus now on computing

Z O (R, n=Q+1,..., M, (2.23)
where N
- R™™ -~ B
Oy (k) = N1 Z 5€N+17 Fp:= F(%é(RCNil))v (2.24)
=

for a given N > M, which we will take to be N = 2M. We then proceed as follows:
gk::gk-‘rQ-‘rl (k:OaaM_Q_]-)7

Q m—k—Q—1
R (k+Q+1-m
P (N—HZ R )) tm

m=0 /=0

= R k—Q-1 <N+ - ZCNQ-H (Z gNﬂ_n}Rmum> gN-}—l)
_ pre- 1(N+12<NQ“ (et ) ).

where

R™u,,, 0<m<Q,
Wy 1= (2.25)
0, Q+1<m<N.
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Algorithm 2.7.5 (Computing convolutional tails). We now compute (2.23). The
value of N in (2.24) is a parameter. We assume the data u,,, for m = 0,...,Q is

already sampled.
(1) Scale the data and append zeros according to (2.25).
(2) Compute the DFT of the vector w,, from the previous step, wy, £ =0,..., N.
(3) (Par+Sym) Apply the operators

Eg = (ﬁ;grl)ﬁg@g, (= 0, ce ,N.

(4) Compute the IDFT hy, for k=0,...,N.
(5) Scale and cut the resulting vector

r=R7*C9 1, k=0,....M—Q-1.

(6) Re-index
Gn =Gt n=Q+1,.., M.

If we do not re-index in the last step, what we have computed is

Q
T ::Z&,§+Q+l_m(m)um, kE=0,....,M—Q —1,

m=0

which can be understood as the formal product with a piece of a Toeplitz matrix

- Oh(k)  @GH(k) .. @ (k) - .
9o g —p ~p Ug
~ WQ+2<’£) WQH(“) o Wy (k)
%1 | ~p g —p (251
) = wQ+3<“) Woqo K) ... Wy(k)
IM—-Q-1 _ _ _ uQ
: Pl st sl . S5 gk | L
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Solution of discrete convolution equations

We will now develop two strategies for the solution discrete convolution equa-
tions. First, we consider the solution of the block lower-triangular system arising from
a CQ discretization using block forward substitution. We pick a block size 1 < J < N
corresponding to the size of the lower triangular blocks we will invert directly. Taking

the extreme J = 1 corresponds to simple marching-on-in-time scheme of the form
W(I;‘(/f)gn == hn_ ng(ﬁ)gn—m7 n:O,...,N,
m=1

and a choice of J = N simply inverts the entire lower-triangular system in a single
solve. Intermediate choices of J give the number of time steps we compute at once. In

the case J = 2, a single step solves first the block system

wp (%) 90 h(to)
wi (k) wp (k) 9 h(t1)
and then updates the right-hand-side of the equation with the previously computed

steps before solving for the next two time steps:

wp () 92 | _ h(ts) B ws (k) wi (k) 90
wi (k) wp (k) 93 h(ts3) w; (k) w (k) 9

B ()
o, | “H <
5 () WF(r) i (x)

The algorithm is as follows.

Algorithm 2.7.6 (Lookahead solution of CQ convolution equations). We seek to solve

a convolution equation
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The parameter J breaks the list of indices into groups

0oy J =1, 0020 =1, (k= 1), kT — 1, kn, ..., N.
ba) bzg) bzg ) rem;nder

where b(i) = {(i—1)J,...iJ —1} is a generic block fori=1,... k, where k = |[N/J].
We then loop over the blocks i =1,...,k and do the following:

(1) For a fized i, solve the block system
Q8= hyg).

(2) Compute the convolution tail with the formula

J-1

(8) Update the right hand side of the equations with

hn:hn_rn—(i—l)J7 ’I’L:Z<]7,N

When we have looped over all of the blocks of size J, we may have remaining in-
dices (when the number of time steps is not a multiple of J). Therefore, we have to

solve for the last piece of the convolution directly:
(Par + Sym) Z wi_m(m)gkprm = hpgom, m=0,....,N—kJ.
m=0

A recursive approach is to again invert a lower triangular Toeplitz blocks of
fixed size J, but instead of then calculating the contribution of the computed steps to
the entire right hand side, we instead correct the right hand side with the square block
that connects the two triangular blocks. This is illustrated in Figure (2.2). We now

outline the fully recursive procedure, following the exposition of [17].

Algorithm 2.7.7 (Recursive solution of discrete convolution equations). We seek to

solve the discrete convolutional system

Zwi(/ﬁ)gn,m =h,, n=0,...,N.
m=0
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Figure 2.2: A graphical comparison of lookahead (left) and recursive (right) strategies
for solving convolutional systems.

(1) If N > J, define N, = [N/2] and solve recursively

ng(/ﬁ)gn,m =h, n=0,...,Np,
m=0
.e. if N, > J, bisect again.

(2) Update the right hand side with

Np

hy, = h, — Z W (K)gnom, n=0,... Ny

m=0

(3) (Par4+Sym) Solve the remaining lower triangular block

n

Z wh (K)gn-m =hn n=N,+1,...,N.
Np+1

(4) (Par+Sym)If N < J, solve directly the system

ng(ﬁ)gn,m =h,, n=0,...,N.
n=0
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2.8 Multistage Convolution Quadrature

In the previous sections, we have developed the tools for multistep convolution
quadrature. At a key moment, we discretized a linear ODE with an implicit multistep
ODE solver to derive the method. A natural extension of the previous work is to
the case of discretization of the underlying ODE by multistage time steppers. The
mathematics is more complicated than in the linear multistep setup. We will take
some time to introduce the necessary tools before proceeding with our study of Runge-
Kutta Convolution Quadrature (RKCQ).

We will make use of non-standard vectorized notation for applying a scalar

function to a vector. For a vector ¢ € RP, we will write

C1 g(t + /ﬁ?Cl)
c t+ ke

c= .2 — g(t + Kc) = gl _ 2) e RP.
e g(t + kep)

Similarly, if f = f(t,y), then we will write

f{t+ ke, yn)

f(t+ Kkea, y2)

¢,y ERP — f(t+ ke,y) = € RP.

f(t+ kep, yp) |

An implicit RK scheme is given by its Butcher tableau

c| A
bT

b,c € R?, A € RP¥P,
with the conditions
Al=c, Dbl1=1, 1=(1,...,1)". (2.26)
The solution of an ODE

y:f(t7y>
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with an implicit Runge-Kutta method requires the solution of a system of (possibly

non-linear) equations to find the stage values

Vo = ynl + KA f(t, + ke, yn), (2.27)
followed by the computation of the next step

Ynt1 = Yn + kDT f(t, + KC,y,). (2.28)
The internal stages approximate

Yn R y(tn +£C),  yn = y(tn).
As in the multistep case, we are interested in the trivial ODE

y=g

which is

in the Laplace domain. Applying (2.27) and (2.28) to this problem leads to

Yn = yn]- + “Agn7 Yntl = Yn + Hngm 8n ‘= g(tn + KJC)' (229)

Written with the ¢ transform, (2.29) becomes

Y(¢) = Y(O)14+kAG((), ¢'Y(¢) =Y(¢) +rb"G(Q),
where o . o
YO =D uml™ Y(Q) =) yml™ G =) gm™

We can solve the recurrence equations to find

oG
1=¢

bTG(C) and Y(¢) = (ﬁmT + A) G(0).

Y(¢) =
This corresponds to the RK discretization of

Y(s) = s 'G(s),

35



and so our discrete RK differentiation operator will be given by the matrix

A(C) = (%guﬂ’ + A> -

In other words,

sY(s) is discretized as  LA(C)Y(C).

A Runge-Kutta method is said to be stiffly accurate if the last row of A is
the same as b7, i.e.

elA=b", e =(0,...,0,1).

p

For these types of methods, it is clear that ¢, = 1. Going back to (2.29), we see

eZYn = ynegl + KegAf@n + KC, Yn) = Yn T+ /ibe(tn + KC, Yn) = Yn+1-

This shows that the last stages corresponds to the steps, and so we do not need to
explicitly compute the steps. From here on, we will only focus on stiffly accurate RK

methods and will no longer consider the steps independently from the stages.

2.9 Elementary Dunford Calculus

To continue with our exposition of RKCQ, we need to introduce some of the
basics of Dunford Calculus. We will not try to justify any of these results, but they
can be found in various sources, such as [25]. Suppose that F : C; — C is analytic.

Then, by Cauchy’s integral formula, we have

1
F(\) = — jI{ (z — A\)'F(2)dz A e Cy,
271 C
where C' is some simple and positively oriented path surrounding A. If A is a diagonal
matrix with entries Ay,...,\, € C, then it is natural to define
P(A) = — 74( - A 'F(2)d
= — ¢ (2 — 2)dz
27 C
. 1 _ _
= diag (% ﬁ(z —\) 'R (2)dz, .., e C(z - ) 1F(z)dz> ,
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where the curve C' surrounds Aq, ..., \,. Then it is clear we can extend this definition

to diagonalizable matrices. If B = PAP~! is a spectral decomposition of B, then

F(B) = = ]{ (21 - B) 'F(2)dz = = (:PP' —PAP Y 'F(2)dz
C

2mi - 2mi Jo

1
=— ¢ P(zI - A)"'P'F(2)d2 = PF(A)P*,
271 C

as long as C surrounds the spectrum of B. In the case of a defective matrix, things
become a bit more complicated. The operator F(B) can be defined through the Jordan

form of B. We will focus on diagonalizable matrices for simplicity.

Products between matrices and operators and key properties

For a matrix B € CP*?7 and a F € B(X,Y') we define

bllF b12F . bqu
bglF :

B®F := . € B(X9,YP).
bpiE bl .. by F

With this in hand, we can define the action of a bounded linear operator on a matrix.
Suppose F : C; — B(X,Y) is an analytic map, and B € CP*? with its spectrum in
C,. We define

F(B) := = ]i(zl —B) ' ®@ F(2)dz, (2.30)

©2mi
where C' is a simple closed positively oriented curve that surrounds the spectrum of B.
With all of this defining out of the way, we will now work through the key properties
of the Dunford calculus that we will use to develop RKC(Q methods. First, for any

matrix B,

1 1
— ¢ (21 -B) ' ®Ixdz = <T]{(ZI—B)—1dz) R, =1® Ix = Ix»,
C

21 Jo m

as long as C' is a simple closed curve surrounding the spectrum of B. If F : C, —

B(X,Y)and G:C, — B(Z, X), then
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For B € CP*? and C € C?*", we have
(BC)@F=(B®Iy)(CxF). (2.31)

If we specialize to the case when A is a p X p diagonal matrix, we can show

Arow(C, 1)@ F
(AC)F=(A®Iy)(C®F)= : : (2.32)
Aprow(C,p) @ F
Combining (2.31) and (2.32), we have for B € CP*4, A € C?7*? a diagonal matrix, and
C e Crr

(BAC)®@F);; = (B® Iy)u((AC) ® F))i; = Bily (CA)yF
= Bigégk)\gckjF = )\gBigngF.

Written less compactly, we have

iS]

(BAC)®F =) col(B, ) ® (A\jrow(C, j) @ F). (2.33)

7=1
We are finally in a position to begin computing operator-valued functions of a diag-
onalizable matrix. Suppose that B = PAP™! is a spectral decomposition of B. If
F:C, — B(X,Y) is an analytic operator-valued function and z ¢ o(B) = {\;},

(:I1-B)~' = Z col(P,§) @ ((z — \;) trow(P™1, j) ® F(z))

p
=3 col(P, j) ® (row(P, j) @ (= — A)~'F(2)).
j=1
Integrating around a simple closed curve that surrounds o(B), we get
p
F(B) = col(P,j) ® (row(P™, j) @ F()y)),
j=1

which is a simple way to compute the integral in (2.30).
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2.10 Moving Towards RKCQ

As was done in the scalar case, we are interested in discretizing y = f x g as

y(tn—i-K,C RYn = ZWF gn m gn:g<tn+/€c)a

where the convolution weights are the coefficients of the Taylor series

)= Walk)S

We can also use the (-transform

If we discretize a convolution equation f * g = h, we wind up with
Z WF gn m — hn;

which can be written as a marching-on-in-time scheme as
Wy (k)gn = h, — Z Wi (K)8n—m.

Note that W{ (k) = F(LA(0)) = F(£A™!), which is another way of showing that we
are restricted to implicit RK methods for RKCQ. Actually, we require more of our RK
method. We require that o(A) C C,, which is equivalent to the RK method being

A-stable.

The convolution in continuous time

In the scalar CQ case we demonstrated that even though CQ produces output
at discrete time steps, there is a continuous-in-time convolution in the background that
we can study and use for theoretical purposes. Given an operator-valued distribution

f and its Laplace transform F, we were able to understand

— iwi(n)gm, F(s.) = iwi(li)e_“", Sp = 6(e™")
m=0 m=0
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as the Laplace domain version of

Zw R) 8, L{LH(s) = Fls,).

We can try to replicate this argument for RKCQ as follows. We define S, := A (e™*")

and compute
[e.e]
= Z WE(k)e stm.
m=0

This is the Laplace transform of the causal distribution

Z WF ) ® 6,

A difficulty arises because W (k) € B(X?,YP), and so these weights cannot act directly

on a distribution g € X. We must first modify ¢ by

g(‘+/€01)
X>g9+— : =:g(- + kc) € XP.

g(- + keyp)

Therefore, RKCQ is the sample at the level of stages of the continuous-in-time convo-
lution

F. x g(- + kc) ZWF (- — tm + KC).

RKCQ Algorithms

We will now present a summary of the algorithms for an implementation of
RKCQ tools. We do not provide as many details as in the scalar case, since many
of the steps are similar or the same. We take our integration contour to be Cy :=
{¢eC : [¢| =e/CN+D} where we use N + 1 points for the composite trapezoid rule
quadrature of Cauchy’s integral formula. We compute

WE(k) = RN <%A(§)) ‘C = i CMF(EA(Q))d¢

m! d(m 21 Jo,,

ACNL), n=0,...,N.
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Algorithm 2.10.1 (Computation of RKCQ coefficients). For a stiffly accurate method,
we write A(¢) = A™! + (C where C := Aflleg. We then proceed as follows:

(1) For £ =0,...N find the spectral decomposition
1
PAP, = EA<RCJ§€H)
and loop over stages to compute

Fo = FLA(RGE ).
(2) Apply the IDFT and scale
T
HrF L —m o ml

Note that this algorithm assumes A(C) is diagonalizable for all ( in the integration

contour.

All-steps-at-once computation of forward convolutions
Our goal is to compute y = f * g, where F(s) = L{f}(s) and g are known. We
begin by sampling the data g on the stages

g, :=g(t, +rec), n=0,....,N

and we aim to compute

n N
Yo =3 Wi (k)gltn)=> Wi (k)gtm), n=0,...,N
m=0 m=0

where we have used that the convolution weights W (k) are zero for m < 0. Using the

approximation developed earlier, we have

N
R S ome 5 ¢
Wg(“) ~ N1 ;Fﬁ Ny F= F(%A(RCN—&J))’

and so our approximation to y = f * g takes the form

N N
—n 1 - m —m.
v (N—H 2T (Z " gm{N*f) “ ) |
m=0

=0
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dy 1 Stage 1

dg 1 Stage 2

Figure 2.3: Organization of data for RKCQ in the finite dimensional case.

Let us now take a moment to consider the case when we are working with finite-
dimensional data, g : R — R% and f : R — R%*% It is most natural to work with
the sampled data g, € RP% organized in p blocks of dy components. This is illustrated
in Figure (2.3) for p = 2. The key step is the multiplication ?gﬁg for a given vector
h, € CP2. When we have the eigendecomposition %A(RC&?H) = P,A/P,', then we

can use our earlier results from the Dunford calculus to show
Fohy = (P, ® Iy, )diag(F(\r), ..., F(\,)(P; ' @ Iy,)hy. (2.34)
We can now proceed to describe the algorithm.

Algorithm 2.10.2 (All steps at once forward convolutions). We assume data has been

sampled at the discrete times
g, =g(t, +rc) e XP, n=0,...,N.

(1) Scale the data: h,, := R™g,,, m=0,...,N.

(2) Compute the DFT
N
he:=> hn(y7y, (=0,... N
m=0

These are formal DFTs, componenwise in XP. When X = RY, these can be

broken into pd separate scalar DFTs.
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Figure 2.4: Structure of RKC(Q approximation for a two stage stiffly accurate RK
method. Circles represent the second stage (and also time step), while
crosses are the points for the first stage.

(8) For every{ =0,...,N, compute the eigendecomposition %A(Rgﬁﬂl) =P,AP,!

and compute

¢ = Fehy = (P, © Iy)diag(F(\), ..., F(\))(P;! @ Ly)hy.
(4) Compute the IDFT
. X
— < hn o
Vn i = N1 ;WCNH, n=0,...,N.

(5) Scale back
u, =R "v,eY? n=0,...,N.

If this is the last step of a sequence of convolutions, we can discard the internal
stages and keep only the last step of u,, as an approximation to u(t,.1). Because the
RKCQ method counts stages, which are groups of steps, and not the steps themselves,
we do not compute an approximation at ¢y, and the final time step takes us to ¢y
and not .

The algorithm for forward convolutions can be easily modified to handle con-
volution equations. The only change is replacing the multiplication in step 3 with a

solution to

F,;'%,, = Fohy = (P, @ Iy )diag(F(A\) ™", ..., F(O) ") (P! @ Ix)y,
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that is, we need to solve p equations associated to the operators F();).

Algorithm 2.10.3 (Computation of a piece of a convolution). The algorithm to com-

pute

renumbered in the form

Q
G = Wiiom m(K)tn, k=0,...,.M—Q-—1,

m=0

starting from vectors w,, € X? and outputting values in YP, and using approrimations

N

R o ~ _
Wy (k) ~ N1 ZFZ NZ+1= Fy:= F(%A(RCNi1)) (2.35)

(for positive and negative n) is derived in an entirely similar way to what we did for
scalar CQ. The parameter N > M s a design parameter that influences the size of the

computation, but also the precision to which the approximations are carried out.
(1) Scale and augment data

Rmum7 O§m§Q7

0, RQ+1<m<N.
(2) Compute the DFT w, ({ =0,...,N) of the vectors in (1).

(8) For every £ =0,...,N, find the spectral decomposition %A(Rc&ﬁl) = PAP;!

and compute
hy o= GNEFw, = (T (P @ Iy)diag(F(\), - F(V)) (P! @ Ly,

(4) Compute the IDF'T of the sequence in (3), hy (€ =0,...,N).

(5) Scale and chop the resulting sequence

gr = R 9 1h,, k=0,...,M—Q—1.
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2.11 Convergence Results for RKCQ

We state here the main theorem of [12] on the convergence of Runge-Kutta
Convolution Quadrature. We require first a few assumptions on the convolution kernel
and Runge-Kutta method. We suppose that the convolution kernel F is analytic in the

half-plane Re s > o and satisfies for some real exponent y and bounding factor M
|F(s)] < M|s|™ for Res > o.

In particular, the convolution kernels described in Definition A.3.1 satisfy these hy-

potheses. We assume that the Runge-Kutta method satisfies the following:
(1) The RK method is A stable with classical order p and stage order ¢ < p,
(2) the stability function satisfies |R(iy)| < 1 for all real y # 0,
(3) R(o0) =0, and
(4) the RK coefficient matrix A is invertible.
For such convolution kernels and RK methods, the authors prove the following

Theorem 2.11.1. For data g € C?[0,T] there is an hy > 0 such that for 0 < h < hg

and nh < T the error of the Convolution Quadrature approximation is bounded as

q
[un = u(tn)] SC Y A EH0]60(0)]

£=0
p—1
min(p,q+1+u) 0) (»)
+Ch (;;y (0)] + max |g (T)|>'
=q

The constant C' depends on T
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Chapter 3

INTEGRAL METHODS FOR TRANSIENT STOKES FLOW

This chapter presents analysis and simulation of the single layer potential and
operator for transient Stokes flow in the exterior of a bounded domain in two or three
dimensions. We present a Laplace domain analysis of the Brinkman equations with
the goal of deriving of CQ-type estimates for the Stokes problem in the time domain.
For spatial discretization, we use a Galerkin-BEM approach that can be cast as an
exotic transmission problem in the space variables. We are able to show stability
and convergence for the Dirichlet Stokes problem using an indirect single layer rep-
resentation. Technical challenges arise when considering the pressure potential in the
two-dimensional case. We are able to show through a novel asymptotic argument in
the pressure that we only miss being in L?(IR?) in the first order term, and so a sim-
ple correction results in an appropriately bounded pressure potential. The results of
this chapter appear in Boundary integral solvers for an evolutionary exterior Stokes
problem (with C. Bacuta, G. Hsiao, and F.—J. Sayas) [6].

The literature on numerical methods for integral representations of parabolic
problems has focused extensively on the heat equation. Most theoretical results are
based on the single layer representation, leading to a Volterra-Fredholm integral equa-
tion that can be formally considered to be of the first kind. (We note that the mapping
properties of the integral operators make the integral equations of the second kind for
parabolic problems not to be a smooth perturbation of the identity, due to the map-
ping properties in the time variable. Additional complications arise when the boundary
is not smooth.) This analysis was sparked by the work of Arnold and Noon [4] and
Costabel [23], with some sequels as [43]. The work of Lubich and Schneider [62] offered
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a numerical treatment of the heat equation single layer operator equation. Other for-
mulations, including fast multiplication techniques, appear in recent work of Tausch
[79, 80, 66]. The mathematical literature for the unsteady exterior Stokes problem us-
ing integral equations seems to be quite limited: see, for instance, [39], [40]. A general
overview of the state of the art of time domain integral equations one decade ago can
be found in [24].

For our analysis we will rely on properties of the Brinkman single layer potential.
We will however take a different approach than the one given in [47, 46, 48], since we
need to study the behavior of all the bounds as functions of the parameter in the
Brinkman model. We will adopt a Laplace domain approach similar to the one used in
[7] for the wave equation. For some technical issues, we will rely on recent results on the
Stokes potentials on general Lipschitz domains [75]. The passage to the time-domain
will be done with a modification of a result in [62]. Following [52] we will analyze
the semidiscretization in space in a systematic way, showing that a postprocessed
solution (the velocity field) can have better properties than the preprocessed solution
(the boundary density and, therefore, the pressure field, which is postprocessed with
a steady-state operator). Finally, we will apply a general multistep-based Convolution
Quadrature strategy and analyze it using the results in [58]. We note that this final
step will be the only one where we will not be able to analyze how the constants that
appear in the error estimates depend on time (as the latter grows to infinity).

The Stokes system will be written in the following form

u—rvAu+Vp=0
V.-u=0,

where v is the hydrodynamic viscosity, u is a velocity field and p denotes the pressure.

The Laplace transformed Stokes system (resolvent Stokes system)
su—vAu+ Vp =0, V-u=0

can be identified (when s > 0) with the equations of Brinkman flow.
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ly

Figure 3.1: A sketch of the geometry for the exterior Stokes problem.

3.1 Notation and Sobolev Spaces
For our analysis, we will make use of a complex number not on the negative real
axis:

s€C,:=C\ (—00,0]. (3.1)

We also need the space of Solenoidal vector fields
V(RY) := {ue H'(R?Y : diva=0}.

We will make use of the triplet of inner products defined for open sets 2 C RY and

scalar-valued, vector-valued, and tensor-valued functions:

(u,v)Q:/qu, (u,V)Q:/Qu-V, (U,V)Q:/QU:V,

where in the last we have used the Frobenius inner product, U:V = Zl i U;; V. Our
geometry will consist of a bounded Lipschitz domain 2_ with a connected boundary I'.
We will denote its unbounded exterior €2, :=R%\ Q_. For operators defined on both
sides of I', we will indicate on which side we take a limit or restriction with +. For
example, the exterior trace will be v and the interior trace will be v~. The angled
brackets (-,-,)r will refer to the L*(T') or L*(T") inner products on the boundary T,
as well as their extensions to the duality products of H~'/2(T') x H'?(T') and their
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vector counterparts. For a locally H' function, we can define the jump of its trace by

[vv] := v v —y"v. The negative hydrodynamic stress is defined as
o:=—2ve(u)+pl, &(u):=1i(Du+ (Du)")

where I is the identity matrix and (Du);; = w;;. If u and p are such that dive €

L%(R?\ T') (where the divergence is applied to the rows of o) and we set
f:= —2vdive(u) + Vp € L*(R*\ I),
then we can define the linear functionals t*(u, p) € H~/2(I") by
t~(0,p),yV)r == 2v(e(u),e(v))a_ — (p,divv)e_ — (f,v)o_ Vv e H(Q),
{t"(u,p),v)r == —2v(e(u),e(v))a, + (p,divv)e, + (f,v)a, Vv e H'(Q,).

This allows us to define the jump in the normal stress [t(u,p)] :=t~(u,p) — t*(u, p).

As a consequence, we have

([t(u,p)],yv)r = a(u,v) = (p,divv)ga + (—2vdive(u) + Vp, v)gar
Vv € D(RY)?, (3.2)

where a(u,v) = 2v(e(u),e(v))gre and D(R?) is the set of C> compactly supported
functions (see Appendix B).

3.2 Integral Forms of the Stokes Problem

We now present the single layer pressure and velocity potentials for the Stokes
problems in 2 and 3 dimensions. The following definitions can be found in [46], [48], [47,
p.81]. For a given density A € H™'/2(T"), we define the Stokes pressure potential

(SpA)(z) = (ep(z — ), A)r, 2 €RI\T,

where

1 1

e,(r) := mwr
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is the negative gradient of the fundamental solution to the Laplacian and r;; = x; — ;.
This is the fundamental solution to the pressure component of the Stokes equation. In
two dimensions, taking A € H~/?(I") is not sufficient to give a rapidly enough decaying

pressure at infinity, so we require A to be in the space
H,2(T) :={A e H Y>) : (A,a)r=0 VacPyI)}.

Because the pressure part of the Brinkman and Stokes problem are the same, we have

the following result [75, Propositions 5.2 and 7.2
Proposition 3.2.1. (a) Whend =3, S, : H"Y2(T") — L*(R®) is bounded.

(b) Whend =2, S, : Hal/Q(F) — L*(R?) is bounded.

Asymptotics of the pressure in the two dimensional case

The condition that the density A € H, Y *(T') in the two-dimensional case only
impacts the behavior of the pressure at infinity. To understand how the pressure
behaves without the zero integral condition, we can show the first-order asymptotics

of the pressure to be

1 1 1

%<ep(Z)7 A)r = %ng(% A +O(|z|7?)

as |z| — oo. Therefore, we are able to capture the leading order term which is not in
L?*(R?*) and a remainder that is in L?*(R?). We can then correct for the leading term

as in the following proposition.

Proposition 3.2.2. Define
1 1

= _—X,
21 1+ |x|?

jg()\) = <)\, eg>[‘, ﬁ = 1, 2,

Poo(X)

where {ey, ey} is the canonical basis of R?. Then

(Poo - €0)je : HV(I') — L2(R?)

WE

Sp —
=1

18 bounded.
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For A € H™Y/2(T"), we define the Brinkman velocity potential
(Su(s)A) (z) := (Byu(z — -;5),A)p, z € RI\T

where

E.(r;s) =

1 (AdwarDH Bd<¢§|rl>r®r) .

4(d — 1)y |r|d—2 |r|d
The functions Ay and By vary in d = 2 and d = 3 dimensions, and are given by the

expressions

As(z) i=e (1 + 2z 4+ 272) =222 =222 (2 +2+1) - 1),

=2 F(14+321 +327 )+ 622 = -22%(e* (22 + 32+ 3) - 3),

Here K, is the modified Bessel function of order ¢. In three dimensions, Az and Bs
are entire and satisfy A3(0) = B3(0) = 1. In two dimensions, Ay and B, are analytic
in C, with a branch cut along the negative real axis (—oo,0]. We now proceed with a

careful study of the velocity potential.

3.3 Variational Study of the 3D Single Layer Potential
Proposition 3.3.1. Let A € H™Y2(') and consider uy := S,(s)A € H'(R?) and
pa = SyA € L*(R3). Then

—2vdive(uy) + suy+ Vpy =0 in R*\ T, (3.3a)
divuy =0 inR*\T, (3.3b)

[yu,] =0, (3.3¢)

[t(ux,pA)] = A (3.3d)
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Moreover, a pair (uy,py) € HY(R3) x L2(R3) is a solution of equation (3.3) if and

only if
uy, € H'(R?), py € L*(R?), (3.4a)
a(uy, v) + s(uy, V)gs — (pr, div v)es = (A, yv)r Vv € H(R?), (3.4b)
(divuy, q)ps =0 Vg € L*(R?). (3.4c)

Proof. Our use of the integral representation of the solution gives the required regular-
ity for u, and p,. The fundamental solutions satisfy the differential equations strongly,
and therefore distributionally. Continuity of the trace of the velocity field follows be-
cause we have that uy, € H'(R?). The last equation in (3.3) follows from the PDE and
(3.2). The equivalence of (3.3) and (3.4) is straightforward. O

We can also formulate the velocity part of the Brinkman equation in solenoidal

Sobolev spaces as follows.

Proposition 3.3.2. If (uy,py) € HY(R3) x L*(R3) is a solution to (3.3), then u,

satisfies

u, € V(R?),

a(uy, v) + s(uy, v)gs = (A, yv)r Vv € V(R?). (3.5)
In addition, (3.5) is well-posed.

Proof. If we consider equation (3.4) with a test function v € V(R?), then u, satisfies

(3.5). Applying Korn’s first inequality
lullfps < 2[le(u)lzs + [[ullzs < 2l[ullizs Yu € DR?).

and filling by density, the bilinear form in (3.5) is coercive, and therefore the problem

is well-posed. O
We also have the following.

Corollary 3.3.3. Problem (3.4) has a unique solution.
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Proof. 1f (u, p) satisfies (3.4) with A = 0, then by Proposition (3.3.2), u = 0. Therefore
p € L*(R3) and Vp=0,s0p=0. O

Corollary 3.3.4. S,(s)n =0.

Proof. 1t is clear that (0, —xq_) is a solution of (3.4) with A = n. By uniqueness, this
is the layer potential. O]

3.4 The Two Dimensional Case

The analysis for the Brinkman equations differs in two dimensions because of
the zero integral condition required on the boundary density. This is triggered because
the relevant weighted Sobolev spaces admit constant functions in R2, but not in R3.
Details regarding these spaces can be found in [75]. We make use of the previous
asymptotic expansion of the pressure to show well-posedness of the two dimensional

problem.

Proposition 3.4.1. If A € H Y3(I') and we consider uy := S,(s)A € H'(R?) and
pa =S, € L2 (R?). Then

loc

—2vdive(uy) +suy+Vpy=0 inR*\T, (3.6a)

divuy =0 inR*\T, (3.6b)

[yu,] =0, (3.6¢)

[t(ur, pA)] = A (3.6d)

Proof. This follows from the potential representation. O

Proposition 3.4.2. Let A € H™Y2(T'), and define uy := S,(s)X\. Then uy, is the

unique solution to the problem

u, € V(R?),

a(uy, v) + s(uy, V)ge = (A, yv)r Vv € V(R?).
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Proof. We define

1 1 2
Dpa)(x) = — - ,
(Dpoo)(x) 27r1+|x|2( 1+|X|2X®X)

g = (Dpoo)eﬁ = V(poo . eﬁ)-

From Proposition (3.3.2) we can write the pressure as

2

Py = Z]E(A)poo - €y +p7“eg,)\7 DPreg,x S LQ(Rz)v
/=1

and so

2
VP)\ - ZJK(A>g€ + vPreg,)n gr € L2(R2)
=1

By linearity, we have

2

[[t(u)\7p)\>]] = [[t(ukapreg,k)]] + Z[[t(ov Poo - eﬁ)]] = [[t<u>\7p7"€g,>\>]]'

Therefore the pair (uy,py) € HY(R?) x L?(R?) is a solution to the problem

2

—2ve(uy) + suy + Vppegr = — ng()\)gg in R?\ T, (3.7a)
/=1

divuy =0 in R*\ T, (3.7b)

[ya\] =0, (3.7¢)

[t(ux, prega)] = A. (3.7d)

This problem is equivalent to the variational problem

(U, Pregr) € H' (R?) x L*(R?), (3.8a)
a(uy, v) + s(uy, v)gz — (Drega, div v)ge
2
= AW)r = > _Ge(A) (g v)re Vv € H'(R?), (3.8b)
(=1
(divuy,q)re =0 Vg € L*(R?). (3.8¢)
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If we take as a test and trial spaces \A/'(]Rz), then the pressure terms drop out and leave

the variational problem

u, € V(R?), (3.9a)
2

a(uy, v) + s(uy, V)ez = (A 7V)r — Y je(A) (8, Vre Vv € V(R?). (3.9b)

Now we claim po, - €, € W2(R?) := {u: R* - R : pu e L*(R?), Vu e L*(R?)}
where the weight p is given by [75, 3]

p(x) : 1 1

C 1 glog(1+ [x[2) /14 [x[2

Because D(R?) is a dense subset of W?(R?) [75, 3], we can consider a sequence {¢,} C

D(R?) such that Ve, — g = V(Pe - €). Considering the terms in the sum in the
right-hand-side of (3.9), we have

(g, V)rz = lim (Vip,, v)rz = — lim (¢, divv)gz = 0.
n—oo n—oo
This shows that problem (3.8) is the same as problem (3.9). O

3.5 Laplace Domain Bounds

Thus far, we have shown the well-posedness of the Brinkman equations in R?
for d = 2,3. To be able to derive estimates in the time domain for the transient Stokes
problem, we require a careful analysis in the Laplace domain of the potential S, (s), the
operator V(s) := 7S, (s), and their composition S,(s)V~1(s). Our goal is to construct
bounds in terms of |s| that can then be used to derive estimates in the time domain.

We will make significant use of the following space:

HY2(I) = {5 e H/2(T) : /g ‘n= o} :
r
With this we have the following lemma.

Lemma 3.5.1. The trace operator
v V(RY) — HY*(I)

18 surjective.
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Proof. In [75, Proposition 4.4] there is a right inverse for the trace operator whose
range contains only compactly supported functions. The same right inverse is valid

here. O

Suppose X,Y, and Z are Banach spaces such that Y,Z C X. We say the

decomposition X =Y @ Z is stable when

e for all z € X there is a unique y € Y and z € Z such that x =y + 2z, and
o |lyl| + |lz]] < C||z|| for some C > 0.

We remark that if Z is finite dimensional, it is enough to show that ||y|| < C||z|| to
prove the decomposition is stable. We now consider decompositions of the boundary

spaces.

Proposition 3.5.2 ([75] Propositions 4.1 and 4.2). Let

H 2T :={AeH YD) : Am)r=0}, mx)=x—— [ x

m

Then the decompositions
H'*(T) = HY/*(T) @ span{m} and H V*T)=H,Y*T) P span{n}
are stable, and there is a constant C' > 0 such that

A
e <O sup  WMEL oy gy
0£¢€HY 2(T) H£||1/2,F

In addition to these lemmas, we need to establish some details regarding the norms

we will be using. For a complex number s € C,, we take its square root to be s%/2 =

|s|'/?exp(4Arg s) € C, where Args € (—m,m) is the principal determination of the

argument, and denote
w:=Res? =Res/?, w:=min{l,w} = min{1, Re|s|*/?}.
Our analysis will make use of the norms

2
iy, = 2vlle()za + Il [[ulz
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which satisfy
ai(s) Jullyy < lull,) < az(s)flull,, vueH'(RY), VseC,
where

1/2
a1(s) == min{1, |s|"?} > w, ay(s) := max{1,|s|'/?} < % Vs e C,.  (3.10)

With this, we will use the norm [Ju|,, as the standard norm in H!'(R?). Finally, we
have the inequality

|a(u, v) + s(u, v)ge| < Jull ) [Vl -
Proposition 3.5.3. For the single layer operator V(s), we have the following:
(1) (Symmetry)
(A V(s)u)r = (u, V(s)A)r YA, p e HVA(T).
(2) (Positivity)
Re (52X, V(s)A)r = w [Su(s)All,, YA € HV*(I).
(3) Ker V(s) = span{n}.
(4) (Coercivity) There is a constant C' > 0 such that for all X € H;@l/Q(F)

— w

>
|<A,V(S)A>1"| = C|S|1/2 max{l, |S|}

2
ww
1A o > CM—g/QIIAllzl/z,r,
therefore V(s) : H;nl/2(l“) — H}/Q(F) is invertible.
Proof. Define uy := S,(s)A and u, := S,(s)u. Then

(A V(s)p)r = (A, yau)r = a(uy, u,) + sy, uy)pa,
which establishes (1). Now consider

20X, V()N = 32, V()X = 3 2a(uy, @) + 82| (wy, Th)ga.  (3.11)
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This establishes (2). Suppose v € V(R?). Then

(n,7v>p:/vv-n:/ divv =0,
r _

and so S(s)n = 0. If V(s)A = 0, then (2) shows that uy = 0. Therefore the pressure
pa satisfies Vpy = 0 in R? and decays at infinity. Thus py € span{xq_}, and so
A = [t(uy,pr)] = [t(0,p)] € span{n}. This proves (3). Lemma 3.5.1 shows that

there is a bounded operator
Y HP(T) - VRY) e =¢ Ve e HY (D).
For A € H,,"”*(I), define u, = S,(s)A. Then

(X @)l = [(A 17 )l
= ‘CL(LI/\,’)/TQb) + 5(u/\77T¢)Rd’

< Crag(s) luall,) @ll1/2.r-
Taking the supremum over all ¢ shows
[All=1/20 < Caa(s) Jluall ) - (3.12)

By (2) we have

N w
Re (52X, V(s)A)r = w [y, > CWH)‘HQ—UM VA € H/2(T).
Taking absolute values gives the estimate
w

[(A V(s)A)r| = C

A 2
|S|1/2 max{l, |S|} || ”—1/2,1"7

which establishes the result. O

Proposition 3.5.4. There exists a C' > 0 such that

as(s)

01 () 1Su(s) My < ISu(s)Ml ) < C—|Al|-1jor YA € HTVA(T).
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Proof. Let uy := S(s)A. Then

w l[ualltyy = Re (82X, V(s)A)r
< [s|"Z| (X yun)r|

< Crls/" |-z lually

1/2

ai(s)
= Craz(s)[[All-12,r lurll s »

[A=1/2.0 raxll g

from which the result follows. O

Proposition 3.5.5. Let ¢ € Hy/*(T') and u = S,(s)V-!(s)¢p. Then

max 1.|s S
- Bl r

maxA L s1 o

lully <

Proof. Define ug := u — +'¢, where 7' is the lifting operator defined in Lemma 3.5.1.

Then ug satisfies
a(ug, Wp) + s(ug, Ug)ge = —a(y', W) — 5(71¢p, W) e
and so
w lwollfyy = Re (5"%a(uo, W) + s'2|s| (wo, Wo)ga) < [s]'* luoll ) [l .,
This shows that

1/2
|||u|||(8)§( )Hl ]|, < Con )ISL

Applying the estimate ai(s) [[ul| ;) < [[ufl ), the result follows. O

1/2,0

We now summarize the Laplace domain estimates for the operators V(s), V(s)™!,

the potential S,(s) and their composition S,(s)V(s)™! we have derived in the last
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propositions. All norms are the natural operator norms in the spaces H'(R?), H'/2(T"),

and H~/2(T"):

as(s) 1 1/2 |.|-1/2
< — —
IS + IV < 0o = 0 mas{lsl 1517}
V(s < ol maxdlJsl}
1 as(s) [s['* _  max{1,[s[}
< — .
ISu(s)V ) < O = O

We can transform these estimates into slightly simpler ones with the following inequal-

ities:
as(s) _ |s|'? 5|
< < =
) S W and max{1,|s|} < 2
We thus have
|S|1/2
ISu(s)l[ + V)l < C—— (3.13a)
-1 s>
V()™ = € (3.13b)
_ s
IS. (V) < 02, (3.130)

which we will use to derive estimates in the time domain.

3.6 Time Domain Estimates for the Single Layer Potential and Operator

Given a Banach space X, we denote the set of causal C* functions taking values

on X by
CFR; X):={¢:R— X : ¢ €CFR;X), ¢(t) =0Vt <0}.

If we consider the estimates from (3.13) and apply the Payley-Weiner Theorem, there
is a causal distribution S with values in B(H™'/2(T"), H!(R?)) whose Laplace transform
is S. The convolution operator S * A, for any causal distribution A taking values in
H~/2(I"), is the single layer potential for the Stokes problem in the time domain. The
distribution V* A = (S * A) with Laplace transform V is the single layer operator for

the Stokes problem in the time domain.
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Proposition 3.6.1. Let A € CL(R;H Y2(T")). Then S * X and V * X are continuous

functions of t and

165+ M@t < € max(1,67} s ATy ¥t 20,
[V * X)) l1/2r < Cmax{l,tQ}Orgfmi(t |‘A(7’)H,1/2,F vVt > 0.

Proof. The distributions S and V satisfy (A.1) and (A.2) with p = 1/2 and ¢ = 3, and
so by Proposition A.4.1 the result follows. m

Proposition 3.6.2. Let ¢ € C3(R; H}L/2(F)). Then there is a unique causal distribu-
tion A with values in Hy/>(T) such that V « A = ¢. Moreover X € Cy (R; H™V/2(T))

and the associated potential u = S x X 1s a continuous function of t. We also have

IX@)l|-1/20 < Cmax{1,*} max [|$(7)[lij2r V>0

lu()ll ze < € max{L, %2} max [ $(r)llayor Ve >0

<r<t
Proof. Because ¢ is causal, we can assume it is compactly supported in time. Then
¢ has a Laplace transform ®. By the Payley-Weiner Theorem and the estimates
(3.13) there is a unique A whose Laplace transform is V(s)"'®. With existence and

uniqueness established, the energy estimates follow from Corollary A.4.2 with u = 1/2,
(=3. Foru=38xV!x*¢ we apply Corollary A.4.2 with =0 and ¢ = 3. O

3.7 The Exterior Dirichlet Problem
We begin with a velocity field ¢ such that ¢ € CQ(H}/ *(T")). We then produce

AeC (R;HV2T)) and u e Cy(R; V(RY) (3.14)

from the equations

Vs«A=¢ and u=3Sx*A. (3.15)

The pressure field is time-independent, and is constructed with the single layer potential

for the pressure:

p(t) == SpA(t). (3.16)
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We have shown previously that the pressure has the regularity
p€CL(R;L*(R*) or pe€Cy(R;L*(B)) for any bounded set B C R

We remark that if d,, is differentiation in the i space variable, then 9,, : L*(R?\T") —
H=Y(R?\ T') is bounded.

Proposition 3.7.1. Let u and p be given by the integral representations in (3.14)-
(3.16). Then

For any t > 0 equations (3.17a)-(3.17d) are to be understood in the sense of distribu-
tions in RT\ T'. We also have

ueCL(R;H R\ D).

Proof. First, divu(t) = 0 for all ¢ because we impose that u(t) takes values in the
space {/(Rd). The initial condition is satisfied because u is continuous and causal. By
causality, we can assume that ¢ (¢) is bounded for k& < 2 (this does not affect the
generality of the result), and therefore the Laplace transforms of u, ¢, and p exist for

s € C,. In addition, we have

and therefore

sU(s) —vAU(s) + VP(s) =0 Vs e C,,

and

YU(s) = ®(s) Vs e C,.
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The last equality proves that the boundary condition is satisfied in the time domain.
Now notice that Au € C, (R;H™}(R?\ I')). In three dimensions, the pressure satisfies
Vp € Co(R;HY(R3\ T)). In two dimensions, we make use of the decomposition in
Proposition 3.3.2 and the fact V(p - €¢) € L?(R?) to prove that Vp € C; (R; H™H(R?\
). Finally, u € Co(R;H'(R?\ I')) and therefore 1 is a causal distribution with
values in H71(R? \ T'). By taking Laplace transforms of the time dependent problem
and using sU(s) — vAU(s) + VP(s) = 0 Vs € C,, we have that © — vAu+ Vp =0

pointwise in time. This is therefore a distributional equation in R?\ T" for all ¢. O

3.8 Galerkin Spatial Semidiscretization
Suppose that X, C H,,/ 2(F) is a finite dimensional space. The spatially semi-
discrete boundary integral equation for the exterior Dirichlet problem begins with

causal data ¢ : R — HY ?(T') and seeks a causal density A" : R — H,." *(T') satisfying

(" (VX)) = (u" d()r Vi € Xy, Wt (3.18)

and then constructs the potentials
u' =S A" pti=S,A" (3.19)

We first study the operator Gy (s) : Hy*(I') — X,, defined by A" := G (s)¢,
where

Ae X, st (u V() A = (u", @)r Yu' € X, (3.20)

We will call the operator Gy(s) the Galerkin solver. We will also make extensive use

of the space

X5 = {ve H/2T) : (v,w)r =0 Yw € X,,}.
We then have the following result.

Proposition 3.8.1. There exists a constant C independent of the mesh size h such

that
5|3/ ||
and [|S(s)Gpr(s)| < C—

ww?’

1Gr(s) < C

ww?
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Proof. To prove the first inequality, we make use of the coercivity estimate from Propo-

sition 3.5.3. Since Galerkin semidiscretizations inherit coercivity, we have

A2 < C|S|3/2 (A", V(s)A")
s
—-1/2,0 = wgg ) r
|s|3/2 .
<C A
< CE 1IN yarl@lher,
and so
. E 3/2
A" “1/2r = [|Ga(s)@l12r < C 2 &1/,

which, upon taking the supremum over all ¢ gives the desired result. For the second
inequality, consider M* = Gj(s)¢. We then have that u” is the unique solution to the

problem
u" € V(RY), ~yu" — ¢ € X3,
a(u”, v) + s(u", V)ga = (A, V) Vv € V(RY).
We consider the closed subspace
Vio(RY :={veVRY : yveX:}
={veVRY : (u' yw)r=0Vpu"ecX,}.
We now decompose u" = w” + 77 where w" € \A/h(Rd). We now proceed as in the

proof of Proposition 3.5.5. We have that

a(w", wh) + s(w", wh)pa = —a(v1, w") + (77 ¢p, W)
and so
w [[w"lI7, = Re (5"2a(w", Wh) + 5/2]s|(w", Wiz
<Isl" [l 19"l )
which shows

‘S|1/2
"l < =—1llv"¢ll, -

It then follows that
||

1/2
w H(p”l/Z,Fa

from which the final bound is derived. O

[lu*ly < Cazls)
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We will now study the error operator, from which we can derive convergence
estimates. We begin with the operator G (s)V(s) : anl/Q(I’) — X, or, equivalently,

by taking A" as the solution to
h h b\ /. h h
Ate X, st (" V()N = (u", V(s)A)r Yu" € X,. (3.21)

We will be interested in the complementary projection, which corresponds to the error
of the Galerkin semidiscretization. Thus, we define the Galerkin error operator as
En(s) := Gup(s)V(s) — I and the error operator for the postprocessing by S(s)E(s).
Notice that while Gp(s)V(s) is a projection onto X, for every s, the range of the
operator Ej(s) varies with s. We then have the following proposition for the error

operator.

Proposition 3.8.2. There is a constant C' independent of h such that

s s|1/?
Bus)l < 02 ana Js@mn) < o

ww?
Proof. Let X € H;1/2(F) and w" 1= S(s)Ex(s)X = S(s)(A" — X), where A" is the
solution to (3.21). We then have
w !\}whl\\?s> = Re (3"/2(NF = A), V(s)(X" = A))r
—Re (3'2X", V(s)(A" — A))r

< Crls"2IA 1 j2r |HWhH\(1>

Therefore we have the bounds

v, < 22

and ‘HW}L‘H@) = C H)‘H 1/2,r

The latter bound gives the estimate for ||S(s)Ej, (s)|| Finally, we have

IER(s)All—1j2r = A" = Al —1jor < C— W h|H (5) S |S

|
||>\|| 1205
which finishes the proof. O

We are now prepared to derive estimates for the transient Stokes problem using

the previously constructed tools for the Brinkman problem.
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Proposition 3.8.3 (Stability). Let ¢ € Ci(R;H}/z(F)) and let X" be the solution to
(3.18) and u" be given by (3.19). Then

A e (R;Xy), u" e (R;HY(RY))
and

IA"(#)]|—1/2r < Cmax{1,t*} ax 1o(T) |12

[ (1) < Cmac{1,£72) e [ S(r)s o

Proof. This is an immediate consequence of Corollary A.4.2 and Proposition 3.8.1. [

To prove error estimates, we introduce the orthogonal projection operator Il :

Hr}lm(F) — Xj. Since I — Ep(s) + 1 = Gi(s)V(s) is a projection onto X, we have
Eh(S) = Eh<8) (I - Hh) (322)

Proposition 3.8.4 (Error for Galerkin semidiscretization I). If XA € C} (R; anl/Z(F)),
then
[u" () = u(t)]|s zs < Cmax{1, £} max | A(r) = ILA(T)||-1/2r-

Proof. This follows from Propositions 3.8.2 and A.4.1 with 4 = 1/2 and ¢ = 2 and the

identity (3.22) to introduce the orthogonal projection. O

Proposition 3.8.5 (Error for Galerkin semidiscretization II). If X € C3 (R; H;nl/z(F)),
then

| A" () — A(t)||=1/2,r £ Cmax{l, t5/2}0r£1§2<t ||/\(7') — HhX(T)||_1/2,r,

I9(6) ~ p()ll5 < Cmax{1,#72) mas [A() ~ LA 1o
where B = R3 or is an open bounded set in R?.

Proof. This is a consequence of Corollary A.4.2 and Proposition 3.8.1. m
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3.9 Analysis of the Full Discretization

At this point, we are ready for a temporal discretization of equations (3.18) and
(3.19) using Convolution Quadrature. Fix a basis for Xy, denoted {p; : j=1,...,N}
and a uniform time step x > 0. We then consider a uniform time grid ¢, := nx for
n > 0. We sample the boundary data ¢(¢) in time and test it against the basis of X,

to produce vectors
¢; €RY, o= (1, d(tn))r.
The transfer operator corresponding to the convolution with V is defined as a matrix-

valued function of s € C,:
Vi(s) € €YY, Vig(s) = (i, Vis)yr.

As explained in Chapter 2, a CQ discretization of the convolution equation (3.21)

begins with a Taylor expansion

p

(1-0)".

~|

Vv (%MC)) = govm(ﬁ)gm, where  5(C) =

(=1

We then seek a sequence A, € R satisfying
Vo(5)An = ¢n = Y VoK) Anom, 1> 0.
m=1

If the entries at time step n of the vector are A, = (An1,..., Ann), We construct the

discrete density AP := SV

i=1 Aty € Xy, From the discrete density at each time step,

we can compute

Since the velocity field has convolution in time structure, we must postprocess with

the discrete densities to produce

= ;Sm(/@))\n_m, g (%5(4)) — mfjosm(g)gm.

Combining the Laplace domain estimates from Proposition 3.8.1 and Theorem 2.6.2,

we have the following.
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Proposition 3.9.1. Let p be the order of the BDF method applied for the CQ dis-
cretization, and assume that ¢ € CPT(R; HY2(T')) N CP2([0, 00); HY2(T')). Then

[u" () — wy |1 pa <CiA7 fnax, 16® 2 (7)1

I (t2) — plll <Cor? mmas |67 () 121,

where B = R3 or any bounded open set in R%. The constants C, and Cy depend on

t, and Cy depends on the bounded set B in the two dimensional case. For small t,

01 S Ct and CQ S Ctl/Z.

3.10 Numerical Experiments
A first experiment
For the first numerical experiment, we choose our data so that we are able to

compare the computed solution with a known exact solution. We simulate flow in the

domain Q = [—1,1]?, and choose the boundary data so that the exact solution is
2z
u(t)(z,y) = sin”(t) H (1) o p(t)(z,y) = —9sin’(t) cos(t) H (1) (2" — v),
—2

where H(t) is the Heaviside function. Because we are using an indirect method, the
exact density A(t) is not known. Note that even if the solution is smooth, there is
no guarantee that A(t) will be smooth in the space variable. We run the simulation
from ¢ = 0 to ¢t = 1, using BDF(3) based CQ for the time discretization. For spatial
discretization we divide I' = 9€2_ into N equally sized elements {ej,...,ex} where N

is a multiple of four. We then have the spaces
X; = {A":T >R : X, €Pi(e;)? Vi), X=X/ nH,YT).

The space P; is the space of polynomials of degree less than or equal to one. We
will use Lagrange multipliers to enforce the density to be in X} rather than explicitly
constructing a basis. We run the simulation using M time steps to reach ¢ = 1, and

report the errors

max lu(1)(z,y;) — why (25, 95)], max p(1) (x5, y;) — Py (5,971,
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where we have sampled the solution at the points

(x1,1) := (—=0.5,-0.5), (22,¥2) :=(0.3,0.7), (x3,y3) := (0.6,0.2).

We do not know if A is a smooth function of the space variables, but if it was, the
convergence theory would predict an order of convergence of k3 + h*% where h = 1/N
is the mesh size and k = 1/M is the time step size. The results are reported in Table

3.1.

N | M errU e.C.T. errP e.c.r
4 10 | 1.6448e-02 - 6.9116e-02 -

8 20 | 9.5414e-03 | 0.79 | 6.3904e-02 | 0.11
16 | 40 | 1.2200e-03 | 2.97 | 2.4554e-03 | 4.70
32 | 80 | 5.8683e-05 | 4.38 | 8.4062e¢-04 | 1.55
64 | 160 | 1.7639e-05 1.7 1.3247e-04 | 2.67
128 | 320 | 2.2716e-06 | 2.96 | 1.0263e-05 | 3.70
256 | 640 | 1.9787e-07 | 3.52 | 2.9564e-07 | 5.12

Table 3.1: Convergence history for the velocity and pressure fields, P; elements in
space and BDF(3) based CQ in time.

A second experiment

The second numerical experiment makes use of the same solution as the previous
example, but instead our domain of interest is the unit circle. The same errors are
measured, but the solution is now sampled at three points placed at (0,0), (1/2,1/2)
and (—0.6,0.1). Our spatial discretization method is based on the Nystrém method
described in [26], which can be understood as a reduced integration process applied to

a Py Galerkin BEM discretization. The results are reported in Table 3.2.

A simulation

We now present a simulation of transient fluid flow around the exterior of a
smooth bounded obstacle. Our boundary data is of the form ¢(t) = f(t)(1/v/2,1/v/2).
The function f is the smooth causal function shown in Figure 3.2. We discretize in

space again with the order three method of [26] and in time with BDF(3) based CQ.
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N | M errU e.c.T. errP e.c.r
20 | 20 | 1.2285e-03 - 3.9793e-03 -
40 | 40 | 1.3750e-04 | 3.16 | 4.0498e-04 | 3.30
80 | 80 | 1.7287e-05 | 2.99 | 4.9458e-05 | 3.04
160 | 160 | 2.1636e-06 | 2.99 | 6.1078e-06 | 3.02
320 | 320 | 2.7053e-07 | 3.00 | 7.5887e-07 | 3.01
640 | 640 | 3.3819e-08 | 3.00 | 9.4578e-08 | 3.00

Table 3.2: Convergence history for the velocity and pressure fields, discretized with
order three collocation in space and BDF(3) based CQ in time.

25

0.5

Figure 3.2: The function f(t) used for the simulation.

3.11 An Equivalent Integral Formulation
Our final goal is to present an integral formulation that incorporates the re-
striction in the Brinkman bilinear form that the test and trial functions be elements of

H," *(T'). To this end, we define the operator
V(s) == V(s) + (-,m)rm : H"/*(I') - H"/*(I").

This operator is associated to the bilinear form (g, V(s)A)r + (g, m)p (X, m)p.
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Figure 3.3: A simulation of transient flow around a Bouba-shaped obstacle. Dis-
cretized by order three collocation in space and BDF(3) CQ in time.
From left to right, we plot the vorticity, the pressure, and the streamline

of the incident field.



Proposition 3.11.1. Let ¢ € H,ll/Q(F). Then
V(s)A=¢, and (A, m)r=0

if and only if
V(s)A = ¢.

Moreover, V(s) : H™Y2(T') — HY2(T") is invertible for all s € C, and
‘S|3/2

IV(s)™' < C= .

ww?
Proof. The first equivalence is straightforward. To prove invertibility, we derive a

coercivity estimate. We use the decomposition of Proposition 3.5.2 as follows:

<A, m)p

A=Xg+c(A)n, c(A):= (o m)y

o € H,VX(I).

It is then easy to show that
N V(SA T = Ao, VI8)Ao)r + [e(A)]*(n, m)2.

By (3.11)

a(s)?

and therefore (using that w < |s|*/? and the bounds (3.10)),

/21X V()A)r] = Re (52X, V(s)A)r = © X0l o0 + Cwle(N)]?,

ww2

VN 2 O 755 (ol o + 1),

which finishes the proof. O

For semidiscretization in space, we choose a finite dimensional space X, C
H~Y2(T) such that n € X;. (In the case of polyhedral boundaries, this is easily
verified if piecewise constant functions are elements of the space.) If we define the
space X;, = X} N anl/Z(F), we have a stable decomposition X" = X, ® span {n}.
The semidiscrete equations in the Laplace domain (3.20) are equivalent to

A, € X,—: S.t. <[J,h,V(S)>\h>F = <[_Lh, ¢>F Yy, € X;L_

72



In the time domain, they correspond to looking for a causal function A, : R — X

such that

(b, (V5 X)) (£))r + (o, m)r(An (), m)r = (pn, d(1))r Yy € X, VL

Because of Proposition 3.11.1, all the preceding bounds for the semidiscrete case can

be easily translated to this new formulation.
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Chapter 4

SYMMETRIC COUPLING OF BOUNDARY AND FINITE ELEMENTS
FOR TRANSIENT ACOUSTICS

In this chapter we study the transmission and scattering of acoustic waves by
inclusions in free space. We focus on the case of a finite number of disjoint, bounded, in-
homogeneous, and anisotropic inclusions. An incident acoustic wave interacts with the
inclusions, producing transmitted and scattered fields. The wave transmitted through
the inclusions is discretized in space with finite elements, while the scattered wave
is reduced to two unknowns defined only on the boundary of the inclusions and is
discretized in space with boundary elements. For time discretization, we make use
of trapezoidal rule based Convolution Quadrature and trapezoidal rule time stepping.
The scattered field can then be reconstructed from the boundary fields in a postpro-
cessing step using Kirchhoff’s formula. By imposing two continuity conditions across
the boundary of the inclusions, we arrive at a symmetric BEM-FEM coupling scheme.
The results of this chapter appear in A fully discrete BEM-FEM scheme for transient
acoustic waves (with F.—J. Sayas) [38].

There has been extensive work on the study of coupling of boundary and finite
elements for steady-state and time-harmonic problems, but the literature on coupling
schemes for transient problems is relatively sparse. There are generally two types
of coupling formulations, using one or two integral equations. The first ones (first
analyzed by Johnson and Nédélec [44] for diffusion problems) lead to non-self adjoint
formulations, while symmetric couplings (due to Costabel [22] and Han [35]) arrive at
a symmetric system. Two-equation formulations are based on variational principles,
and can be shown to always be stable, but at the cost of requiring all four of the

operators of the Calderén projector associated to the underlying PDE. Single equation
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coupling methods are simpler, but do not have an underlying energy principle, and may
therefore become unstable when there are large jumps in the material parameters. The
traditional two-equation coupling involves applying integral operators to the traces of
finite element functions. There is an alternative formulation, using two fields on the
boundary, that can keep the FEM and BEM modules better separated. For this work,
we will study a two-equation, three-field coupling method. Because we are using a
two-equation formulation, we require all four retarded boundary integral operators
associated to the wave equation.

We next comment on some of the not very extensive existing literature on cou-
pling of BEM and FEM for transient waves. The seminal paper [5] provides several
variational formulations of BEM-FEM coupling for time-dependent electromagnetic
waves, with proofs of stability and convergence for their formulations, using a full-
Galerkin treatment of the integral equations. The papers [1, 14| deal with four-field
formulations (two fields in the interior domain and two on the boundary) and aim at
coupling an explicit interior time-stepping method with the retarded boundary inte-
gral equations on the boundary, differing in the use of Galerkin-in-time or CQ for the
equations on the boundary. The papers [29, 27, 28] contain successful computational
studies of one-equation couplings, although a theoretical understanding of their stabil-
ity and convergence is still missing. A preliminary semidiscrete stability analysis in the
Laplace domain of the coupling method we will study here appears in [52]. In a similar
vein, there is also recent work [41] on the coupling of BEM and FEM for acoustic waves
interacting with elastic media.

Traditional analysis of CQ discretizations of retarded integral equations has re-
lied heavily on the use of the Laplace transform. Precise bounds in terms of the Laplace
parameter can be translated into estimates for the time-dependent problem. The time
domain estimates, however, are generally not sharp, because some regularity is lost by
translating the problem to and from the Laplace domain. In [60] it is observed that
the Laplace domain analysis can be avoided entirely, so that stability and convergence

can be studied by directly considering the properties of the fully discrete (in space and
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time) solution to the underlying PDE. This allows us to apply the theory of Cy groups
of isometries in Hilbert spaces to find sharper estimates than those provided by Laplace
domain analysis. Our analysis follows the first-order-in-space-and-time methodology
proposed in [36]. By transforming the second-order-in-space-and-time wave equation
into a first order system, we are able to circumvent a number of technical challenges
that arise in the second-order-in-space-and-time analysis of [74, 73|. Note that we make
use of the same Sobolev space notation as in Chapter 3, although 2_ may now be dis-
connected. Some of the potentials and spaces share the same names as in Chapter 3,

but in this chapter they are defined differently.

4.1 Background and Problem Setting

We begin with the geometric setting and coefficients. Let Q; € R? (j =
1,...,N) be connected open sets lying on one side of their Lipschitz connected bound-
aries 0Q; and such that their closures do not intersect. Let then Q_ := UYX Q;,

[:=00_,and Q, ;=R\ Q_. In Q_ we have two coefficients:

K Q. — R4 c: Q. =R,

Sym

where Rg;rff is the space of symmetric d x d real matrices. We assume that ¢ € L>(§2_)
and ¢ > ¢y > 0 almost everywhere, so that ¢! € L>®(2_). We also assume that

k € L®(Q_)™4 is uniformly positive definite, i.e., there exists kg > 0 such that
d - (kd) > Ko|d|?, vd € R?, almost everywhere in 2_.

Before we state the transmission problem in a rigorous form we need to introduce
some spaces and operators related to the space variables. The solution will take values

in the spaces

HY QL) = {ue HY(Q.) : div(skVu) € L*(Q_)}, (4.1a)

HA(QL) = {ue H(Q) : Aue L2(Q)). (4.1b)

We will also need two trace operators v+ : H' () — H'Y?(T') and the associated

interior-exterior normal derivative operators 0F : HA(Qx) — H~Y2(T), defined in the
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usual weak form through Green’s identities. For functions defined only in the interior
domain €2 we will not use a superscript for the trace. We will also use the interior
conormal derivative operator 0, : H}(Q_) — H~Y/?(T"). We refer to Appendix B for
more details related to these Sobolev spaces.

To begin our exposition, we assume that the incident wave is defined in a way

such that
Bo = yu™ € TD(HY?(T)), B := du™ € TD(H V(I)).

We refer the reader to Appendix A for the definition of the space TD(X). This is a
statement about ‘smoothness’ of the incident wave in the space variables close to the

boundary, as well as about causality of the traces of the incident wave. We look for
(u,uy) € TD(HX(Q)) x TD(HA(Q.)) (4.22)
satisfying

c % = div(kVu) in L?(Q_)),

—
=
[\
=3

NN
DO
o,

~—  ~— " =

in L2(0)),

L
O
S

(i

iy = Auy (i
yu=~v"uy+ Py  (in HYA(I)),

(

Ot = Ofuy + By in H=Y2(I)).

—
:4;
[\
D

Each of the equations in (4.2) is satisfied as an equality of distributions taking values
in the space in parentheses on the right-hand-side of the equation. We note that
the vanishing initial conditions for u are implicitly imposed by the condition (4.2a).
Existence and uniqueness of solution to (4.2) follows by taking Laplace transforms [52,
Section 6].

In the model equations (4.2), u and u, are a velocity potential for an acoustic
fluid or solid. The parameters ¢ and x are chosen for mathematical convenience. We
will deal with the very general case when « is matrix-valued and c is scalar, both of the

allowed to be variable in space. For the acoustic model, kK = 1/p, where p is the mass
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density (so k is a multiple of the identity) and the function multiplying the second
time derivative should be 1/(c?p), where c is the speed of sound.

The retarded layer potentials for the acoustic wave equation can be intro-
duced using a uniquely solvable transmission problem. Let ¢ € TD(HY?(T')) and
n € TD(H~'/?(T)). The problem that looks for « € TD(HA(R?\ I)) satisfying

i = Au (in L2(RY\ T)), (4.3a)
[l =+, (i HYVX(I)), (4.3b)
[0,u] =m, (in H_1/2(F))7 (4.3¢)

admits a unique solution. Using Laplace transforms and the theory of layer potentials

for the resolvent operator of the Laplacian, it can be shown that there exist
D e TD(B(H'*(T), H\(R'\T))), 8§ € TD(B(H /*(T), HA(R'\T))),

such that the solution of (4.3) can be written using the weak Kirchhoff formula (see

[51] for a direct introduction to these operators in the three dimensional case)
u=8%n—"Dx1.

As in Chapters 2 and 3, the convolution symbol * refers specifically to the convolution
of a causal operator-valued distribution with a causal vector-valued distribution. The
four retarded boundary integral operators are given by convolution with the averages

of the Cauchy traces of the single and double layer retarded potentials:
V= {48} =S € TD(B(H/(T"), H/*(I))),
K := {»D} € TD(B(H'*(T'), H'*(T))),
K= {0,8} € TD(B(H™Y*(I"), H~Y*(I))), (4.4)
(B(

W = —{0,D} = 0D € TD(B(HY*(I"), H~Y*(I))).

A fully detailed introduction to the retarded layer potentials and operators is given
in [74, Chapters 2 and 3], based on the Laplace domain analysis of Bamberger and
HaDuong [7, 8].
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Let uy be the exterior part of the solution of (4.2) and let
¢ =y uyg, A= 0fu,.

Then, by definition of the layer potentials and operators,

uy =D*xp—S*\ (in HA(2y)), (4.5a)
Truy =30+ Kxg—Vx (in HY2(T)), (4.5b)
0=Wsxo+iA+K*«X  (in HV3T)). (4.5¢)

The coupled boundary-field system consists of: (a) a variational-in-space formulation
of (4.2b) using (4.2¢), (b) a non-local boundary condition obtained by substitution of
(4.2d) in (4.5b), and (c) the identity (4.5¢) to ‘symmetrize’ the coupled system. We

look for

(u, X\, ) € TD(H*(Q_)) x TD(H~Y4(I")) x TD(HY*(I)) (4.6a)

satisfying

(C_gﬁ'a 'lU)(L + (KVU, VUJ)Q? - <)‘> ’7w>

= (B1,yw) Ywe H'(Q) (inR), (4.6b)
Yu+VsA—30—Kxdp= [ (in HY2(T)), (4.6¢)
IAFE A« A+ Wro =0 (in H~Y2(T)).  (4.6d)

The equivalence of the transmission problem with the boundary-field formulation (4.6)
is given in the next proposition. Its proof follows from taking Laplace transforms and

using well-known results on integral representations of the solutions of elliptic equations

[64].

Proposition 4.1.1. Problem (4.6) has a unique solution for arbitrary y € TD(H'?(T))
and B, € TD(H-Y2(T)). If (u,é,\) solves (4.6) and u, =D * ¢ — S * \, then (u,u)

is the unique solution of (4.2). Reciprocally, if (u,uy) is the solution of (4.2) and

¢ =7 uy, X:= 0 uy, then (u, \, @) is the solution of (4.6).
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We now introduce three finite dimensional subspaces
U,c H(Q.), X,cHYXI), Y,cHYXD).

While we will keep Galerkin notation for the discretization of the variational equation
(4.6b), we will use the notation of Chapter 3 and shorten Galerkin semidiscrete-in-space

equations on the boundary using polar spaces. If a € TD(HY?(T")), we will write
ac Xy (in HY2(T)) todenote (u",a)=0 VYu"e€ X, (inR).
Similary, if p € TD(H~Y2(T)), we will write
peY? (in HY2T)) todenote (p, ") =0 V¢" €V, (inR).

These conditions can also be described by taking Laplace transforms and imposing
the respective tests with elements of X} and Y}, to vanish for all values of the Laplace

domain parameter s. We will also write conditions of the form
neX, (in HY*T)) and €Y, (in HV3(I)). (4.7)

For instance, if II¥ : H~'/%(T') — X, is the orthogonal projection onto X, the first
condition in (4.7) can be defined as II;'n = 1 as H~'/2(I')-valued distributions. The

semidiscrete version of (4.6) is the search for

(u”, \', ¢") € TD(U,) x TD(H-V*(T)) x TD(HY?(T)) (4.8a)
satisfying

Me X, (in HY2T), ¢"eY, (in HVX(I)). (4.8b)
and
(2" whg + (kVU", Vg = O\ + B, yw") Yu" € U, (in R), (4.8¢)

yu'+Vx A — Lot — ICx " — By € Xy (in HY2(T)), (4.8d)
IV N+ Wxgh ey (in HV2(T)). (4.8¢)
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A semidiscrete exterior solution is then defined with Kirchhoff’s formula
=D x " — S * N, (4.9)

In (4.9) we have preferred not to name the output of the representation formula u”
because we will be interested in this output as a distribution with values in HA (R?\T)
instead of HA (€, ). Existence and uniqueness of solution to (4.8) can be proved using
the Laplace transform [52, Section 6]. The technique relates the semidiscrete problem
to an exotic transmission problem with two fields in the interior domain and one field

in the exterior domain.

Proposition 4.1.2. Let (u, \", ¢") be the solution of (4.8) and let u* be defined by
(4.9). The pair
(u", u*) € TD(U,) x TD(HA(RY\ T) (4.10a)
satisfies
(72" w) o + (kVU", Vg + ([0,u*], yw")
= (B, yw") Vuw" €U, (in R), (4.10Db)
= Au* (in L2(R4\T)),  (4.10c)
(][9] € Y x X (in HVA(T) x HVA(T)),
(4.10d)

(O u*, yu —ytu* — By) € Y x X; (in HV2(I') x HY(T).
(4.10e)
Reciprocally, if (u",u*) is the unique solution of (4.10) and
¢"=-hul, AN =-[ou],
the triple (u", \*, ¢") is the unique solution of (4.8).

To study the difference between the solutions of (4.6) and (4.8) we will use
another exotic transmission problem. We first introduce the elliptic projection II} :

H'(Q2_) — U, by solving the equations

(kV (I} u —u), Vu)g_ =0 Yo" € Uy, (4.11)
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subject to the restrictions

/HXUZ/ v j=1,...,N, (4.12)
Q Q.

J J

where (2; are the connected components of €2_.

Proposition 4.1.3. Let (u, A, ¢) and (u", \", ¢") be the respective solutions of (4.6)
and (4.8) and let

el = — ) u, 0" =11 u — u,

A=\, e? = ¢ — o, i =u —Dxp+SxA=Dxe? —Sxet.

(eh %) € TD(U,) x TD(HA(R\ T)) (4.13a)

satisfies

(2" whgq + (kVE", Vu)g + ([0,*], yw™)

= (20" W) YuheU, (nR), (4.13b)
& =Ae*  (in L*(RY\T)), (4.13c)

el — At 10" € X7 (in HY2(T)), (4.13d)

[ve*] -9 €Y,  (in HY3(I)), (4.13e)

[0, ] —A€ X,  (in HV2()), (4.13f)

d,e* €Yy  (in HYXI)).  (4.13g)

Reciprocally, if (u,\, ¢) is the solution of (4.6), 0" := IIJu — u, and (e",&*) is the
solution of (4.13), then (u", A", ¢") = (e" + I} u, A — [0,&*], & — [v&*]) is the unique
solution of (4.8).

4.2 Analysis of an Equivalent First Order System
We will analyze problems (4.10) and (4.13) simultaneously. We thus look for

(u",u*) € TD(U,) x TD(HA(RY\ T)) (4.14a)

82



satisfying

(%" wh)o_ + (kVu", V' )o_ + ([0,u'], yw")

= (B,yw") + (c?r,w")q. VYo" € U, in R), (4.14b
i = At (in 2(RY\ ),
in H'/2(T)), (4.14d

(i
(i
yu" —yTut —a € X;  (in
'l —-¢eY,  (m HT)), (4.
[ou*] — X € X, (in H=Y2(T))
(i

)
o,u* €Yy in H=Y2(I)), (4.14g

for given data «, 3, \,» and r taking values in the appropriate spaces. We will first
transform (4.14) into a first order system. To do that we introduce the antidiffer-
entiation operator: given f € TD(X), 97'f is the only element of TD(X) whose

distributional derivative is f. The operator 07! is a weak version of
t
= / f(r)dr
0
We will need the Sobolev space [30]
H(div,R*\T) := {v € L*(R?) := L*(R)? : V-v € L*(R*\ I},

endowed with its natural norm, which we will denote || - ||giyga\r- For an element
v of this space we can define the two sided normal components on I', 4Fv and the
corresponding jump [y, v] := 7, v — v v. We need finally the weighted orthogonal
projection Py, : L*(Q_) — U,

Pyr e Uh, (CiQ(PhT’ — T),wh)g_ =0 th € Uh,

a second discrete space V), := VU, = {Vu" : u" € U,}, and the discrete operators
divy : L2(Q_) — Uy and ~f, : H~Y2(T') — Uy, given by the relation

(c2(diviv +7in), wh g = —(kv, V) a_ + (n, yw™) vuh € U,. (4.15)
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The first order formulation involves two new unknowns v"

O~ 'Vu*. Tt looks for

(", u*,v",v*) € TD (U, x H'(R*\T') x V;, x H(div,R*\ T))

satisfying

" = divivh — AL [y v 407 B + Par,
W =V-v*

yu — yTut —a € X;
[yw]-¢eY,
[[’}/VV*]] — 8_1)\ € Xh

v, v ey,

in Uy),
in L2(R4\ I)),
in V),

in L2(RY\ I),
in H'2(I)),

in H2(T)),

in H- 1/2( ),

(i
(i
(i
(i
(in
(i
(i )
(i ))-

in H-Y%(T

Proposition 4.2.1. Problems (4.14) and (4.16) are equivalent.

Consider the space

H = U, x L*(RY\T) x Vj, x LA(R4\ T),

endowed with the inner product whose associated norm is

1013, = N, u* v v 3, = lle e G + llu* [ + Il

We also introduce the unbounded operator

AU = A", u*, v v*) := (divivy, — v [7,v*], V - v, Va, Va*)

defined in the domain D(A) :=U x V, where

U = {@W" v e, x HH(RI\T) : yu"
V = {(v",v*) € V), x H(div,R*\ T") :
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—ytur e Xy,

[[’YVV*]] € th

1/2

[yu'l € Ya},

Y, v EYSH

= 07 'Vu" and v* =

(4.16a)

VG + IV TRay

(4.17)



For basic concepts of contractive Cy-semigroups of operators on Hilbert spaces (and the

associated groups of isometries), we refer to [45, Chapter 4] and the more comprehensive

[67).

Proposition 4.2.2. The operators +A : D(A) C H — H are maximal dissipative.

Therefore A is the infinitesimal generator of a Cy-group of isometries in H.

Proof. We first need to prove that
(AU, U)» =0 YU € D(A), (4.18)

which means, by definition, that £.A are dissipative. To prove (4.18) we proceed as

follows: given U = (u", u*, v, v*) € D(A),

(AU D) = (e 2(divivn — v D) ut)a. + (VU vh)g_

+(V . V*7 U’*)Rd\f‘ + (Vu*, V*)Rd\r
= —([nWv' ] yu") + (v, vy u) — (v )

= —(wv Ty + (v = (v ) = 0.

We have applied: the definition of the discrete operators and the weak divergence
theorem (definition of ~F) in the second equality, and the transmission conditions
included in the definitions ¢ and VY for the third equality.

To prove maximal dissipativity, we need to show that Z + A : D(A) — H are
surjective. We will only show the details for Z — A, since the other case is essentially

identical. Given F' = (f", f*,g", g*) € H, we solve the coercive variational problem
(u",u*) e U, (4.19a)
(c2ul, wh) g + (KVU", Vg + (u*, w*)ga + (Vu*, V™) gar
= (2" wh)q. — (kg", Vo + (f*, w)ge — (g, Vw*)gar (4.19Db)
Y(w", w*) € U,

and define
vl =vVu 4 g" v =Vu +g". (4.20)
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If we test (4.19b) with (0, w*) € {0} xD(RI\I') C U and substitute the second equation
in (4.20), it follows that

('U/*, w*)Rd\F + (V*, VU)*)Rd\F = (f*, w*>Rd\F ‘v’w* € D(Rd \ F)

Therefore

uw =V - v+ f*, (4.21)

which implies that v* € H(div, R?\ T'). Substituting now (4.20) and (4.21) in (4.19b),

we obtain
(c*ut w)o_+(kv", Vo +(V-v*, w0 )pa p+(vY, Vo )gar = (2" w)q_ (4.22)

for all (w", w*) € U. However, by the definition of the discrete operators (4.15) and the
weak divergence theorem, we can equivalently (after some term rearrangement) write

(4.22) as

(2" = f* = diviv" + 3 [v']) w")a

+(y, v D) + (v ] v et =’y = 0 V(' wt) et (4.23)

Let then (¢", &) € Y, x X7 € HY?(T)? and w" € U,,. We can choose w* € H*(R?\T)
satisfying the trace conditions y*w* = yw" + " and vy~ w* = y+tw* + ¢". This proves

that the operator
U (" w) — (", [yw*], v w* —yw") € Uy x Y, x X7,
is surjective. Therefore, (4.23) is equivalent to
u' = diviv" — AL [y ] + P (4.24)
and the transmission conditions
NveYy,  [wv'] e X, (4.25)

These conditions imply that (v, v*) € V. Therefore U = (u”,u*, v, v*) € D(A),
and, finally, the collection of (4.20), (4.21), and (4.24) implies that U = AU + F. This
finishes the proof of surjectivity of Z — A. O]
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The next step is the construction of a lifting operator to move all non-homogeneities
in the transmission conditions of (4.16) (this includes the action of § in the right-
hand-side of (4.16b)) to a right-hand-side of an operator equation U = AU + F. This
operator is defined in Proposition 4.2.3. Note that we do not give a bound for the
norm of v because it will not be used in the sequel. As in Chapter 3, the expression
C' is independent of h will be used to refer to a constant C' that is allowed to depend
on parameters of the equation and on the geometry, but not on the choice of the three

discrete subspaces involved.

Proposition 4.2.3. Given (p,,n, 1) € HY?*(T)? x H=Y/2(T')?, there exists a unique

(u", u*, v, v*) € U, x HY(R?\T) x V;, x H(div,R\ I) (4.26a)
such that
u' = diviv" — ~E [ v + i, ut=V-v (4.26b)
v = vau", v = Vu*, (4.26¢)
yul — yTu* —p € X7, [vu*] — ¢ € Yy, (4.26d)
[ V'] — 1 € Xi, Vv EYy. (4.26¢)
Furthermore, there exists C' > 0, independent of h, such that
[u”|l1.0_ + luw*][1 reave + IV ]| div,ra\r
< Clllellyzr + 10lly2r + Inll-1/2r + [lull-1/2,r)-
Proof. Problem (4.26) is equivalent to the problem that looks for
(u",u*) € Uy x HA\(R*\T), (4.27a)
satisfying
(c2u" w4+ (kVu", Vg + ([0,u*], yu™) = (n, yuw™) Yuw" € Uy, (4.27b)
ut = Au*, (4.27¢)
yul =yt —p e X7, [yut] — o €Yy, (4.27d)
[0,u*] — p € X, o, u* €Yy, (4.27e)
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and then computes v = Vu" and v* = Vu*. The variational formulation of (4.27) is

(u",u*) € Uy, x HY R\ T), (4.28a)
'l —veYn,  yfu—qu" —peXp, (4.28)
(c2u", W) + (KVU", Vu)g_ (4.28c¢)

+ (v, w*)ga + (Vu*, Vo )gar = (n — p, yw™y 4+ (v Tw*) V(" w*) € U.

The solution of (4.28) can be written as the sum (0,u*, ) + (u”, uf), where [yu?,] = 1,

h

ytur, = ¢ and the pair (u",u§) € U is the solution of a coercive variational problem

in U with coercivity and boundedness constants independent of h. O

Before we state our main theorem, we prepare some notation. For the proof,
we refer the reader to [36, Section 3]. Suppose that H,V, M;, and M, are Hilbert
spaces, and that V C H with continuous and dense embedding. Let A, : V — H be
a bounded linear operator such that the graph norm of A, is equivalent to the norm
in the space V. Suppose G : M; — H and B : V — M, are bounded linear operators.
Define the unbounded operator A := A,|p) C H — H, where D(A) = Ker(B). We also
assume +A are maximal dissipative operators. We are then interested in the abstract

differential equation
UeTDMH), U=AU+GE+F, BU = v, (4.29)

for data (&, x) € TD(M; xMsy). The final hypothesis is related to the lifting of boundary

conditions: we assume that the steady-state problem
Uev, U—-AU=GE, BU =y,
has a unique solution for all (£, x) € M; x My and that there exists Cyg > 0 such that

1Ula + 1Ullv < Cigsl[ (5 X) | x5 -

We will also make use of the Sobolev spaces

Ch(X)={feCtR;X) : f(t)=0 <0},
WHX) :={feC" (R;X) : fPel'(R;X), fO0) =0 ¢<k—1}.
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Note that we have the inclusion WF(X) C TD(X). We then have the following theo-

rem:

Theorem 4.2.4. [36, Theorem 3.3] If F € Wi (H) and = := (£, x) € W2(M; x M),
then equation (4.29) has a unique solution U € CL(H) NCL(V) and for all t > 0:

t t t
0@l <Cin ([ 12 sandr +2 [ 120 haonatr ) + [ 1F Ol
0 0
(4.30a)
. t . t .. t .
100l <Cin (| 1Ot +2 [ IEOandr ) + [ 1E
0 0 0
(4.30D)

We will now explain how problem (4.16b) fits in this general abstract framework.

The spaces are
H:=H =U, x L*(R*\T) x V;, x L(R*\ I),
Vi=U, x H{RI\T) x V;, x H(div; R\ T),
M, ;= HVXT), M, := X; x (Y2)" x (X7)* x Yy,
where the asterisk is used to denote the dual space. The operator A, is given by the

same expression as the operator A defined in (4.17), but its domain is V. The boundary

conditions are taken care of by the operators

Gn = <_’y;z77a 07 07 0)7 BU := ((7uh - 7+u*)|Xh’ [h/u*]HYho’ [[/YVV*]]

X}C;”YV_V*|Y}1)’

where 7}, is defined in (4.15). We can understand what we mean by the various restric-
tions in B as follows. Note that the difference in the traces (yu" — yTu*) € HY2(') =
H~Y2(I')*, and so we can recognize (yu" —~y*u*)|y, : X — R as an element of X}, de-
fined by X5, > un = (pn, (yu —yTu*))r. The same explanation holds for the remaining
components of BU. The vector x = (alx,, ¢|vy, 8_1)\\)(2, 0) contains the transmission

data. Note that D(A) = Ker(B) and A = A. Finally F' = (P,r,0,0,0). We can now
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apply Theorem 4.2.4 (the hypotheses have been verified in Propositions 4.2.2 and 4.2.3)

to problem (4.16). For convenience, we denote

koo
Hi(f, 1| X) = Z/ 19 (7) || xdr
j=0 "0

and H¥/2(D') .= (H*V/(I))2.

Proposition 4.2.5. Let a,¢ € W2(HY(T)), 8, A\ € WL(H V() andr € WL(L*(2_)).
Then (4.16) has a unique solution satisfying for all t > 0

le e @) o + 16V @)llo_ + [ @)l zar + [P @l
< C((Ha((o 0), HY2(D)) + (07 (8,0),HV2(T)  (431)

+ Hy(Par, 1| LA(91)) )

where the constant C' does not depend on the time t or h. For o, ¢ € W3(HY(T)),
B, A€ W2(H-YXT)), and r € W2(L*(2_)) we have for all t >0

110w @1l -1/2r < C(H2((d, ¢), t{H2(T)) + Ha((5,A), t{HV*(I))

+ Hy (P, t|L2(Q_))>. (4.32)

With this main result in hand, stability and semidiscretization error estimates follow

as simple corollaries.

Corollary 4.2.6 (Stability). For data 3y € W2(HY*(T')) and 8, € WL(H V(")) the

semidiscrete scattering problem (4.10) has a unique solution (u”,u*) such that

le™ " )l + [15Vu" O la- + [[u* ()l zaye + 16" (0)]l1/20

< C(HQ(BO,HHI/Q(F)) + H2<a—151,t|ﬂ—1/2(r))).
For 3y € W3(HY*(T')) and By € W2(H~Y2(T)) we have the estimate
N Ol -yer < C(Halo, VAT + ol o 2(T))).

The constant C' is independent of h and t.
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Proof. We apply Proposition 4.2.5 with o = 8, € W2(HY*(I)), B = 8, € WL(H2(I)),
¢=0,A=0,and r =0. O

Corollary 4.2.7 (Semidiscretization error). Let
¥ HY(T) = X), and TI) : HY2(I) = Y,

be the orthogonal projections into the spaces X, and Yy, respectively, and let T} be the

elliptic projection operator defined by (4.11) and (4.12). Suppose

¢ € WI(H'YA(I)), Ae Wy H(H (), (4.33a)
ue WIHY Q) N WL Q). (4.33b)

If (4.33a)-(4.33b) holds with m = 2, then the Galerkin semidiscretization error
(e", &%) i= (u" —u,u* —D*d+ S x\) that solves equations (4.13) satisfies for all t > 0

le™ e M)lla + 16V Bl + lle* ()l rar + 16" () — ¢()[l1/2,r
< O (Hafu— T u b (Q) 4+ H (i — 11} i 1| L2(2-)
+ H(07 O\ = TYA) HHVA(T) + H(6 =TI 6, (L HY2(D)) ).

If the exact solution (A, ¢, u) satisfies (4.33a)—(4.33b) with m = 3, then we have the

estimate
IN(E) = Ao < € (HaCi = T, ¢ () + By (i — 11, ¢ L2(Q.)
+ Hy(A— TN ¢ H V(D)) + Hy(d — IV 6, t|H1/2(F))>.
Proof. Note that the solution (4.16) with a =0, 8 =0,r =0, ¢ = I} ¢, and A = I[;X\
(i.e., the data ¢ and \ take values in the discrete spaces) is the trivial solution. If we

now apply Proposition 4.2.5 with o = y(u — II}u), 8 =0, r = II}i — i, and (¢, \) as
in the hypotheses of the corollary, the result follows. m

4.3 Fully Discrete Analysis
The fully discrete method consists of applying the trapezoidal rule based CQ to

the semidiscrete equations (4.8). Even if CQ, in practice, only produces solutions at
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discrete times, the method gives a theoretical extension of this solution to continuous
time [58, 37, 74]. The fully discrete solution will be denoted as (ul', \l', ¢%). The
boundary solutions are then input to a CQ discretized Kirchhoff formula, outputting a
field u}. From the point of view of implementation (see also Section 4.4) the monolithic
application of CQ to the semidiscrete equations (4.8) and to the representation formula
(4.9) is equivalent to the use of CQ for the retarded integral equations (4.8d, 4.8e) and
for the representation formula, coupled with a trapezoidal rule approximation of the
linearly implicit second order differential equation (4.8¢) (see [52, Proposition 12]). An
interesting feature of CQ applied to time domain boundary integral equations is the
fact that the method is equivalent to applying the underlying ODE solver (in this case,
the trapezoidal rule) to the evolutionary PDE satisfied by the potential post-processing.
This was already observed in [60] and has been exploited for analysis in [11] and [74,
Chapter 9]. In our case this will amount to carrying out the analysis directly on the
variables (ul, u}).

For the remaining analysis, we need to define the averaging and differencing

operators

(g(t) —g(t —k)),

T =

(9(t) + gt — k), Dng(t) :=

N | —

arg(t) ==

and their squares

(g(t) +2g(t — k) + g(t — 2k)),

(9(t) = 29(t = k) +g(t — 2k))

ajg(t) =

Arg(t) =

N

% -

The fully discrete method looks for

(ul, uf) € TD(Uy,) x TD(HA(R?\ T)) (4.34)
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satisfying

(¢ ?Ohug, w")a_ + (aprVup, Vu')a_ + ([aid,up], yw")

= (G, yw") Vu' € Uy, (4.35a)

ORuy = a; Auj, (4.35b)

(Iyuzls [vuzl) € Ya x X, (4.35¢)

(0 u*, yu — vy up — fo) € Yy x X, (4.35d)

i.e., we have applied the trapezoidal rule to the second order differential equation (4.10).
We define the consistency error for the trapezoidal rule time discretization for

the interior and exterior fields by

Xp = 02l — adil” and Xp = Ofut — agii.

Subtracting equations (4.35) from (4.10) we find the error quantities e := v —u? and

K e ok ok
ey = u* — uy

(ek+ €;) € TD(Un) x TD(HA(R?\T))

satisfy the equations

(c™*Oek w"a_ + (aprVey, Vu')a_ + ([0,05e;], yw")r

= (¢ xpw"a. Vo' €Uy, (4.36a)
ey, = ailef + X3 (4.36D)

([verl, [0vex]) € Ya x X, (4.36¢)
(0, e, velk —yTer) € V2 x X (4.36d)

The following lemma is the key integration by parts formula for our analysis.

Lemma 4.3.1. If e} is a continuous function of t then the following Green’s Identity

holds for allt > 0:

(AeZ(t),w*)Rd\p + (Veg(t), Vw*)gar = ([Ovex(t)], 7wh>p V(wh, w*) e U.
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Proof. The following chain of equalities

(Aeg, w gy +(Vep(t), Ve par — ([0ve(1)], yu")r
= (0 er(t), Y w")r — (07 ex(t), v wh)r — ([Dveg(t)], yw")r
= ([Dver ()], 7w — yw")r + (9 ex(t), [yw])r = 0

holds for all (w”",w*) € U. This proves the result. ]

Theorem 4.3.2. Suppose that 3y € WS(HY?(T')) and 8, € W2(HY*(T')). Then the

natural error quantities

R h Tho.__ h ~ * T . *

for a trapezoidal rule in time discretization of (4.10) satisfy for allt >0
17O la- +15VE D o + IO lrar + VD) e < CRH (5, 57 1), (4.37)

where H(ng,m,t) := Hs(no, t|HY*(T')) + Hy(my, t|H-/%(T")). We also have the L* error
estimate

ek (®)la_ + llef () lrar < CRHPH(BY, B, 1). (4.38)

The error for [yer] = ¢ — ¢" is bounded as
lo2lvei®lllyzr < CR max{t, YH(5”, B 1). (4.39)

For By € WI(HY*(T')) and B, € WS(H-Y*(T)), the error for [O,ef] = A — M is
bounded as

210, e;()]l|-1/2r < CK* max{1,¢}H(5Y, B, ). (4.40)

Proof. Using the definition of the hatted variables, (4.36a), (4.36b), and Lemma 4.3.1
it follows that

O (Fhe) ")+ (Fr.wr) |+ an (RVE(0), Vu'), + ar (Va5 (0, Vg

RA\T

= (X1 (1), WMo + (XE(t), w)par  V(w",w*) € U.
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We know by (4.36¢) and (4.36d) that (€7(¢),e5(t)) € U for all t. We can then test the
latter identity with 20 (€} (t), €5 (1)) = Qak(ﬁj(t), ﬁ’;(t)) and re-order terms to obtain
CIORAONAONAHG )M—WK%t— A= k), Fe— b, Fee - 1)
+k (xh0, 20 F®) k(i) 205 0)

Q. RA\T

where
2 —_
(s w0, ") = Mo oG + 162V uld_ + 0" [Raye + [V |[Rar-
By induction,

|Geao. o, o)
B kZ <<Xk (t—t)) ), 200, 1 (t — tj))g, + (XZ(t —t5), 2o fi (¢ — tj)>)Rd\F )

7>0

where for each ¢ the sum is finite because all of the functions are causal. We now take

t* < t such that

W;()

| Gre. @), Fhen. fe) | = max

CIRANH!

)l

and therefore we can bound

2

H! (gﬁ(t*%?;(t*), e, mt*))
(@) et ey, Jiw)|

<2t max (|Ixi(7)lla- + [IXE(T)llrayr) - (4.41)

0<r<t*

A simple Taylor expansion shows the following estimate of the consistency error for

the trapezoidal rule

||XZ(T)||Q+||X2(T)I|Rd\r§0k2< max_[(u"(0))?lo- + max ||(U*(p))(4)llw\r),

T—=2k<p<T T—2k<p<T

which, combined with (4.41), yields the error estimate

0<r<t

[ Gtz 20, 520) | < 0 (g Nt )l + g Nt 7))
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Applying the estimates from Corollary 4.2.6, we have the final bound in the natural

energy norm
| G @, i, m)|| < orers®. 80,0,
where the constant C' is independent of h and ¢t. This proves (4.37). If we expand the

differencing operator acting on the quantities e?(¢) and e} (t), we find
lek®lla_+ ez () llrar < llei(t = k)llo_+ lep(t = &)l +KIfL @lla- + kL) lzor-
We may then proceed as before and show the L2(2_) x L?(R?) error bound
lek(®)lla- + llei(®)llzar < CREH(E, 67, 0),
which establishes (4.38). To prove (4.39) we apply the trace theorem and the previous
L*(R4\T) and H'(R?\T) estimates:
loklyexIll2r < C (lew Ve (®)llrayr + loker(®)llrar)
< € (s VLo -+ s ek e
< Ok max{t, 2} H(BY, ¥ 1).

Note that

||Ofi[[8u€h( - 1/2F<O |%V€k |Rd\r+||%A€k( )“Rd\r)

(1
(max IV lmar + 1907 (8l + ||xz<t>||Rd\r)

d ~
=)

0<r<t

<C <gga§tl|V6 (7)l|lrayr + max

+ ||X2(t)||ued\r> ,

RI\D
where we have applied (4.36b) and the Mean Value Theorem. The final bound (4.40)
follows from the previous estimates and the fact that the error corresponding to data
(BO, 51) is the time derivative of the error. This is due to the fact that all operators

involved are convolution operators. This finishes the proof. O
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4.4 Algorithm
We fix a basis for the finite dimensional space U} (the FEM space) and for the
spaces X, and Y}, (the BEM spaces). Let Vi(s), Kp(s), Wy(s), and I, be the matrix

representations of the bilinear forms

<,V(8)> IXhXXh—>(C, <,K(S)> ZXhXYh—>(C,
<W(S),> 1Y), XYh—>(C, <,> X, xY, > R

These matrix-valued functions of s involve only the boundary element spaces. Let M,
and Sy, be the finite element mass and stiffness matrices, that is, the matrix represen-

tation of the symmetric bilinear forms
(¢ )a Uy x Uy, = R, (kV-, V) U, x U, — R.

Finally, let I';, be the matrix representation of (-,v-) : X, x U, — R. This is the
only matrix that connects the finite and boundary element spaces, a connection simply
established through inner products.

For simplicity of exposition, let us assume that the functions fy(t,) and S;(t,)
have been projected or interpolated onto the spaces Y, and X}, respectively. The
corresponding vectors of coefficients will be denoted 3;,, and By ,. The marching-on-
in-time scheme for discretization inverts the same large coupled operator at each time
step, and then updates the right hand side with past values of the solution. It can
be interpreted in the following form: in the interior domain we have a trapezoidal
rule discretization of the FEM-semidiscrete wave equation with Neumann (unknown)
boundary conditions
4 t t
ﬁMhun + Spu, — DU, =1 (Bin + 28101 + Bin—2 — 21 + Ap—2) (4.42)

1
— ﬁMh (20,1 — Up—2) + S, (2up—1 — u,_),
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while in the exterior domain a trapezoidal rule CQ scheme discretizes a symmetric

Galerkin-BEM system with given (yet unknown) Dirichlet data

_1
Do || Va2/h) 2ln + Kn(2/k) | | A (4.43)
0 I+ KL(2/k)  Wi(2/k) én
1180, 2| wyi (k) wk (k) An—m
= ’ o Z K}, W
0 m=1 | Wm (k) wmh(k) Pr-m

As we progressively compute the vectors u,, A,, and ¢,,, we can input the latter two
in the CQ-discretized potential expression (using the basis representation for elements

of Yh and Xh)i
up(tn) = Z Wi (k) n—m — Z Wit (K)An—m-
m=0 m=0

The convolution weights w? (k) for J € {V, Ky, Kt Wy, Sy, Dy} are computable based
on the Taylor expansion of the appropriate transfer function. Alternatively, the mem-
ory term in the right-hand side of (4.43) and the potential representations can be
evaluated using FFT-based techniques [17, 37].

Let us now focus on the case when {2_ is a polygon or polyhedron that has been
partitioned into triangles or tetrahedra. We choose U, to be the space of continuous
piecewise polynomial functions of degree at most p > 1, Y}, to be the space of continuous
piecewise polynomial functions of degree at most p on the inherited partition of the
boundary, and X} to be the space of discontinuous piecewise polynomial functions of
degree at most p — 1 on the same partition of the boundary. Note that the use of
the inherited partition on the boundary is done for the sake of simplicity but is not
a necessary theoretical assumption. For this choice of spaces, Y, can be identified
with the trace space of U, and therefore, the matrix I';, can be computed from I,
identifying degrees of freedom of Y, with the boundary degrees of freedom of Uj,.
In the two dimensional case, X}, and Y}, have the same dimension, and therefore all
boundary matrices are square.

We can now give a simple error estimate for the case of smooth solutions of

our problem. Suppose, for instance, that ¢ and the components of the matrix-valued
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function x are C*°, that ¢ = 1 in a neighborhood of T', and x =1 (the identity matrix)
in a neighborhood of T" as well. Let the incident wave be a plane wave u(t)(x) =
(x-d—t—1ty), where ¢ is a smooth causal function, |d| = 1, and ¢, is taken so that the
support of u™ does not intersect 2 at time ¢ = 0. In this case the solutions of (4.2)
are smooth functions of space and time and the restriction of the boundary unknowns
A and ¢ to the faces of I are smooth. Using Corollary 4.2.7 and standard estimates
for approximations by piecewise polynomials, we can prove that the semidiscrete error

satisfies

lu(t) = u"(O)[lua- + [16(t) = ¢" Oz + IME) = N (B)l|-1/20 = O(RY).
Consider now the quantities
el = ul(t,) —ul(ty), e:=MN(t,) — M(t,), and €% :=¢"(t,) — O (tn).
Then, by Theorem 4.3.2, we can prove

I3(en + el g +

He 2 e,

+[|5(en+ 2601+ er o)y or = OK).

In equations (4.42) and (4.43), we can see that the finite element time stepping
component of the solution has a short tail, i.e. it has a memory of only two time steps,
while the boundary integral right hand sides have contributions from every previously
computed time step. Computing the convolutional tails for the boundary integral equa-
tions can become expensive. To overcome this bottleneck, we use a reduction to the
boundary method that decouples the solution process into three steps: solving first for
an intermediate variable w (the result of solving an interior Neumann problem corre-
sponding to the action of the incident wave), solving next for the boundary densities,
and finally solving for the interior unknown. While this seems to require more solves
than the time stepping method, this strategy does not require the computation of the
convolutional tail at each time and can therefore be implemented in parallel. The all-

steps-at once CQ method of [16] (see also Chapter 2, Section 7) is used for the parallel
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time stepping. Consider the Finite Element matrix F(s) := S;, + s*M,,, which is the
Laplace transform of the FEM-semidiscrete wave equation in the interior domain. The

method consists of the following sequential steps:

1. Compute the intermediate variable w,, by solving the convolution
n
S W) Wa o =TiBr,  n=0,...,N
m=0

in parallel across the time steps. Equivalently, use the trapezoidal rule (with
zero initial values) for the differential equation M,w(t) + Spw(t) = T B:(¢),

where 3 (t) is the projection onto X, of the actual transmission data.

2. Instead of time-stepping to compute the boundary unknowns \,, and ¢,, by

" ¥ (k) + Taet (BT, WSk R) | | A | 1| ~Teba

Z K! W, + 9

m=0 wmh (k’) W, (k?) ¢n—m IhAn

n_F Wi
_ | Pon =T . n=0,...,N,

0

we apply the all-steps-at-once strategy to approximate CQ solutions [16]. This

requires solving in parallel systems with matrix

B ( ) Vh(S) + FhF;1(8>Fz —%Ih + Kh(s)

hlS) 1=
3l + K, (s) Wi(s)

for a large number of complex frequencies s (with non-zero real part). Note that

the construction of the above matrix (if a direct method is to be used) requires

the solution of one linear system related to Fp(s) for each column of T%.

3. Compute the interior unknown by

wanh(k)unfm = FZ (/Bl,n+>\n), n = 0,...,N
m=0
or use an equivalent trapezoidal method for an interior problem (with the correct

boundary data now that we have computed A,,), or use an all-steps-at-once to

compute u,, using a parallel algorithm.
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The exterior solution can be postprocessed at the end of the second step. If we use
an iterative method for the solution of a system associated to the matrix By(s), every
matrix-vector multiplication requires the solution of a sparse linear system associated
to the interior domain. Efficient methods to handle this discrete scheme are the goal
of further investigation. In all the numerical experiments below, system solves are

handled with Matlab’s backslash operator.

4.5 Numerical Experiments and Simulations

We perform some numerical experiments to demonstrate the coupling scheme
and corroborate our theoretical results. The first numerical experiment is created
by studying an artificial scattering problem on the domain [—0.5,0.5]?. Instead of
an incident wave, we generate transmission data on I' so that the solution in the
interior and exterior domains is known exactly. In the interior, we take the solution
to be a plane wave moving in the direction (1/v/2,1/4/2) and transmitting the signal
sin(2t)x(t) where x(¢) is a smooth cutoff function so the signal has compact support
in time. The exterior solution is a cylindrical wave due to a source point at the origin
transmitting the signal sin®(4¢)H (t) where H(t) is the Heaviside function. We take

c=1and
| 1405 +y?) 025 +0.5(2% +y7)
)= 0.25+0.5 (2 +¢%) 3405 (z*+y?)

A body force term f(z,y,t) is added in the interior domain (the equation is thus ¢~ 2i =
div(kVu) + f) so that the chosen function (a plane wave) satisfies the wave equation in
Q_. We discretize in space with standard P; FEM for the interior variable and P; x Py
BEM (i.e., Y}, and X, are respectively spaces of continuous P; and discontinuous Py
functions) for the boundary unknowns. The simulation is run from ¢t = 0 to t = 3 so

that by the final time the exact solution is non-zero in both sides of the transmission

boundary. Time discretization is carried out with trapezoidal rule based CQ.
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For our error quantities, we use the following measures:

12(t) = [[u(t) — wg(t)lla_, i (1) = [[ult) — wg ()l
EX(t) = [[A(6) = A (D), E2(t) = [lo(t) — ¢ (t)lIr,
B(t) = max [u (£) (%) — u(£) ()]

In E°(¢), {x;} is a finite collection of points in ;. Note that we do not have any
result asserting superconvergence in the L?(2_) norm for u, superconvergence in the
L?(T) norm for ¢, or convergence in the L*(T") norm for \.

Tables 4.1 and 4.2 summarize the results from the convergence study. We use
uniform triangulations with Ngg,, elements in 2_ and Nggjys elements on the boundary

and perform M time steps to reach the final time ¢t = 3.

Nrgm | M EY.(3) e.C.T. E%.(3) e.C.T.
32 20 | 2.4029e-02 - 2.6050e-01 -
128 40 | 5.6609e-03 | 2.0857 | 1.2017e-01 | 1.1162
512 80 | 1.4013e-03 | 2.0143 | 6.0233e-02 | 0.99642

2048 | 160 | 3.4927e-04 | 2.0043 | 3.0235e-02 | 0.99432
8192 | 320 | 8.7041e-05 | 2.0046 | 1.5147e-02 | 0.99721
32678 | 640 | 2.2092¢-05 | 1.9782 | 7.5796e-03 | 0.99884

Table 4.1: Convergence of the interior variable with P; FEM (coupled with P; x P,

BEM) and trapezoidal rule time stepping.
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Npgm | M EA(3) e.Cc.I. E?(3) e.c.r E°bs(3) e.c.r
16 20 | 4.7204e-01 - 9.1250e-02 - 2.7533e-02 -
32 40 | 1.3196e-01 | 1.8388 | 2.4295e-02 | 1.9092 | 2.0929e-02 | 0.39563
64 80 | 4.9760e-02 | 1.4071 | 6.0872e-03 | 1.9968 | 2.8444e-03 | 2.8793
128 | 160 | 1.8880e-02 | 1.3981 | 1.5196e-03 | 2.0021 | 6.2183e-04 | 2.1935
256 | 320 | 7.2700e-03 | 1.3768 | 3.8422e-04 | 1.9837 | 1.5322¢-04 | 2.0210
012 | 640 | 3.0133e-03 | 1.2706 | 1.0697e-04 | 1.8448 | 3.8211e-05 | 2.0035

Table 4.2:

We repeat the previous experiment with the same, replacing the spatial dis-
cretization by Py FEM coupled with Py x P; BEM. Our theory predicts order two
convergence in all variables for this experiment, which was not seen in the previous

example because of the use of lower order FEM and BEM. We see comparable errors

Convergence of boundary and exterior variables with P; x Py BEM (coupled

with P; FEM) and trapezoidal rule based CQ. Note that we are measuring

errors for A\ in a stronger norm than the one used in the theory.

to the first experiment with reduced discretization parameters.

Tables 4.3 and 4.4 summarize the results from this convergence study. We

again use uniform triangulations with Nggy; elements in €2_ and Nggps elements on

the boundary and perform M time steps to reach the final time ¢t = 3.
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Nrgyv | M EY,(3) e.c.I. EY%.(3) e.c.I.
8 10 | 7.9596e-02 - 3.9938e-01 -
32 20 | 1.6335e-02 | 2.2847 | 1.6148e-01 | 1.3064
128 40 | 3.7889e-03 | 2.1081 | 2.4973e-02 | 2.6929
012 80 | 8.5690e-04 | 2.1446 | 5.1730e-03 | 2.2713
2048 | 160 | 2.0934e-04 | 2.0333 | 1.2740e-03 | 2.0217
8192 | 320 | 5.2069e-05 | 2.0074 | 3.3478e-04 | 1.9281

Table 4.3: Convergence of the interior variable with Py FEM and trapezoidal rule

time stepping.

Nppy | M E*(3) e.c.rI. E?(3) e.c.r E°bs(3) e.c.r
8 10 | 4.0011e+-00 - 2.7841e-01 - 2.1634e-02 -
16 20 | 6.6196e-01 | 2.5956 | 4.9454e-02 | 2.4931 | 2.3736e-02 | -0.1338
32 40 | 5.8355e-02 | 3.5038 | 1.0361e-02 | 2.2549 | 8.1811e-03 | 1.5367
64 80 | 1.3106e-02 | 2.1546 | 2.5240e-03 | 2.0374 | 4.7098e-04 | 4.1186
128 | 160 | 3.4291e-03 | 1.9343 | 6.1230e-04 | 2.0434 | 9.1814e-05 | 2.3589
256 | 320 | 1.4502e-03 | 1.2416 | 1.5236e-04 | 2.0068 | 2.3948e-05 | 1.9388

Table 4.4: Convergence of boundary and exterior variables with Py x P; BEM and
trapezoidal rule based CQ.

A second numerical experiment makes use of the Runge-Kutta CQ method
of [13, 15, 61] (see Chapter 2). The analysis of RKCQ methods was carried out in
[12, 13] using abstract arguments in the Laplace domain: in principle, we expect the
convergence order to be limited to the stage order, although potential postprocessings

enjoy the full classical order of the RK method. (We also note that RKC(Q methods
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have been reported to enjoy better dispersion properties than multistep-C(Q schemes
[17].) The experiment below is set on the same example and triangulations as the first
experiment, but is discretized in space with Py FEM and P, x P; BEM and in time
with CQ based on the two-stage Radau Ila scheme, a method of classical order 3 and
stage order 2. Tables 4.5 and 4.6 below demonstrates convergence order more than

three, which was otherwise impossible using CQ based on a linear multistep method.

Nppm | M EY,(3) e.c.I. E%.(3) e.C.I.

8 20 | 7.2998e-02 - 5.8872e-01 -

32 40 | 2.8039e-02 | 1.3804 | 2.8675e-01 | 1.0378
128 80 | 5.5717e-03 | 2.3313 | 1.1027e-01 | 1.3787
512 | 160 | 6.8020e-04 | 3.0341 | 3.1564e-02 | 1.8047
1024 | 320 | 7.9143e-05 | 3.1034 | 8.3212e-03 | 1.9234
2048 | 640 | 9.6606e-06 | 3.0343 | 2.1209e-03 | 1.9721

Table 4.5: Convergence of the interior variable when using P, FEM and two-stage

Radau ITa time stepping.

Npem | M E(3) e.c.r. E?(3) e.c.r E°bs(3) e.c.r
4 20 | 9.2094e-01 - 2.4561e-01 - 6.0797e-02 -
8 40 | 4.0652e-01 | 1.1798 | 6.5693e-02 | 1.9026 | 2.8148e-02 | 1.1109
16 80 | 1.3784e-01 | 1.5603 | 9.8444e-03 | 2.7384 | 2.7418e-03 | 3.3598
32 160 | 3.4386e-02 | 2.0031 | 9.3028e-04 | 3.4036 | 2.1949e-04 | 3.6429
64 320 | 7.3343e-03 | 2.2291 | 6.2996e-05 | 3.8843 | 1.4604e-05 | 3.9097
128 | 640 | 1.1850e-03 | 2.6297 | 3.8242¢-06 | 4.0420 | 9.9590e-07 | 3.8743

Table 4.6: Convergence of boundary and exterior variables when using P, x P; BEM

and two-stage Radau Ila based RKCQ.
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Next, we perform a simulation of a scattering problem with a known incident
plane wave and unknown exact solution. An incident plane wave traveling in the direc-
tion (1/v/2,1//2) interacts with the obstacle Q_ = [~0.5,0.5]2. The material proper-
ties in {2_ have a Gaussian lensing effect described by a non-homogeneous multiple of
the identity tensor

k(z,y) = (1 — 1.65¢ /0=,

where r = \/m, and we take ¢ = 1. The spatial discretization makes use of
P3 finite elements in the interior with 8192 interior elements and P3 x P, boundary
elements with 256 boundary elements on I'. The CQ time step is k = 4.375 x 1073
and we integrate from ¢t = 0 to t = 3.5. Some snapshots of the scattering process are
shown in Figure 4.1.

The next experiment demonstrates the coupling scheme applied to multiple
obstacles with different material properties. An incident plane wave interacts with
the four small boxes. The top left and bottom right boxes have material properties
described by the matrix x = diag(4,1/4) while the top right and bottom left boxes
have material matrix x = diag(2,1/2). In all four obstacles ¢ = 1. Again we use Pj
FEM and P35 x P BEM. There are a total of 1792 finite elements and 192 boundary
elements for the spatial discretization. The time step is k = 2x 1072 and the simulation
is run from ¢ = 0 to ¢t = 4. Figure 4.2 displays some different times of the experiment.

The last simulation takes place on a non-convex and trapping obstacle. Again
we use P3 FEM for the interior and P3 x Py BEM for the boundary densities. The
interior of the obstacle is partitioned into 11,968 finite elements, and the boundary is
partitioned into 472 elements. The time step size is k ~ 6.7 x 1072, and we integrate
from t = 0 to t = 2.5. Wave propagation within the obstacle is determined by the
parameters ¢ = 1 and the diagonal matrix x = diag(0.25,0.125). The large difference
in wave speeds between the interior and exterior produces a strong scattered wave and
a highly focused and long-lived wave within the obstacle. Some of the scattered wave

is trapped within the void outside of the domain 2_. The results are shown in Figure

4.3.
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Figure 4.1: Scattering of a plane wave by an obstacle with Gaussian lensing proper-
ties.
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Figure 4.2: Scattering of a plane wave by four homogeneous anisotropic obstacles
with different material parameters.
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Figure 4.3: Scattering and transmission of a wave by a non-convex domain.
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Chapter 5

DISCUSSION OF REDUCED BEM-FEM COUPLING SCHEMES FOR
TRANSIENT ACOUSTICS

In this chapter we will present some results and numerical experiments related
to two different reduced coupling schemes for transient acoustic waves. In Chapter 4 we
saw a three-field symmetric coupling scheme that kept the BEM and FEM unknowns
well separated: they only communicated through a discrete trace operator that required
only the computation of inner products between the bases of the finite and boundary
element spaces. The following two schemes eliminate one of the unknowns (the trace of
the exterior field) by recognizing from the equation yu = y"u, +fy that the interior and
exterior traces are approximating the same quantity, up to the incident wave [73]. For
both formulations, we make use of a reduction-to-the-boundary strategy to parallelize

the solves across the time steps as we did in Chapter 4.

5.1 Reduced Symmetric Coupling of Boundary and Finite Elements

We consider now our first reduced coupling formulation based on the BEM-FEM
scheme of Costabel [22] and Han [35] for steady-state problems. We are interested in
the same transmission problem as the previous chapter, given by equations (4.2).

Our unknown quantities will be the interior field u and the exterior normal
derivative of the exterior field, A\ := Jfu,. We can derive the coupling scheme as
follows. Our potential ansatz with Kirchhoft’s formula makes use of the continuity of

the total wave across I':

uy :=Dx (yu— Fy) —S * A\
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In this way we have eliminated the redundant approximation of the Dirichlet data on I'.
We weakly enforce the interior wave equation and apply the continuity of the normal
derivative of the total wave across I':
(c™2ii,v)q_ + (kVu, Vo)g_ = (0,..u, y0)r
(=W (yu — Bo) + (3 = K') % A+ Bi,yv)r

Vo e H'Y(Q).

If we rearrange some terms, we arrive at the first equation in the coupling scheme:
(u,\) € TD(HL(Q_) x H Y3(T)), (5.1a)
(¢ %, v)a_ + (KVu, Vo)o_ + W s yu,yo)r — (3 — K') * A, yo)r (5.1b)

= (B + W * Bo,yv)r Vv e HY(Q).

The second equation simply enforces that the trace of the exterior field is zero within

the scatterer
(s 2y — K yudr + (u, Vx Np = (1, 280 — K% Bo)r Yue HVAT).  (5.1c)

We translate this coupled system to a first-order-in-space-and-time system and cast it
as an exotic transmission problem in the time domain. In the semidiscrete setting the

coupling scheme then becomes the search for

(", u*,v",v*) € TD (U, x H'(R*\T) x V;, x H(div; R?\ T)) (5.2a)
satisfying

u" = diviv" + 5 (0 v + 07 By), (5.2b

W=V -V (5.2¢

vl = v, (5.2d

ot
[\
—

[yw*] +~yu" = By,

yut e Xy,

<
*
I
<
IN
Ut
o ©)
~— ~— ~ ~— ~— ~— ~—

— —
A
[\
=

[ v*] € X
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For the sake of analysis we require the two spaces

U= {(W"u) €Uy x H(RIN\T) : [y ]+ =0, v u" € X3},
V = {(Vh,v*) € V;, x H(div; R? \D) = [wv'] € Xh} ’

so we can define an unbounded operator
AU = (div’flvh + VZWZFV*, Vv, Vuh; Vu),

in its domain

D(A) :=UX V.

As we continue to verify that this system fits the general formulation presented in

Chapter 4, we have the Hilbert spaces

H:=U, x L*(R\T) x V}, x LAR4\ T
Vi=U, x HYR\T) x Vj, x H(div; R*\ T),

two operators related to boundary conditions

G:=(+,0,0,0),  B:=([yu]+~u", v u*

Xp ] X;)a

and the related Sobolev spaces
M, := H Y3I), M, := HV*T) x (X3)* x X;.

With the abstract result of Section 4.4 and these new ingredients, we can state the
following stability and semidiscrete error theorems. Their proofs follow exactly the

same lines as the ones seen in Chapter 4.

Theorem 5.1.1 (Stability). For 8y € W2(HY?(T')) and B, € WL(H~Y*(T)), problem

(5.2) has a unique solution satisfying

[ (Ol + (Ol g < C (Ha(Bo, t|HY2(T)) + Ha (07 B, t1H(T)))
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where the constant C' is independent of time t and h. For data with regularity By €
W2(HY2(T)) and g € W2(H-Y*(T')) we have the bound

Eots* (00122 < € (Ha(o, 1H2(T)) + Ha, o} H/2(T)) )
where again C' is independent of h and t.

Theorem 5.1.2 (Semidiscrete error). Suppose the exact solution to the scattering prob-

lem (5.1a)-(5.1c) satisfies
Ae WY HTYAT)) and we WINHY Q)N W HLA(Q)) (5.3)
with m = 2. Then
1"l + IOl rae < C(Ha(u — My, t|HY(Q-)) + Hy (i — T, ¢ L*(Q-))
+ Ho(07H (AN = TIXN), | HV2(D))).
If the solution to (5.1a)-(5.1c) satisfies (5.3) with m = 3, then
IAE) = A (@) |1 /or < C(Ha(i — T, t HY Q) + Hi (6 — 1176, 1 L*(Q-))
+ Hy(X — II¥N t HYA(T))).
In both estimates, the constant is independent of h and t.

Before we present numerical experiments, we show the reduction-to-the-boundary
strategy for this coupling scheme. This is analogous to the reduction-to-the-boundary
strategy we used in Section 4.4. The scheme for the Costabel-Han system is somewhat
more involved, however, because of the more condensed nature of the system. As we
did for the three-field coupling scheme, we must introduce some compositions of opera-
tors. Using the notation of Chapter 4, we define the discrete operators (matrix-valued

functions of the complex number s € C, )

An(s) :== Sp + *My, + T Wy ()T,

Bi(s) := Vi(s) + (51n — Ku(s)) ThA, ' (s)I}, (31}, — K'(s)),
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and the right hand sides
by = T}B1n + T3 > wn'(K)Bon,  n=0,..., M.
m=0

The reduction-to-the-boundary algorithm then proceeds as follows.

1. Compute the first intermediate variable
wn:ZwTAnh(k:)bn_m, n=20,...,M,
m=0

in parallel across the time steps.

2. Solve the discrete convolutional equation

n

Z erih (k))\nfm = %(IhIBO,n - Fhwn) - Z wgh(k> (/BO,nfm + Fhwnfm%
m=0

m=0

for n =0,..., M in parallel across the time steps for the boundary unknown A,,.

3. Compute the second intermediate variable

I
=

" t
Vi = A = > wn (B Ao,
m=0
in parallel across time steps.

4. Solve the discrete convolutional equation
S W (W = by + v, n=0,..., M,
m=0

for the interior unknown u,, at all times. This can also be done in parallel across

the time steps.

5. Compute the exterior solution u} with the discrete Kirchhoft’s formula

W= wi(k) (Chtnm — Bonem) — Y war (B)Xnem,  n=0,..., M.
m=0 m=0

This forward convolution can be computed in parallel across all time steps.
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For numerical experiments, we use the same methodology as the three-field
coupling scheme studied previously. We test convergence of our numerical discretization
with a transmission problem on the square Q_ = [0.5,0.5]%2. We generate synthetic
transmission data so that the exact interior and exterior solutions are known. In €_
we choose a plane wave propagating in the direction (1/4/2,1/v/2) and carrying the
signal sin(2t)x(t) where x(t) is a smooth cutoff function. The exterior solution is a
cylindrical wave due to a point source at the origin transmitting the signal sin®(4¢) H (¢)

where H(t) is the Heaviside function. We take ¢ = 1 and

1+05(2%2+9%)  0.2540.5 (22 +y?)

K(z,y) = , s o
025+0.5(z*+y*) 3+0.5(2*+y%)

A body force term f(z,y,t) is added in the interior domain so that the chosen plane
wave satisfies the wave equation in €2_. We discretize in space with standard P; FEM
for the interior variable and Py BEM for the boundary unknown. We run the simulation
from t = 0 to t = 2 with M time steps. Temporal discretization is carried out with

trapezoidal rule based CQ. Our error quantities are defined as follows:

(1) = llu(t) —ug(®lla_, Eip(t) = llu(t) — vg(t)lle-,

EME) = A = Ne@)e, B = max [u (£)(x;) — w(£)(x;)],
where the four observation points are
x; = [—0.75,—0.75], xo =[0.75,—0.75], =x3=[0.75,0.75], x4 = [—0.75,0.75].

We refine simultaneously in space (using a red refinement of the finite element mesh)
and time (doubling the number of time steps for each experiment). Figures 5.1 and
5.2 present the convergence history for this experiment.

Previous stability analysis in the Laplace domain [52] and in the time domain
[73] indicate that this method can be expected to attain the optimal order of con-
vergence upon a Galerkin spatial discretization and a CQ discretization in time. Our

numerical results are consistent with the theory. We conclude with some snapshots
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Convergence of interior variables for symmetric coupling, P2 FEM
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Figure 5.1: Convergence of the interior variable for two field symmetric coupling.

Coqvergence of boundary and exterior variables for symmetric coupling, P1 BEM
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Figure 5.2: Convergence of the boundary and exterior variables for two field sym-
metric coupling.
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given in Figure 5.3 of a simulation that is discretized using the Costabel-Han coupling

method. The material matrix is given by
K = diag(1/r%,1/r?)

where r(z,y) := /22 + y2. A plane incident wave interacts with a II-shaped scatterer
such that (0,0) ¢ Q_. We discretize with P3 FEM and P, BEM, and integrate from

t =0 to t = 3 with trapezoidal rule based Convolution Quadrature.

5.2 Single Equation Coupling

Thus far, our coupling schemes have demanded that the representation formula
satisfies two equations, at the cost of requiring all four of the operators of the Calderén
Projector for wave equation. This final coupling scheme in the style of Johnson and
Nédélec [44, 72] imposes only one condition on the potential representation, which
avoids the use of all four of the boundary integral operators for the wave equation.
However, we lose symmetry of the system, and direct in time analysis suggests that
this coupling scheme does not generate a Cy-group of isometries like the other two
we have studied [73]. Our experiments do show convergence of the method, however.
While this fact does not deliver a fatal blow to its use in the time domain, we should
be wary of potential instabilities that can occur when the material coefficients of the
obstacle Q_ are discontinuous. In [29], the authors perform a number of computational
studies to search for instabilities with one-equation coupling, but they did not find any
evidence for instabilities.

The Johnson-Nédélec coupled system seeks two unknowns
(u,\) € TD (H'(Q_) x HY*(T"))
such that

(™%, v)q_ + (kVu, Vo)o_ — (A, ) = (B1,70)r Yo € HY(Q.),

(1, 37w = K yu)r + (, V* Ap = (u, 360 = Kx fo)r - Vp € H(ID).
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Figure 5.3: A simulation of scattering with Costabel-Han coupling.
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Convergence of interior variables for one equation coupling, P2 FEM
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Figure 5.4: Convergence of the interior variable for one equation coupling.

Notice that this shares the same boundary integral equation as the Costabel-Han sys-
tem, but does not include the coupling of the interior and exterior fields through the
normal derivative.

We repeat the same experiments as for the two field symmetric coupling scheme
and report our results for Py FEM and P; BEM in Figure 5.4 and Figure 5.5. We
see order two convergence in all variables (we are prevented from seeing higher order
because of our restriction to A-stable linear multistep CQ).

As a test of the stability of the Johnson-Nédélec coupling, we perform two tests
where the interior material parameters have a significant jump across the boundary I"

compared to the exterior wave speed. To further test the method, we use a non-convex

scatterer _ = [-0.6,0.4]* \ [-0.6, —0.1]2. The matrix for the interior wave equation
is
10 0
Kz, y) =
0 20
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Con\4ergence of boundary and exterior variables for one equation coupling, P1 BEM
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Figure 5.5: Convergence of the boundary and exterior variables for one equation
coupling.

As before, we generate synthetic transmission data with known interior and exterior
solutions. We take the exact solution in €2_ to be a plane wave, but this time propa-
gating the signal sin(16¢)x(¢), and the exterior solution is a wave due to a point source
at the origin transmitting the signal sin®(4¢). We report in Figure 5.6 and Figure 5.7
the convergence history for this problem discretized with P, FEM and P; BEM. We
do not see any signs of instability.

We perform one last test to search for possible instabilities. We use the same
approach and known solution as the previous example, but now with the material

matrix
100 O

0 500

K(T,y) =

We report our findings in Figures 5.8 and 5.9 and see no evidence of instabilities.
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1Convergence of interior variable with discontinuous wave speed, P2 FE

10 T T 7
o L2error 1
—o—H' error ||
—Oohd
(@]
10° | 1
O
S 107t .
L
[e]
1072} o E
O
-3
10 L L L
10" 10° 10° 10* 10°

Number of Elements

Figure 5.6: Convergence of the interior variable for one equation coupling with dis-
continuous wave speed.

Com{ergence of boundary and exterior variables with discontinuous speed, P1 BEM
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Figure 5.7: Convergence of the boundary and exterior variables for one equation
coupling with discontinuous wave speed.

121



1Convergence of interior variables with discontinuous wave speed, P2 FEM
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Figure 5.8: Convergence of the interior variable for one equation coupling with large
jumps in wave speed.

Convergence of boundary and exterior variables with discontinuous wave speed, P1 BEI
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Chapter 6
CONCLUSIONS AND OUTLOOK

We have studied various applications of time domain boundary integral equa-
tions to the solution of transient PDEs. For discretization of the retarded potentials and
integral operators associated to the underlying PDEs we have used Galerkin methods
in space (including deltaBEM under that general heading) and Convolution Quadra-
ture in time. The two general flavors of analysis for the fully discrete methods have
been seen here as well. In the case of the Stokes problem, we take a route through
the Laplace domain to derive stability and convergence estimates for the fully discrete
problem in the time domain, using the original methods of Christian Lubich [58]. The
BEM-FEM coupling analysis uses a different route that works with the problem di-
rectly in the time domain: we show that the evolution of the semidiscrete PDE is led by
a Cp-group of isometries in an appropriate Hilbert space, and then apply simple finite-
difference style analysis to show the convergence of the fully discrete method. The
advantage of the direct-in-time analysis is seen in the growth of the stability constants
with respect to time.

In itself, the first order methodology for the direct-in-time analysis is quite
new. Previously, analysis was carried out directly on the second-order system [73, 74].
That analysis was complicated by spaces of rigid motions and the need for analysis
only on compact subsets of free space. The first-order-in-space-and-time method was
launched in [36] and circumvents these challenges entirely. There are still many open
questions and problems of interest in the application CQ for the temporal disctretiza-
tion of TDIEs. The direct-in-time analysis presented in Chapter 4 has thus far only
been successfully carried out for Backward Euler and trapezoidal rule based CQ dis-

cretizations [74]. Extensions of this method to higher-order BDF methods as well as
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to Runge-Kutta based CQ methods are still absent and are the subject of ongoing
research.

In the BEM-FEM coupling direction, we have explored two other coupling
schemes computationally. Previous analysis in both the Laplace [52] and time do-
main [73], as well as our own time domain analysis shows that the two field symmetric
coupling scheme is stable and will converge at the correct order upon an appropriate
discretization. On the other hand, the one-equation coupling formulation of Johnson
and Nédélec can be shown in the time domain not to generate a strongly continu-
ous group. We have made some computational studies of the one-equation coupling
scheme and did not find instabilities in the face of large jumps in the material coeffi-
cients. There has been other work [29] that have also studied one-equation coupling
in the time domain, and they have not found experimental evidence for instabilities,
either. Recent work has studied coupling of BEM and FEM for linear elastic waves
interacting with elastic and piezoelastic media [70, 71], and there is ongoing research
into elastic waves interacting with thermoelastic media [42].

These are only a small part of the many possibilities to come out of coupling of
BEM and FEM. From the inverse problems point of view, coupling schemes allow for
the simulation of waves interacting with inhomogeneities, which would be of interest
to researchers in sonar, oil prospecting, non-destructive testing, and defect detection
[19]. When fully inhomogeneous and anisotropic media are not required for the physical
model, we can instead couple boundary element computations for both the interior and
exterior fields. As long as the wave speeds are constant in each obstacle, BEM-BEM
coupling offers an alternate route. Time domain analysis for one particular BEM-BEM
coupling formulation was analyzed in [68]. For analysis of acoustic scattering by layered
media with constant coefficients in each layer, there is ongoing work in [69].

The work presented here on the simulation of transient Stokes flow with integral
methods is quite cursory and leaves much to be completed. CQ-BEM discretizations of
parabolic PDEs has focused almost exclusively on the Heat Equation. Our analysis of

the transient Stokes Single Layer potential and operator is only one part of the complete
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Calderén Projector for the Stokes problem, and a full analysis and implementation
would open up many interesting possibilities. Besides the Stokes equations, there is
an alternative linearization of Navier-Stokes known as Oseen flow. While transient
Stokes can be seen as a flow around a moving obstacle, Oseen flow allows for both
the obstacle and background fluid to be moving (albeit at a constant velocity and in
a constant direction). Much effort has not led the author to the fundamental solution
to the resolvent Oseen equations for a CQ-BEM discretization of that PDE. While
only a small generalization of the Stokes problem, it would be an interesting step
in understanding not only the Oseen problem, but the computation of particularly
difficult Laplace transforms.

One drawback of a generic implementation of boundary elements is that the
method suffers from a large overhead in memory and computational time. BEM dis-
cretizations result in full matrices, so storage grows quadratically with the number of
degrees of freedom, and direct solves of the linear systems grow cubically. There is an
entire field of work on developing fast and memory-efficient solvers for integral equa-
tions, which we have not touched upon at all in this thesis. These include tools like
the Fast Multipole Method [31], H-Matrices [32] and H?-Matrices [33]. These have the
ability to reduce the complexity of the BEM solves to linear complexity, and can also
reduce the storage costs to linear or near linear (up to log terms) complexity. Convolu-
tion Quadrature also has also been the target of research with the goal of reducing the
computation time of the CQ weights. The work [76] started with reduced weight com-
putations for parabolic problems and 3D wave equations. This involves deforming the
elliptical integration region to a parabola that extends into the left half of the complex
plane. The exponential decay of the convolution kernel for parabolic-type problems
is then exploited in this regime, so many of the CQ weights can be safely replaced
by zero. Only recently [54] has there been work on reducing the cost of computing
weights associated to 2D hyperbolic symbols and dissipative wave equations. There is
also the ability to include adaptive time stepping with CQ, which has been studied in
[55]. This has the potential to further reduce computation time if coupled with fast
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and data sparse methods in space.

While we have not studied them here, there are two other schools of thought in
the numerical analysis of BIEs. The “full Galerkin” community uses a Galerkin method
in space and time for full discretization. This was the original approach taken in [7]
and continues to be a popular option. However, full Galerkin requires the fundamental
solution to the dynamic problem, which is accessible for certain PDEs, but is unknown,
for instance, for some problems in elastodynamics. This is an advantage the CQ-
BEM route has: fundamental solutions are often known in the Laplace domain even
when they are unknown in the time domain, and are also usually analytic functions
of the Laplace parameter, even when the fundamental solution in the time domain
is distributional. Recently, Weile has developed a method [82] to connect CQ and
Galerkin-in-time to accelerate the computation of convolutional tails when solving
TDIEs in a marching-on-in-time framework. This has the added bonus of reducing
the artificial diffusion introduced when making a CQ discretization, though, as he
points out, the differences in the errors themselves are negligible. On the other end
of the spectrum, there are proponents of Nystrom methods for spatial discretization.
This limits the possibility of extending the problem to the time domain, since Nystrom
methods work almost exclusively with second-kind integral equations, while theory for
TDIEs works well only for first kind integral equations.

Overall, there are still many interesting questions in the application of TDIEs
to the solution of transient PDEs. This thesis has touched upon some of the key issues

and problems in the field, both in theoretical and algorithmic aspects.
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Appendix A

DISTRIBUTIONS OF ONE REAL VARIABLE TAKING VALUES ON A
BANACH SPACE

Here we will present the basics of vector-valued distribution theory of a single
variable that is needed for the development of Convolution Quadrature and time do-
main boundary integral equations. The standard reference for scalar distributions is

[78], while for vector-valued distributions we refer to the works [81] and [25].

A.1 Causal distributions
Definition A.1.1. The space D(R) is the set of C*° compactly supported functions on
R. We say a sequence {p,} C D(R) converges to an element ¢ € D(R) if

1. there exists a compact set K such that supp @, C K for all n, and
2. maxgex [0W e, (z) — 0 p(x)| = 0 as n — oo for all k € N.

Definition A.1.2. A distribution is a sequentially continuous linear map from D(R)

to R. The space of distributions is denoted D'(R).

Definition A.1.3. A distribution f: D(R) — X is said to be causal when

(f,o) =0 if suppp C (—00,0).

Causal functions provide simple examples of causal distributions: if f : R — R

is continuous, then we can define

() = / " Fp(t)dr,
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where the integral can be understood simply as a Riemann integral. We can also define

the tensor product of a causal distribution with an element x € X by:

<:B ® 5?507 90> = Sp(t())l"

For ty > 0, v ® ¢4, defines a causal distribution, whereas for ¢, < 0 the tensor product
defines a non-causal distribution. Distributional differentiation is carried out in the

standard way:
<f7 (10> = _<fa 90>a

and so the distributional derivative of a causal distribution is again a causal distribu-

tion.

A.2 The Laplace Transform
This section will develop the distributional version of the Laplace transform for
a restrictive class of causal distributions. We will begin with the Schwartz class. For a

general introduction to the Laplace transforms of scalar distributions, we refer to [78].

Definition A.2.1. The Schwartz class is the set
S(R) :={p € C°(R) : pptmp € L(R) Vm > 0}

where py,(t) := 1+ t*™. We say a sequence {¢,} C S(R) converges to ¢ € S(R) when

pm<p7(zm) — pm@™ uniformly in R for all m > 0.

It can be shown that D(R) is a dense subset of S(R). We will use this fact in
the construction of a distributional Laplace transform. We now define a smooth cutoff

function h : R — R such that

heC®R), 0<h<1l, h=1lin[-%00), h=0in (—o0,—1].

29

If welet s € C; :={s € C : Res > 0}, then the function ¢4(t) := h(t)e " € S(R).
Therefore there is a sequence {y, s} C D(R) converging to ¢, as elements of D(R).
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If we let f be a causal X-valued distribution, then we say that f has a distributional

Laplace transform when the limit

lim (f, n,s)
n—oo

exists for all s € C,. We define the function F(s) := lim, o (f, ¢ns), sometimes also
denoted by F(s) = L{f}(s). The distributional Laplace transform does not depend
on the choice of h, so long as it is smooth, vanishes on (—o0, a] and is identically 1 on
some interval [b, 00) for a < b < 0.

The following formal manipulation shows how the Laplace Transform maps

causal convolutions in the time domain to multiplication in the Laplace domain:

/ (f * g)e *'dt = / /ft—T 7)drdt
/ / — 7)dtg(T)dT
- /0 &5 f (1)t /0 e~ g(r)dr

= L{F(OFL{9(1)}.

Examples of distributional Laplace Transforms

The Laplace transform of z ® dy, is
(1 ® 0y, e = (64, € Nw = e 0.
The Laplace transform of x ® H is

OO 1
(r@H,e*") = (H,e "z = (/ e_Stdt) r=-x.
0 s

If the Laplace transform of an X-valued distribution f exists and A : X — Y is a

bounded linear steady-state operator, then the Laplace transform of Af is

(Af(t),e™™) = A(f(t),e™™) = AF(s).
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Differentiation
Suppose that f has a distributional Laplace transform. It is then easy to show
that 1,(t) = —st,(t) 4 @s(t), where supp ¢, C (—00,0). Then f has a Laplace trans-

form given by

LU} = (F(),9s()) = = (F (1), s9(t) = 0s(1)) = —(F(£), s90s(1))
= (sf(t), ¢s(t)) = sF(s).
Notice how this differentiation result differs from the classical Laplace transform, where
L{f(t)} = sF(s) — £(0). The value of f(0) is missing from our distributional definition
because of the assumed causality of f. We can relate the classical and distributional
transforms as follows. Suppose f : [0,00) — X is a rapidly decaying smooth func-
tion, which we can extend by zero to the negative axis, and assume that its classical

derivative f’:[0,00) — X is also rapidly decaying. Then

f=10)®d+

Then we have
L{fY(s) = L{f}(s) = L{f(0) ® 6o} = sF(s) — f(0).

Some technical details

We note that the theory of functions of a single complex variable can be extended
almost exactly to functions of a complex variables taking values in a general Banach
space X. It is quite easy to show that if f is causal and has a Laplace transform, then
the map C 5 s +— F(s) is differentiable in the s variable, and is therefore an holomorphic
function taking values on X. We have also glossed over the fact the spaces D(R) and
S(R) are real-valued, while 1), = h(t)e™*" takes complex values. Our Laplace transform

then needs to be understood as

F(s) = (f,9s) := (f, Re 1) 4+ (f, Im t)y).

Our applications will always focus on a real Banach space X, and so F(s) will take

values in its complexification X+:X. When X is already complex, this does not change
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the space. An important result for complexified Banach spaces is that they admit a

conjugation operator and Laplace transforms taking values on such a space satifying

A.3 Laplace inversion theory for hyperbolic symbols
Before we can carefully study convolution operators and their Laplace trans-

forms, we need to develop some functional analysis tools. We follow the method intro-

duced in [50] and simplified in [74].

Definition A.3.1. Let X be a Banach space and p € R. We say F(s) € A(u, X) when

F:C, — X is an analytic function such that
[F(s)|| < Cr(Res)|s|" Vs eCy
where Cp : (0,00) — (0,00) is a non-increasing function such that Cp(0) < % Vo €
(0, 1].
We also have the following proposition from [74, Prop. 3.1.1-3.1.3] to complete our

theory.

Proposition A.3.2. (a) IfF € A(p, X) with u < 1, then F is the Laplace transform

of a continuous causal function f: R — X with polynomial growth.

(b) Let F € A(p, X) with p € R and let k := max{0, | + 2|}. Then there exists

a continuous causal function ¢ : R — X with polynomial growth such that F =
£{6®)}.

(c) If f: R — X is a continuous function with polynomial growth, then F € A(u,X)
for some p € R. Therefore the set of symbols

U A(p, X).

HER

1s the set of the Laplace transforms of continuous causal functions R — X with
polynomial growth and their distributional derivatives. For brevity, we will denote

this space by TD(X).
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From these results, it is clear that if we have two operator-valued distributions A €
A(u,X) and B € A(v, X), then their composition AB € A(u + v, X). This allows us to
give the distributional definition of convolution. The following proposition [74, Prop.
3.2.2.] gives an idea for the type of bounds that we can find for hyperbolic symbols

using the Laplace inversion theory.

Proposition A.3.3. Let A = L{a} € A(p, B(X,Y)) with i > 0 and let
k:=|p+2], e=k—(u+1)€(0,1].
If g € CF"Y(R, X) is causal and g'*) is integrable, then a x g € C(R,Y) is causal and
llax 0] < 2000 [ 1Pl

where

and

k
i, k
(Pug)(0) = e = 3 (7 )0
=0

A.4 Convolution operators for some parabolic symbols
To apply the Laplace inversion theory and derive estimates for the Stokes prob-
lem, we start with an operator valued holomorphic function F : C, — B(X,Y’) such

that

|F(s)|| < Cp(Res'?)|s|* VseC,, 0<pu<l, (A.1)

where
Cr : (0,00) — (0,00) is non-increasing and Cp(w) < Cw™ w =0, £>0. (A.2)

For such an F there is a B(X,Y)-valued causal distribution f whose Laplace
transform is F(s). Following [62, Lemma 2.2] we prove the following proposition. We
note that we require more regularity in the data, but also gain precise control over the

growth of the convolution (f * ¢)(¢) with respect to t.
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Proposition A.4.1. Let f be such that its Laplace transform satisfies (A.1) and (A.2)
and suppose g € CL(R; X). Then f*g € CL(R;Y) and

10 * )(®)lly < Cpmax{1, #7774} max [l9(r)[x ¥t > 0.

Proof. Since the result gives estimates of the convolution f*g, when g € C} (R; X), and
the convolution with f is a causal operator, we can assume (without loss of generality)

that g and ¢ are uniformly bounded. The following function

d t t
a(s,t) == %/0 es(t_T)g(T)dT:/o es(t_T)g(T)dT

is well defined for all ¢ € [0,00) and s € C. It is then possible to show (see [62, Lemma

2.2]) that

(F + g)(t) = —— /F sUF(s)a(s, £)ds (A.3)

2m

for a variety of integration contours. (This is shown by proving that the Laplace
transform of the function in the right-hand side of (A.3) is F G.) Here we choose a

two-parameter family of contours (see Figure A.1), formed by three pieces:

(—oo,—]2p — 2_(p) = —pe "9,
[—(m—=¢),m=¢]>p — 20(p) :=ce”,
o0)3p — 24(p) 1= pel™?),

The parameter ¢ > 0 will play a decisive role in the estimates below, while ¢ € (0, 7/2)

does not seem to be relevant for the following bounds. We first note that for all £ > 0

and s € C,
tetRes Res >0,
la(s, )l < gl § ¢, Res <0, where |glls := max [[g(T).  (A4)
@, Res < 0,

We start by bounding the part of the contour integral (A.3) that arises from the central
path Ty = {20(p) : |p| < 7™ — ¢}. Using

l20(p)| = |2(p)] = ¢, Rez(p)/? = Vecos > \/Ecos% = \/Esing, Re zo(p) < ¢,
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Figure A.1: The contours in the proof of Proposition A.4.1

and (A.4), we can bound
[s7'F(s)]| < Cr(vesing) e la(s, )] < tet]|g]l:, seTly
and therefore
H/r a(s,t) dsH < 2(m — ¢)Cr(vesin 2) e t|g].. (A.5)
0
InTy :={z.(p): p>c}, we have
z:(p)l = p, [2(p)| =1, Rezi(p)'? = \/psing > vesing, [Rezy(p)| = peoso,

and therefore (the bound in I'_ can be done simultaneously)

_IF (s,t)ds /OO 0" =2d0
H/Fi ) cos ¢ J.

-1

< Cr(Vesing)llglls

ct

= Ce(Vasin il 1=

(A.6)

When ¢t < 1, we can take ¢ =1 in (A.5) and (A.6) to bound

1

I 5 9)ol < 2(( = 0+ T

) Crsing) gl t<1.
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When t > 1, we take ¢ = 1/t and obtain

1
(1= ) cos o

Using (A.2) bound of the statement is established. Continuity of f % g follows from the

I(f )|l < 2((7r — o)t + )tl‘“ Ce(t™?sing) gl t>1.

representation (A.3) and the Dominated Convergence Theorem.

]

Corollary A.4.2. Let f be such that its Laplace transform F : C, — B(X,Y) satisfies
IF(s)||lxsy < Cp(Res*?)|s|'t" seC,, 0<pu<l,
where Cy satisfies (A.2). Then for all g € C3(R; X) we have that f+g € CL(R;Y) and
I(f * 9)(#)ly < Cumax{1, 724103 max [|5(r)llx, vt=0.

Proof. Let O; ' f be the distribution whose transform is s7'F(s). Then fxg = 9, f x4,

and we can apply Proposition (A.4.1) to 9; ' f and g. O
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Appendix B
A SOBOLEV SPACE DIGEST

Here we will gather for ease of reference some definitions and notation that are
used throughout this thesis. We begin with Sobolev spaces for domains laying on one
side of their Lipschitz boundary, followed by the same spaces defined for domains that
lay on both sides of their Lipschitz boundary.

B.1 On one side of the boundary

Let O be an open subset of R? lying on one side of its boundary. We denote
the test space as D(QO), i.e. the space of C> compactly supported functions. Recall
from Appendix A that there there is a specific notion of convergence in this space. For
more details, we refer the reader to [2]. The space D’(O) is the space of sequentially
continuous linear functionals from D(O) to R, also known as distributions. There is

distributional differentiation defined with these two spaces, by
<a’EzT7 90>D’><D = _<T> aﬂc¢<)0>D’><D VQO c D(O)

We will make significant use of the following three Sobolev spaces (listed with

their associated norms)
(a) L?(0), with the norm || - [|e,

(b) HY(O) = {u € L*(O) : Vu € L*(O) := L*(O)*} with norm |[ul|, :=

IVulld + [lull5, and

(c) H(div; O) := {u € L*(O) : V -u € L*0)}, with the norm [[ull}, , =

IV - ul[& + [[ulf
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Figure B.1: A Lipschitz domain Q_, its boundary I', and exterior 2, := R%\ Q_.

Elements of the space H'(Q) have well-defined restrictions to 9O by way of the
trace operator y : H'(O) — H'?(00). The trace operator is surjective from H'(O)
to H'/2(00). Moreover, H'/?(00) is a Sobolev space equipped with an intrinsic norm

|||1/2,0 which is equivalent to
H'Y2(0) 3 ¢ = inf{|Julo : yu=E}

The dual space of H'/2(00) is denoted H~/2(90), and is also a Sobolev space with
the dual norm || - ||-1/2,00-
For a function v € H(div; O), we can define its normal trace v,v € H~/2(90)

through Green’s formula

(v, v,yw)r = (V- v,w)o + (v,Vw)o  Vw € H'(O).

B.2 On both sides of the boundary
For sets that lay on both sides of their Lipschitz boundary I', we can define the
necessary Sobolev spaces on each side of I'. A sketch of this scenario is given in Figure

B.1. We have the same Sobolev spaces as before, but this time on each side of I'.
(a) L*(24), with the norm || - ||q,,
(b) H'(Q4), with the norm || - |10, , and

(c) H(div;Q4), with the norm || - ||aiv.0u -
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Traces can be defined from both sides of the boundary now, and will be denoted

as y*. With this, we can define the jump and average value of the trace of a function

defined on both sides of I’

[yol :==y"v =",
{wl =3 (Tv+y7v).
If v is the unit outward-pointing vector field on I', we denote the interior and

exterior normal traces by 7, and can therefore define the interior and exterior normal

derivatives by 0F := vFV. We finally have the space
Hi(Q:t) = {u S Hl(Qi) Aqu € L2(Qi)} ,

for which normal derivatives v are defined on both sides of T".
As a final ingredient, let us recall that every bounded surjective linear operator
between Hilbert spaces admits a bounded linear right-inverse. This fact will often be

used to create “liftings” of different trace operators.
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