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ABSTRACT

In this dissertation, we study the Karhunen-Loeve (KL) expansion and the exact
L? small ball probability for Gaussian processes. The exact L? small ball probability
is connected to the Laplace transform of the Gaussian process via Sytaja Tauberian
theorem. Using this technique, we solved the problem of finding the exact L? small
ball estimates for the Slepian process S(t) defined as S(t) = W(t+a)—W(t),0 <t <1
for 1/2 <a < 1.

We also prove a conjecture raised by Tanaka on the first moment of the limiting
distribution of the least squares estimator (LSE) of a unit root process. The limiting
random variable is a ratio of quadratic functionals of the m-times integrated Brown-
ian motion. Its expectation can be found by using Karhunen-Loéve expansion and a
property of the orthonormal eigenfunctions of the covariance function of the m-times

integrated Brownian motion.
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Chapter 1

INTRODUCTION

1.1 Gaussian Processes

Gaussian processes have a long history in the studies of probability theory and
statistics. They provide mathematical models of random phenomena ranging from
movements of particles suspended in liquid, fluctuations of stock prices in financial
markets and testing of goodness of fit in statistics.

A stochastic process X on a parametric set 7' is a family of random variables
X(t), t € T, defined on a probability space (2, F,P). A stochastic process is Gaus-

sian if all of its finite-dimensional distributions are multivariate Gaussian distribu-

tions, that is, for any tq,...,t, € T the distribution density of the random vector
(X (t1),...,X(ts)) is the n-dimensional normal distribution given by, see
1 1 s
fx(@r, .o w,) = WGXP (—5(58 —p)E (- H))
where * = (x1,...,x,)", p is the n-dimensional mean vector E[x| and ¥ is the n X n

positive definite covariance matrix [Cov[X (¢;), X(¢;)],i = 1,2,...,n, j = 1,2,...,n.
Equivalently, {X(t),t € T} is a Gaussian process if every finite linear combination
Y a;X(t),t € T has a Gaussian distribution on R for a; not all equal to zero. The
mean vector and covariance matrix uniquely determine a Gaussian distribution; conse-
quently, the mean function and covariance function of a Gaussian prLoeveocess com-
pletely determine all of the finite-dimensional distributions. Therefore, given a mean
function and a positive definite covariance function, there exists a corresponding Gaus-
sian process that is unique in distribution, see [24]. If a Gaussian process has zero
mean, then it is called a centered Gaussian process, and its properties are entirely

determined by its covariance function.



The most important one-parameter Gaussian processes are the Wiener process
{W;},t > 0 (Brownian motion), the Ornstein-Uhlenbeck process {Y;},t € R, and
the Brownian bridge {B,},t € [0, 1]. These are the centered Gaussian processes with
covariance functions

EWW,] =sAt,
EY,Yi] = exp{~[t - s},
E[BsBi| = s Nt — st.

In this dissertation, we investigate the Karhunen-Loeve expansion for Gaussian
processes and its applications in small ball probability estimate and statistical problems

arising from time series models.

1.2 Karhunen-Loéve Expansion

The Karhunen-Loéve expansion is a representation of a stochastic process as an
infinite linear combination of orthogonal functions according to a spectral decomposi-
tion of its correlation function. It is analogous to a Fourier series representation of a
function on a bounded interval. The Karhunen-Loeve (KL) expansion is well-known,
and is widely used in many disciplines, including mechanics, signal analysis, imaging
compression, biology, physics, statistics, and finance. It is also known as principal
component analysis (PCA), proper orthogonal decomposition (POD) in the finite di-
mensional case. It has been proposed independently by different authors in the 1940’s,
see [27],[29], and [32].

The KL expansion provides an optimal representation of a process in the mean
square sense. It also gives an important distribution identity for the L? norm of Gaus-

sian processes, which is very useful in the study of exact L? small ball probability.

1.3 Summary

This dissertation consists of three parts, which are based on two papers: [17]

and [26].



In Chapter 2, we review the KL expansion for some classical Gaussian processes.
We also obtain the KL expansion for the Slepian process W (t +a) — W(t),0 <t <1
for1/2<a< 1.

Chapter 3 is mainly about utilizing results from the KL expansion of the Gaus-
sian processes to obtain their exact L? small ball estimate. In particular, we obtain
the exact L? small ball estimate for the Slepian process W (t +a) — W (t),0 <t <1 for
1/2<a<1.

We find a property regarding the eigenfunctions of the KL expansion for m-
times integrated Brownian motion in Chapter 4. It is shown that this property can be
applied to prove a conjecture raised by Tanaka on the limiting distribution of the least

squares estimator of the unit root process, see [38], [40].



Chapter 2

KARHUNEN-LOEVE EXPANSION OF GAUSSIAN PROCESSES

As mentioned in the Introduction, it is interesting to study the Karhunen-Loeve
(KL) expansion of Gaussian processes. We state the theory of KL expansion (see [23],
6], [11]) and show how to obtain the expansion for some classical Gaussian processes
including Brownian motion, Brownian bridge, integrated Brownian motion, Ornstein-
Uhlenbeck process, and etc. We also discuss the KL expansion of the Slepian process,
e, S(t) =W(t+a)—W(t),0 <t <1in three cases: a > 1, see [22] , 1/2 < a < 1
and 0 < a < 1/2. The result can be used to obtain the Laplace transform and exact

L? small ball probability of the Slepian process which we mention in Chapter 3.

2.1 General Theory
Consider an L? process {X(t),a < t < b} with zero mean and continuous

covariance K (s,t). It is desirable to find an orthogonal expansion of X (¢):
X(t) =) Zper(t), a<t<b,
k=1

where the series converges in L?. We want to have double orthogonality, that is,
1. The Zj, are orthogonal random variables with zero mean, i.e., E(Z;Z;) =0, j # k.

2. The functions e; are orthonormal, i.e.,



The covariance function K(s,t) can be represented as

K(s,t) = E[X(s)X (t)]

where A\, = E(Z?). Multiplying the covariance by e(s) and applying term by term

integration, we obtain

/Ksten ds—/ Z)\kek s)ex(t)en(s)ds

k=1

b
Arer(t) / ex(s)en(s)ds

oo

k=1

nen(t),

Il
>

Therefore, if the above expansion exists, the functions ex(t) must be eigenfunc-
tions of the integral operator associated with the covariance function K(s,t), and the
variances A of the random variables Z;, must be the eigenvalues of the operator.

We recall some facts from Hilbert space theory. Suppose that A is an integral
operator on L?[a, b] associated with a continuous, symmetric and nonnegative definite

covariance kernel K defined by
b
= / K(s,t)z(t)dt, a<s<bx¢c La,b.

The eigenfunctions of A span L?[a,b]. The operator A has at most countably many
eigenvalues which are all real, with 0 as the only possible limit point. Furthermore,
the nonnegative-definiteness of the covariance kernel K guarantees that the eigenvalues
are all positive. That is, the eigenvalues of the operator A satisfy \; > Ay > --- > 0.
The eigenspace corresponding to each eigenvalue A, > 0 is finite dimensional. We take
{ex} to be an orthonormal basis for the space. Then by the Mercer’s theorem below,

we have the convergence for the kernel K(s,t), see [35].



Theorem 1 (Mercer’s Theorem) Let K : D x D — R be a continuous symmetric
kernel, where D = [a,b] C R. Suppose that the operator A generated by the kernel K is

positive. If A\, and ey are the eigenvalues and eigenfunctions of A, then for all s,t € D,
t) = Aex(s)ex(t)
k=1
converges absolutely and uniformly on D x D.

The following theorem gives the existence of Karhunen-Loeve expansion of X (t).

Theorem 2 Let {X(t),a <t < b} be an L* process with zero mean and continuous
covariance K. Let {e,,n = 1,2,...} be an orthonormal basis for the space spanned
by the eigenfunctions of the integral operator associated with K, with e, taken as an

eigenfunction corresponding to the eigenvalue \,. Then
= Z Znen(t), a<t<b,

where Z, = fabX(t)en(t)dt, and the Z,, are orthogonal random variables with E(Z,) =

0, E[Z2] = \,. The series converges in L* to X (t), uniformly in t; in other words,

(X(t) - z”: Znen(t)) —0 as n— o0

uniformly for t € [a, b]

Proof. First we show Z,, are orthogonal.

E(Z;Zy) = {/X e;(t dt/X ex(t dt}

:l%wLEw@Mn<mm
_ / " e,(5) / " K (s t)ex (t)dids
~ / e (5)en(5)ds

0, ifj+k,

\e, ifj =k



Let S,(t) = > 1_, Zrex(t). Then
E [(Sa(t) = X(1))*] = E [Sp(t)] — 2B[X(t)Su(t)] + E[X*(t)]

:i)\kei —QZE Zkek )+K<t,t)

= Mer(t) -2 Z E[X(t) / X (s)ex(s)ds|er(t) + K(t,1)
n n b

= Aeep(t) —2 Z / E[X ()X (s)|ex(s)dsex(t) + K(t, 1)

= Z)‘kek — QZ K (s,t)ex(s)dsex(t) + K(t,1)

= k=1Y¢
= Meilt —QZAkek + K(t,t)
k=1
==Y er(t) + K(t,1)
k=1

Thus,
E[|S.(t) — X()]*] = K(t,t) — Z)\k|ek(t)\2 — 0 asn — oo,

uniformly for ¢ € [a, b], by Mercer’s theorem.

Corollary 1 If X(t) is a mean zero Gaussian process, then the random variables Zy,

are independent and jointly Gaussian.

Proof. Let I, = > | X(tm)ex(tm)(tm — tm—1) be the Riemann sum of Z;. Then the
I’s are jointly Gaussian and so are their limits Z;. Since Z,’s are uncorrelated and
Gaussian, they are independent.

Hence for a zero mean Gaussian process Z(t),0 < ¢t < 1, with continuous

covariance function
K(s,t) = E[Z(s)Z(t)], for 0 <s,t <1

its Karhunen-Loéve expansion is given by

=) Vwer()é



where {\x, ex } are the eigenvalues and eigenfunctions to the Fredholm integral equation
1
Ae(t) = / K(s,t)e(s)ds, for 0 <t <1,
0

& are i.i.d. N(0,1) random variable, {ex(t)} are orthonormal in L?[0,1], and K (s,t) =
> ore Aker(s)ex(t) where convergence is absolute and uniform on [0, 1]%.

In the following context, we focus on the Karhunen-Loeve expansion for Gaus-
sian processes. In fact, there are not many Gaussian processes that have eigenvalues
and eigenfunctions associated with their covariance functions computed explicitly. The
key is to solve the Fredholm integral equation of the second type with the covariance
kernel. This is usually reduced to the problem of solving the corresponding differential
equation with boundary conditions. We review some Gaussian processes that have

known KL expansion and give the KL expansion of Slepian process for the case of

1/2<a<1.

2.2 Examples
2.2.1 Brownian Motion

The best known Gaussian process is the Brownian motion, also called Wiener
process, see [14], [33].

Definition 1 A real-valued stochastic process {W(t) : t > 0} is called a standard
Brownian motion if the following hold:

o W(0)=0,

the process has independent increments, i.e., for all times 0 < t; <ty < ...<t,
the increments W (t,) — W (tn_1), W(tn—1) — W(tn—2),...,W(ta) — W(t1), are

independent random variables,

for allt >0 and h > 0, the increments W (t+h) — W (t) are normally distributed
with mean zero and variance h,

the function t — W(t) is continuous almost surely.

The covariance function of W (t) is K(s,t) = s A t. It is well-known that, see [2].



Theorem 3 For the standard Brownian motion W (t) with covariance function
K(t,s) = Cou(W(t),W(s)) =sAt.
The eigenfunctions of the covariance kernel are
_ 1
er(t) = v2sin((k — §)ﬂ't)

and the corresponding eigenvalues are

1

A= ———
N

Proof. We first compute the eigenvalues of W (t) by substituting K (s,t) = s At into

/Kst s)ds = Af(t).

In order to handle the s A ¢ term, we split the integration range and obtain

/Osf(s)ds—i—/t tf(s)ds = Af(t) (2.1)

By differentiating both sides of of (2.1) with respect to ¢, we obtain

/f Jds = (1) (2:2)

Differentiating again with repeat to ¢ gives
—f(t) =Af"(1). (2.3)
Hence, the general solution has the form
f(t) = Asin(VA=Tt) + Bos(VA1t).

Setting ¢ = 0 in (2.1) we obtain f(0) = 0, setting t = 1 in (2.2) gives f’(1) = 0 which
implies B = 0 and cos(vA~!) = 0. Thus, the eigenvalues of T" are

1

N = —
ENCEERS



and the corresponding eigenfunctions are of the form

fiu(t) = Asin <(k: - %)m) .

! 1 1
/0 sin ((k 2)7rt) dt 5

in order to normalize f;(t), we have A = /2.

Since

Theorem 4 There is a sequence {n;} of independent Gaussian random variables with

mean zero and variance 1 such that

Wi(t) = ﬂi wnk.
k=1

1
k— 2)T
2.2.2 Demeaned Brownian Motion

Let W (t) be the demeaned Brownian motion defined as W (t) = W (¢)— J. !

o W(u)du.

It has many applications in econometrics.

Theorem 5 For the demeaned Brownian motion {W(t),0 < t < 1}, its covariance

s t? 1
= — _ — — _ —.
K(s,t)=tAs (s 2) (t 2)+3

The eigenvalues of the covariance kernel are

function is

1
~ 22

Ak
and the orthonormal eigenfunctions
er(t) = V2 cos(kmt).

Therefore, the demeaned Brownian motion W(t) has the following Karhunen-Loéve

exrpansion

(= vay 4l
k=1

where {&} are i.i.d. N(0,1).

10



Proof. Consider the following integral equation.

Af(t):/o1 {t/\s— (s—%) - (t—§)+%:| f(s)ds
=Aﬂﬁww&+[3ﬂ@w—wr—§>;f@Ms—A?&—ﬁ—éw@ws

We differentiate the equation with respect to t to get

:/t f(s)ds—(l—t)/o f(s)ds

One more differentiation gives

Aﬂ@z—ﬂﬂ+/f®%

Let fo s)ds = C'. Then the equation becomes

A"(t) + f(t) =
We use the boundary conditions f/(0) = f’(1) = 0 to find the general solution. It is
easy to see that the differential equation has the complementary solution,
f(t) = Cy cos(VA=1t) + Cysin(VA-1t).
We compute the derivative of the solution and use the boundary conditions.
F(t) = —CiV AT sin(VA1t) + CovVA—T cos(VA~1t)
0=f"(0)=CoVAT=Ch=0
0=f'(1) = —C1VA tsin(VA 1) = sin(VA 1) =0 = X = !

k2m?’

Thus, we have the eigenvalues and eigenfunctions,

1
k272

A =

and
fr(t) = Cy cos(knt).

When we orthonormalize the eigenfunctions, we get

en(t) = V2 cos(kmt).

11



2.2.3 Brownian Bridge

A Brownian bridge {B(t),0 < t < 1} is defined as the Brownian motion W ()
conditioned on W(1) = 0. It can be represented as B(t) = W (t) — tW(1) or B(t) =

(1 —t)W(¢%) for t € [0,1]. A Brownian bridge is the result of Donsker’s theorem in

the area of empirical processes. It is also used in the Kolmogorov-Smirnov test in the

area of statistical inference. Its KL expansion can also be computed by solving the

integral equation of its covariance kernel.

Theorem 6 For the Brownian bridge B(t) = W (t) —tW (1), with covariance function

K(t,s)=tNs—ts
can be represented as the series

B(t) = Z V2 sin(krt) ‘.

km
k=1

Proof.
1
Tf(t) = / (tAs—ts)f(s)ds = Af(t)
0
That is
t 1
/ (s —ts)f(s)ds + / (t—ts)f(s)ds = Af(t)
0 t
Differentiating once with respect t yields

_/01 sf(s)ds + [f(s)ds = A1)

Differentiating once more with respect t yields

—f(t) = Af"(1)
So the general solution has the form

F(t) = Asin(vVA1t) + Beos(VAt).

12
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Setting ¢ = 0, (2.5) gives f(0) = 0. Setting ¢t = 1, (2.5) gives f(1) = 0. Thus, B =0
and sin(vA~!) = 0. The eigenvalues are

1

k2m2

Ay =

The corresponding normalized eigenfunctions are

= f(t) = sin(km
ex(t) = O =2 (kmt).

2.2.4 Integrated Brownian Motion

The m-times integrated Brownian motion is defined recursively as
t
= / Xm-1(s)ds, t>0,m>1
0

for all positive integer m and X(t) = W (t) where W (t) is the standard Brownian

motion. Using integration by parts, we also have the representation
1 t
Xn(t)=— [ (t—9s)"dW(s), m >0.
m! J,

When m = 1, the one-time integrated Brownian motion X (¢) is fot W (s)ds, see
[16]. Then,

E[X:(1)] =

Var(X, (1)) = / / W (0)]dvdu
—2// vdvdu—

K(s,1) = Cov(Xy(s), X:(1))

1 1
= ést(s At) — 6<S At)3.

Consider the eigenvalue problem

13



Plug in K (s,t) and rewrite (2.8), we get

/Ot (%s% — és?’) o(t)ds + /tl (%stQ — %t3) o(s)ds = \p(t). (2.9)

Differentiating with respect to t successively gives

[ 5otris + [t 500505 = 0, (210)
/t (s — D)6(s)ds = AS" (1), (2.11)

- [ tpas =200, (2.12)

o(t) = Ao (1). (2.13)

The general solution to (2.13) is of the form
d(t) = Acos(t/\*) + Bsin(t/AV*) + C cosh(t/A\/*) + D sinh(t/\Y4), (2.14)

where A, B,C, and D are constants. The boundary conditions that determine the

constants are obtained from (2.9)-(2.12):

$(0)=0, ¢(0)=0, ¢"(1)=0, ¢¥(1)=0.

From ¢(0) = 0, we have C' = —A. ¢'(0) = 0 gives D = —B. The remaining two

boundary conditions lead to

A(cos(1/AY4) 4 cosh(1/AY4)) + B(sin(1/AY*) + sinh(1/AY4)) = 0,
A(=sin(1/AY4) + sinh(1/AY4)) + B(cos(1/AY*) 4 cosh(1/XY4)) = 0.

In order to have nontrivial solution for A and B, we must have

cos(1/AY4) 4 cosh(1/AY4)  sin(1/AY4) + sinh(1/A1/4))
—sin(1/AY4) + sinh(1/AY4))  cos(1/AY4) + cosh(1/AY4))

det

—(cos(1/AY4) + cosh(L/AY4)? — (sinh(1/AY4)? — sin(1/AM)?)

=2 cos(1/A\4) cosh(1/AY*) + 2 = 0.

14



Theorem 7 ([9], [16]) For the one-time integrated Brownian motion, that is, X;(t) =
fot W (s)ds, the eigenvalues \ satisfy

cosh (ﬁ) cos (ﬁ) = -1,
and A\, ~ (kw)™%. The corresponding eigenfunction is given by (2.14), with
A=B, C=-D, A/B=—(sin(1/\Y*)+sinh(1/A*))/(cos(1/A*)+cosh(1/A\V/4)),
while B is chosen so the function has norm 1.

As m increases, the complexity of the characteristic equation for eigenvalues

also increases. For example, for m = 2 the eigenvalues of X5(t) are given by, see [21],

1 , (1 1 V3
4 + 4 cos (W) + cos (W) + 8 cos <2)\1/6) cosh <2)\1/6>

1 V3
+ cos (m) cosh (W) =0.

For the general m-times integrated Brownian motion X, (¢), the covariance

kernel is, see [18], [21],

LV /0 s~y — w)mdu

K(s,t) = (!

Successive differentiations of the integral equation
/QK@Oﬂﬁﬁzkﬂﬂ
0
give the Sturm-Liouville equation:
AfETER(E) = (1) f(t) = ()P f (1) (2.15)
with boundary conditions

fR) = fr (1) = 0

for k =0,1,...,m. The eigenfunctions thus are the nontrivial functions of the form
2m+1
fe)=">" cje!
§=0
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with o; = AV @424, and w; = exp(%i) satisfying the boundary conditions. The

eigenvalues \’s are determined by setting the determinant of the following matrix

1 1 1
Wo w1 s Wad+1
= d d . d
My “o Wi Wod+1
d+1 g d+1 o1 . d+1 2441
wy' e wy' e Wog 1€
2d+1 ag 2d+1 a1 . 2d+1 Qg1
wy' e wi e Waog €724+

to be zero.
The authors in [21] simplified the determinant of My, and computed the asymp-

totics of the eigenvalues Aj.

Theorem 8 The eigenvalues Ny of K(s,t) are

1 2m—+2 1 T
= <—(k — %)W) +0 (—k2m+3 exp (—knr sin (—m n 1))) )

In fact, if we modify the boundary conditions for the Sturm-Liouville problem

above to

flto) = f/(t1) =+ = fO (t) = FU" V (tsr) = - = fO™ (tam) = fO" D (tomi1) = 0.

where ¢; € {0,1} for all j, >°,t; = m + 1 and ftyy,41-; = 1 — {;, then we have
a class of m-times integrated Brownian motions depending on the choice of ¢;. For a
particular choice of {tg,t1, ..., tamy1}, ew call the associated centered Gaussian process
a generalized integrated Brownian motion and denote it by Xy, ..3(t). If to = t5 =
... = toy, = 0, then the process is called an Euler-integrated Brownian motion since
the covariance kernel is just the difference of two Euler polynomials. The covariance

operator of Euler integrated Brownian motion has the eigenvalues exactly equal to

b = ((n— 1/2)m) 2"
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2.2.5 Integrated Brownian Bridge
The m-times integrated Brownian bridge is defined similar to the m-times in-
tegrated Brownian motion. Let B(t) be a standard Brownian bridge for 0 < ¢ < 1.

For integer m > 0, the m-times integrated Brownian bridge on [0, 1] is the Gaussian

t Sm 52
Ym(t):/o/o /0 B(s1)dsidsg -+ -ds, 0<t<1.

The eigenfunctions are given by the same Sturm-Liouville equation as integrated

process

Brownian motion, see [19]:
AFEmER(E) = (1) f(1) = ()P f () (2.16)

with boundary conditions

F0) = f/(0) = -+ = f70(0) = £(0)
— f(m)(l) — f(m+2)(1) — f(m+3)(1) S — f(2m+1)(1) = 0.

The eigenvalues are then determined by setting the determinant
det(Mg(A~Y@m+2)y))

equals to zero, where

1 1 1
Wo w1 Wam+1
m m m
Wo Wy Wom+1
Mp(2) wireto witewrz Wiy, er 12
m+2 iwgz m+2 iwiz m+2 _iwam+t12
Wy € wp e Womp1€77"
w81+3€zwoz W?H_s eiw1z ngnji eiwam+12
wgm+l€zwoz w%m-i-l elw1z wgzi%ezwngﬂz
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2.2.6 Ornstein-Uhlenbeck Process
The Ornstein-Uhlenbeck (OU) process is defined by the stochastic differential

equation, see [13]
dX(t) =0(p— X(t))dt + odW(t), o>0,0>0
Solving the above SDE, we get

t
X(t) = Xoe " + p(1 — ™) + / oe?CDAW (s).
0

The Ornstein-Uhlenbeck process is mean-reverting. Applications of this property in-
cludes interest rate modeling (Vasicek short rate model), see [41], [36], pair trading,
see [15] and etc. It can also be considered as the continuous-time analogue of the
discrete-time AR(1) process. The Ornstein-Uhlenbeck process can be interpreted as a
scaling limit of a discrete process, in the same way that Brownian motion is a scaling
limit of random walks.

We consider two cases depending on how the initial condition X, := X(0) is
specified. First, let X (0) to be normal random variable N (mqg,03) independent of
W(t). Then E[X(t)] = moe % + u(1 — e=?). Consider the centered process Y (t) =
Xo —mee % — (1 — e7%), then

Cov(Y(s),Y (1))
—F K(XO —mg)e " + / t ae9<ut>dW(u)> ((Xo —mg)e % + /O s aee(vs)dW(v)ﬂ

0

¢ s
- F |:/ ae@(ut)dw(u)/ aee(vs)dW(v)} +E [(XO _ m0)2679(s+t)]
0 0

t s
= g2 IR {/ eeudW(u)/ eevdW(v)] + gle bt

0 0
_ 0-_2679(8+t) <e29(s/\t) . 1) 4 o2e—0(s+t)
20 0
o’ 9|s—t O(s+t 2 _f(s+t
= % (67 ‘Si | —e (S+ )) + O-Oef (S+ )

Ast — oo, Var(Y(t)) — ‘2’—; the long run variance. If the initial variance o3 is equal to

the long run variance %, then Y (¢) is stationary and the covariance function is

Ky (s,t) = Cov(Y(s),Y(t)) = g—;e_es_t.

18



Let

/ Ky(s,t)f (2.17)

= [ T 09 f(5)ds + Tfe—e(s—t)f(s)ds+ ' o2 _ 0_2 e06F) £ (5)ds
o 2@ . 20 0 ©o2

(2.18)

Differentiating with respect to ¢ yields,

2 T
= ——/ 0t=9) £ (s) ds+—/ s)ds — (903—%)/ e 6t f(5)ds
0

Differentiating with respect to ¢ again,

() = %26 ( /0 t e~ =9 £(5)ds + /t ' e 00 f(s)ds)
+6? (0(2) — g—;) /OT e 0t f(s5)ds — o f(2)

Hence, we obtain

A1) + (0% = A0%) f(t) = 0,

and two boundary conditions

05 f'(0) = (0* = 003)f(0),
f(r) = =0f(T).
The solution of the ODE on [0, T has the form f(t) = Acos(wt) + Bsin(wt) where

02 — \9?
A

From the boundary conditions we have
wo? cos(wT) + (—w?ol + 0o* — 0%02) sin(wT) = 0.

Theorem 9 The centered OU process Y(t) has eigenvalues A, = #;2 and eigenfunc-
tions e,(t) = K, (w,08 cos(wyt) + (02 — 0of) sin(w,t)) where K,, is the normalization

constant.
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If the initial condition Xy = 0, then oy = 0, we have

1
e,(t) = sin(wy,t
( ) T  sin(2w,T) ( )
2 4w

o2

: 2 _
In the stationary case when og = 35,

en(t) = Cy, (wy cos(wyt) + 0 sin(w,t))

where

0 w? sin(2w,T)\ 62 sin(2w, 7))\
= (21— cos(2wT)) + = (T + 2= ) 4 2 (p— 222/ .
Ch (2( cos(2w,T")) + 5 < + o ) +5 ( %, ))

2.2.7 Anderson-Darling process
Consider the center Gaussian process {Z;(t),0 < t < 1} with almost surely

continuous sample paths and covariance function
SNt —st

Vs(l—s)t(l—1)

The square integral of this process Z;(t) arises as the limit of the statistic

1 U2(t)
2 n
d- [ ey,

Ki(s,t) =

for 0 < s, < 1. (2.19)

where
1 n
U,(t) = — lix, <y —t}, 0<t<1
(0= 77 Llesn =1

is the uniform empirical process. Here X; = F(Y;),1 < i < n, F is a specified
continuous distribution function and Y7, ..., Y, are independent, identically distributed
(i.i.d.) random variables, see [4], [5], [34].

The covariance function K; in (2.19) can be decomposed into

Kl(s,t):Z)\kfk(s)fk(t), for 0 < s,t < 1.
k=1

where the eigenvalues are
1

Ak = k(k + 1)
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and the eigenfunctions are

fult) = 2 %\/t(l P2t — 1)

with
o) = g~V
denoting the kth Legendre polynomial.

Therefore, the KL expansion of the Anderson-Darling process Z(t) is

where {&, k > 1} are i.i.d. N(0,1) random variables.
Consequently, the asymptotic distribution of A%,n is the distribution of the ran-

dom variable
1 00
&= [z =Y ne
0 k=1

And the characteristic function can be obtained as
’ it 2iu 12
e 1 (1 2 ) ™
P k(k+1)
For large n, the distribution of A% provides a good approximation to the distribution
of the test statistic A7 ,.

Furthermore, [34] generalized the covariance function K; to

n
K,(s,t) = <\/s(i/its)_t(81t— t)) = Ki(s,t)* for0<s,t<1. (2.20)
for 4 > 0. The corresponding centered Gaussian process Z,(t) admits the following
decomposition: N
Zu(t) = > N Aurfun ),
where -

I
(h+k—=1)(n+k)

£ = \/(2u + 2k — 1)r!(2u W p 1),

)‘u,k =

(k’ _ ) ptk—1
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and P* is the Legendre function of the first kind which is the solution to the differential

equation
2

1 — 22

where p, v are two arbitrary complex numbers, —1 < z < 1.

(1 _ 1,2)?// o Qxy’ o

Y= _U(U + 1)y7

The result is then used in [34] to test independence of multi-dimensional samples.
2.2.8 Mean-centered Brownian Bridge
The mean-centered Brownian bridges are defined by
1
yr(t) = B(t) — 6Kt(1 — t)/ B(u)du for 0 <t <1,
0

where B(t) : 0 <t < 1is a Brownian bridge and K € R is a constant. The covariance

function can be computed as
K(s,t) =sAt—st—3K(2— K)s(1—s)t(1—1).
[10] gives the KL expansion for K = 1.

Theorem 10 The process {y1(t) = B(t) — 6t(1 —t) fol B(u)du : 0 <t <1} has a KL

expansion given by

yi(t) = ; %ZkﬂSIH(Qkﬂ't) + ; 2oaran Zk\/E(COS(Zg/27k(2t — 1)) — cos(z3/2,1))

where {Zy : k > 0} and {Z} : k > 1} denote two independent sequences of i.i.d. N(0,1)
random variables and z,y, is the positive zeros of the Bessel function of the first order

Jv()

2.2.9 Detrended Brownian Motion and Bridge

Consider the optimization problem, see [3],

min /1(X(t) — a — bt)*dt.

a,beR
The optimal constant a, b must satisfy

%/OI(X(t)—a—bt)thzo, %/OI(X(t)—a—btfdt:o.
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It follows that

a:4/01X(s)ds—6/01 sX(s)ds, b= 12/01 sX(s)ds—6/01X(s)ds.

Thus, we define the detrended Gaussian process to be the orthogonal component of

the projection,
N 1 1
X(t)=X(t)—a—bt =X(t)+ (6t —4)/ X(s)ds+ (6 — 12t)/ sX(s)ds,
0 0
Let X (t) = W(t), then we have the detrended Brownian motion
1 1
W(t) =W(t) + (6t — 4)/ W(s)ds + (6 — 12t)/ sW(s)ds.
0 0
Similarly, we have the detrended Brownian bridge
1 1
B(t) = B(t) + (6t — 4)/ B(s)ds + (6 — 12t)/ sB(s)ds.
0 0
The covariance function can be computed as

11 6 2
K(s,t) = Kg(s,t) = s/\t—l—o(t—l—s)—|—2(t2—|—32)—(t3+s3)—3st2—3ts2+28t3+2t33+gst—l—1—5

Thus, W(t) and B(t) are the same process on C|0, 1].

Solving the eigenvalue problem

|| Bt treas = s

by differentiation and using boundary conditions, we obtain the characteristic equation
for the eigenvalues

2(1 — cos(A712)) = A" Y2sin(A7V2) = 0

which can be rewritten as
27 AT Ty o (27 AT ) Ty p (27N TY2) = 0, (2.21)
where Jy /() and Js/5(x) are the Bessel function of the first kind. Specifically,

Jij2(x) = (2/(7Tx))1/2 sin(z),

J3o(x) = (2/(7Tx))1/2(sin(x)/x — cos(x)).
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The solutions of (2.21) are
Aop1 = (2km) 2 k=1,2,..., (2.22)
Aok = (2z3)0%) 5k =1,2,..., (2.23)
where 23/, are the ordered positive zeros of Bessel function and Ay > Ay > --- > 0.

Theorem 11 The spectrum of the KL expansion for the detrended Brownian motion

—~

W(t),t € [0,1] and detrended Brownian bridge is given by (2.22), (2.23), and we have

the distribution identities
1 1 2 )
Wt)2dt = | B(t)dt = Tk il
/0 (® /0 0 122 2z
E>1 E>1

2.2.10 Slepian Process

Consider the one-dimensional Slepian process which is the increment of a Wiener

process during a fixed time interval a > 0, i.e.,
St)y=W(t+a)—W(t), 0<t<I1,

with W (t) is the standard Brownian motion. Let us consider the Karhunen-Loeve

expansion in one-dimensional setting. That is, we need to solve the eigenvalue problem

Af(t) = /1 K(s,t)f(s)ds, 0<t<1, a>0,
where the covariance functior(i K(s,t) can be computed as follows,
K(s,t) = E[S(s)S(t)]
= E[(W(s +a) = W(s))(W(t + a) — W(t))]
=E[W(s+a)W(t+a)+W(s)W(t) — W(s+a)W(t) — W(s)W(t+a)]
=(s+a)AN(t+a)+sAt—(s+a)ANt—sA(t+a)
=a+2sNt—(s+a)Nt—sA(t+a)
=2sAt—sA(t—a)—sA(t+a)
a—|t—s| if|t—s|<a,

0 otherwise,
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for s,t € [0,1]. Figure 2.1 illustrates the covariance function for a = 1 and a = 1/2.
We discuss the KL decomposition of S(¢) in three cases: a > 1, 1/2 < a < 1 and
0<a<1/2

Figure 2.1: Covariance function of the Slepian process for a = 1 and a = 1/2

2.2.10.1 Casea>1
The a > 1 case was studied in [22]. When a > 1, |s — t| < a. So the covariance
function of S(t) is
K(s,t)=a—|s—t|

for s,t € [0,1]. Plugging K (s,t) into the integral equation

() = /OIK(s,t)f(s)ds, 0<t<l,

we have

)\f(t):/ot(a—t+s)f(s)ds+/tl(a—i—t—s)f(s)ds, 0<t<1. (2.24)

Differentiating (2.24) with respect t yields

¢ 1
Af(t) = —/ f(s)ds +/ f(s)ds, (2.25)
0 t
Differentiating (2.25) gives Af”(t) = —2f(t). Hence, the general solution is

f(t) = e1sin V2A~1t + o cos V2A~1t. (2.26)
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We set t =0 and ¢t = 1 in (2.24) and (2.25) to obtain the boundary conditions
f0)+ f(1)=0 and f(0)+ f(1) = (2a — 1) f'(0). (2.27)
Substituting into (2.26) into (2.27) yields
(14 cos V2X1)ey — sin V2A~Te, = 0,
(sin V2A~T — (2a — 1)V2A~D)e; 4 (14 cos V2A—1)e, = 0,

Then the equation for the eigenvalues is obtained by setting the determinant of the

above two equations to be zero. That is,

2 +2cos V2A~L — (20 — 1)/ (2))~Lsin V2A~1 = 0,

which simplifies to

cos v/ (2M\)7L(cos \/(2M)~1 — (2a — 1)4/(2))~Lsin y/(2))~1) = 0. (2.28)

Therefore, the eigenvalues are implicitly determined by (2.28).

2.2.10.2 Case 1/2<a<1
In this case the covariance function is
K(s,t)=2sNt—sA(t—a)—sA(t+a),

for s,t € [0,1]. We consider 1/2 < a < 1 and a = 1/2 separately.

(i) 1/2< a <1.
Noticing that the differential equations obtained by successively differentiate

the integral equation

() = /OlK(s,t)f(s)ds, 0<t<1,

are different for t € [0,1 —al, t € (1 — a,a), and t € [a, 1]. We let

(

fit), te€0,1—al,
f) =19 f(t), te(l—a,a),

f3(t)7 te [1 - a, 1]7

\
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for ¢ € [0,1] and obtain the differential equations for ¢ in the above three subintervals.

1)

For t € [1 — a,dl,

t—a<0<t<l<t+a.

Then,
1
:/ K(s,t)f(s)ds, 1—a<t<a
0

is equivalent to

)\fg(t):/o_a(a—t+s)f1(s)ds+/1 (@ —t+ 5) fals)ds

+/ta(a+t—5)f2(8)ds+/ (a+1t—5)fa(s)ds. (2.29)

Differentiating with respect to t, we get

Afa(t) / fi(s ds—/ fa(s ds+/ fa(s ds+/ f3(s

Differentiating twice to obtain

Afy () = =25(t).

Hence, the solution is

fa(t) = dy cos(V2A~1t) + dy sin(V2A71t).

Fort € [0,1 — al,

t—a<0<t<t+a<l.

Again we solve

:/IK(s,t)f(s)ds, 0<t<1-—a,
0

which is,
/\fl(t):/(a—t+8f1 d8+/ a+t—sf1()
0
a _ d B .
%1A;fa%—t s) fa(s s+:/‘ (a+1t—s)fs(s)ds (2.30)
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Differentiating with respect to t, we get

Ai(t) = — /Ot fi(s)ds + /tl—a fi(s)ds + /j fa(s)ds + /t+a f3(s)ds.
Differentiating twice to obtain
ML)+ 2f1(t) = fs(t + a).
3) Fort € [a, 1],
O<t—a<t<l<t+a.

We have )
)\f(t):/ K(s,t)f(s)ds, a<t<1
0

which is,

)\fg(t):/t_a(a—t+s)f1(s)ds+/la (@ —t+ 5) fals)ds

+/ (a—1t+s)fs(s)ds + /t (a+1t—s)fs(s)ds. (2.31)

Differentiating with respect to t, we get

l1—a a

Afi(t) = — f1(s)ds — . fg(s)ds—/ fg(s)ds—i—/t f3(s)ds.

t—

Differentiating twice to obtain
A3 (t) +2f5(t) = filt — a).
From the discussion above, we have
MU +2A() = fs(t+a), te]0,1-ad
Af3(E) +2f5(t) = fi(t —a), t€lal].

Noticing that t +a € [a,1] for t € [0,1 —a] and t —a € [0,1 — a] for t € [a, 1], we solve

the two differential equations together gives

A2 () + ANfI () + 3f1(1) =0, te€[0,1—al,

AZFD() + AN (1) + 3f3(t) =0, t € [a,1].

28



and the solutions are

F1(t) = ¢1 cos(VATE) 4 cosin(VA~1E) + ¢5 cos(V3A1E) + ¢y sin(V3A-1)  for ¢ € [0,1 — al,
and

F3(t) = ¢5 cos(VATT) + co sin(VA=1E) + 7 cos(V3AIE) + cg sin(V3A~1t)  for t € [a, 1].
Therefore, for ¢ € [0, 1], we have

c1 cos(VATIE) 4+ cosin(vV A7) + ¢z cos(V3A"1) + ¢xsin(v3A~1t), t€[0,1—al,

f(t) = < dy cos(V2A=1t) + dy sin(v/2A~1¢), te(l—a,a),
& cos(V A1) + cgsin(vV A1) + ¢7 cos(VBATIE) + cgsin(V3ATE), t € [a, 1].
(2.32)

as the eigenfunction of the integral equation

() = /IK(s,t)f(s)ds, 0<t<l.
For convenience, we write 0
[, cos(VATE) + e sin(VATE) + e cos(VENTE) + exsin(vVENTE), £ € [0,1— ),
Dy cos(V2A~1(t — (1 — a)) + Dysin(vV2A"1(t — (1 —a)), te (1 —a,a),
Cs cos(VA~1(t — a)) + Cgsin(VA~1(t — a))
| +Crcos(VBAI(t — a)) + Cgsin(vV3AI(t — a)), ¢ € [a,1].

(2.33)
Now the equation Af{(t) + 2f1(t) = fs5(t +a), t € [0,1 — a] gives C5 = ¢1, Cs = co,
C7 = —c3, and Cy = —¢4. That is,
(cl cos(VA~IE) + o sin(vV A1) + 5 cos(V3ATI) 4 ¢gsin(v3A1t), ¢t € [0,1—al,
Dy cos(V2A7L(t — (1 — a)) + Dysin(v2X"1(t — (1 —a)), t€ (1 —a,a),
¢ cos(VATL(t — a)) + ¢ sin(VATL(t — a))
[ —¢3 cos(V3AL(t — a)) — ey sin(V3A"L(t —a)), t € [a,1].

(2.34)
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Furthermore, by using fo(1 —a) = fi1(1 — a), and f5(1 —a) = f{(1 — a), we obtain

Dy = ¢y cos(VA~L(1 — a)) + cosin(VA1(1 — @) + ¢5 cos(V3A(1 — a)) 4 cxsin(V3A1(1 — a)),
(2.35)

V2D, = —cy sin(VA~1(1 — a))+cs cos(VA~L(1 — a))
—V3egsin(V3A1(1 — a)) + V3escos(VIATL(1 — a)).
(2.36)

Using fa(a) = fs(a) and fy(a) = f3(a), we get

¢1 — ¢35 = cos(v/2/A(2a — 1)) Dy + sin(y/2/A(2a — 1)) Dy, (2.37)
—V3ey = —V2sin(v/2/A(2a — 1)) Dy + V2 cos(v/2/A(2a — 1)) Ds. (2.38)

Computing
M1 —a) = /1af1 ds+1af2 ds+/f3
we obtain
—sin(y/3/A(1 — a))es + [cos(v/3/A(1 — a)) — 1]es (2.39)
—i-\/TgSin( 2/\(2a — 1))D, — ?[cos( 2/\(2a — 1)) +1]D, = 0. (2.40)

Finally, we compute Af3(a) using (2.31). That is,

Mi(a) :/01asfl(s)ds—i—/:asfg(s)ds—l—/al@a—s)fg(s)ds.
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This gives us

VA [a sin(\/g(l —a))c + (—a cos(\/g(l —a))+ a) C2
3a—2 3 3a — 2 3 a
BV = sm(\/;(l —a))cs + (W cos(\/;(l —a))— %> 4
a . 2 a 2 1—a
+ Esm(\/;@a —1))Dy + <_E cos(\/;(Za 1))+ 7 ) D2]
—et (% + ; cos( 2(1 _ a))) s + gsin(\/§(1 — )
+ (%COS(\/g(Za _1y)— %) Dy + (%sin(\/g@a - 1))) D2] —0. (241)

Putting equations (2.35), (2.36), (2.37), (2.38), (2.40), and (2.41) together, we must

+A

have the determinant of the coefficient matrix to be singular for ¢y, ¢9, ¢3, ¢4, D1 and Dy
to have a nontrivial solution. After some matrix simplification, we have the equation

that determines the eigenvalues as
VAM(A) + AN(A) = 0, (2.42)

or equivalently, %M (A) + N(X\) =0, where

M(A)
cos \g(lfa) sin \/g(lfa) cos\/g(lfa) sin\/g(lfa) -1 0
—siny/L(1—a) cos /11 -a) 0 0 0 2
_da—1 1 0 -1 0 —cos\/2(2a—1)  —sin \/E(Qa 1)
NG 0 0 0 —B8 - asin 220-1) —v2eos /220 1)
0 0 —sin \/g(l—a) cos \/g(l—a) 0 —@
0 V3 0 1 0 0
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N(A)
cos \/;(1 —a) sin \/g(l —a) cos \/g(l —a) sin \/g(l —a) -1 0
fsin\g(lfa) Cos\g(lfa) 7\/§sin\/§(lfa) V3 cos \/g(lfa) 0 V2
_ 1 0 -1 0 —cos\/2(2a - 1) —siny/2(2a—1)
0 1 0 -3 V2sin \/§(2a— 1) —v/2cos \/g(Qa— 1)
0 0 —sinyf31-a)  cos\20-a) -1 Esin220-1) —Ecos\ /220 -1)-
-1 0 LiZeos\[31-a) Zsin\f3(1-a) teos\22a-1)-%  Lsin\2(20-1)

It is difficult to directly solve for A’s from (2.42). However, the equation (2.42) can

give us the small ball estimate of the process and we will show this in Chapter 3.

(i) a =1/2.
Let

£ = fi(t), te[0,1/2],
f3(t), te(1/2,1],

for t € [0,1]. By expanding the integral equation and applying successive differentia-

tions similar to the case 1/2 < a < 1, we have

ML) +2/() = fs(t+1/2)  t€[0,1/2]
M () +2f3(t) = filt —1/2) ¢ e (1/2,1].

Let ¢1(t) := fi(t) and ¢o(t) := f3(t 4+ 1/2) for 0 < ¢ < 1/2. On the interval [0,1/2], the

system of differential equations above becomes

MG (t) + 201 (t) = ¢a(t),
APy (1) + 2¢2(t) = 1 (t).
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From the original integral equation setting, we have the following boundary conditions
at both end points of [0,1/2]:
$1(1/2) = $2(0),
¢1(1/2) = ¢5(0),
1/2
/ (1/2 — s)p1(s) ds,
0

1/2
6s(1/2) = / s dus) ds.
0
The boundary conditions give the equation for determining the eigenvalue A as

A1 A1 VAL V31 V31 A1
A7t (\/gcos \/2 sin \/32 + 3 sin 5 coS 32 —\/gsin 3 + 3sin 5 )

¢1(0)

VAL V3AT1 A1 AL VAL AL
+V Al (2\/§sin 5 sin 32 — b cos \/2 cos \/32 — 4 cos 5 — 4 cos 5 —5) = 0.

2.2.10.3 Case0<a<1/2

The method for the case 1/2 < a < 1 does not work for the case 0 < a < 1/2

and the characteristic equation that determines the eigenvalues is still unknown. We
will study this in our future research.
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Chapter 3

SMALL BALL PROBABILITY OF GAUSSIAN PROCESSES

3.1 Introduction
For a given continuous stochastic process X (t),t € [0, 1], the small deviation
probability concerns the asymptotic behavior of P(||X|| <€) as ¢ — 0%, where || || is

a norm on the space C[0,1]. We use

. (Jy [F@®)lPd) 7 for 1< p< oo,

supg<<1 | f(1)] for p=o0
to denote the L,-norm on C[0,1], 1 < p < oco. The survey paper [31] covers the
development of theory on small ball probability for L,-norm of the stochastic pro-
cess X. In this chapter, we discuss the exact small ball probability in the most
explored case of L?-norm. By Karhunen-Loeve theorem, we have the distributional
identity || X2 = D7, A\,&2, where )\, are the eigenvalues of the associated covariance
kernel and &, are i.i.d. standard normal random variables. The small ball problem
P(IX]]3 <€) = P37, A& <€) was solved in [37] in an implicit way if the eigen-
values are known. However for most of the Gaussian processes, the eigenvalues of their
covariance functions are still unknown. When the Karhunen-Loeve expansion for a
given Gaussian process can be found in some reasonable form, the L? small ball prob-
abilities can be treated using the the comparison theorems in [30] and [20]. If we can
obtain approximation of the eigenvalues, the comparison theorems build connection
between the original process and the process with the approximated eigenvalues and
the problem can be solved. This is the case for Brownian motion, fractional Brownian

motion and Brownian sheets, etc.
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We review the method and examples in [19] and compute the small ball rate for

Slepian process in this chapter.

3.2 General Theory

Suppose that a centered Gaussian process {X;,a < t < b} has KL expansion

Xt = 221 \/)‘_zez(t)gz Then by
b o0
X3 = / X2 LS 02
a n=1

finding the exact L? small ball probability P(||X¢||2 < €) is equivalent to finding the

P (i Ané2 < €> .
n=1

This problem has been solved in [37] by the following theorem when the eigenvalues

asymptotic behavior of

A, are known.

Theorem 12 If A\, >0 and Y .~ A\, < +00, then as e — 0

° —-1/2 -
2 2 n’y)‘ 2 2 ]_
' (; s ) (Mz 1+ 2X,7 ) OXP <€ Mg > log(1+ 2/\,m)>

n=1

where vy = Ya(€) is uniquely determined, for e > 0 small enough, by the equation

A
2 n
S e vere

Although the above theorem is still difficult to apply due to the series and implicit
relation between € and 7,, the problem is considered solved theoretically. If the eigen-
values of X; can not be found explicitly, since the Laplace transform of the process
is

o ~1/2
L(t) = E(exp(—t]|X[3)) = (H(l + 2Mn)>

n=1

one can obtain the small ball probability by the function L(t).
Gao, Hanning, Lee and Torcaso gives a method to compute the Laplace trans-

form for many Gaussian processes via Hadamard factorization of an entire function
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f(z) in [19]. Let M(r) = max|f(z)| for |z| = r. The order A > 0 of an entire function
f(2) is the smallest number that M(r) < e”' for any e > 0 and sufficiently large r,

formally defined as
log log M
A = lim sup 28108 M(1)
r—00 log r

Theorem 13 (Hadamard’s Factorization Theorem) Let f(z) be an entire func-
tion and {z} be its zeros with 0 excluded and all zeros are repeated according to their

multiplicity. Suppose the order of f(z) is X, then

_ mH(2) 1 — 2 ePalz/z0)
f(z) =2"e kl;[l( zk) e ,

where the integer m > 0 is the multiplicity of 0, d > 0 is an integer such that d < \ <
d+1, H(z) is a polynomial of degree < d, and Py(z) = z + 22/2+ -+« + 2¢/d.

If f is an entire function of order A < 1, and f(0) # 0. Then d =0, H(z) is a

constant, and

It is well-known that

. -1/2
L(s) = E(exp(—s||X|[3)) = (H(l + QSAn)>

n=1

If the zeros of f are z, = 1/A, and f is entire with order A < 1 and f(0) # 0, then

N _1/2 B “1/2
L(s) = E(exp(—s||X|]3)) = (H(l T 28}‘”)) B <f§c(02)t)) '

n=1

That is,

Theorem 14 Let X be a Gaussian process whose covariance operator has nonzero
eigenvalues N, repeated according to their multiplicity. Suppose there is an entire
function f(z) of order A < 1, such that, z, = 1/\,, n > 1, are the only zeros, counting
multiplicities, of f(z). Then the Laplace transform of ||X||3 = Yoo A&2 can be

expressed as

f(—2t))_1/2.

Blexp(-x1B) = (£
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Thus, Theorem 1 can be rewritten as

Theorem 15 ([37] Sytaja Tauberian Theorem)

P <i A2 < 62> ~ (=2m 20" (1)) T - exp (te® — h(t))

where h(t) = —log L(t) where L(t) is the Laplace transform and t = t(e) satisfies
te? —th'(t)
—t2h/(t)
When the eigenvalues can not be found explicitly, but can be approximated, the
comparison theorem by [30] provides a way to obtain the exact small ball rate for the
original process when the small ball rate of the process with the asymptotic eigenvalues

is known.

Theorem 16 If >~ |1 —a,/b,| < oo, then as e — 0

- - 1/2 ~
P (z < ) - (H bn/an) P (z 1€ < ) ,
n=1 n=1 n=1

where an, b, are positive and Y " a, < 00, y > b, < co. Furthermore, if a, > b,
for n large, then P(3°07  a,&2 < €*) and P(Y_ 7 b,62 < €*) have the same order of

magnitude as € — 0 if and only if > " | |1 — a,,/by| < 0.

Gao, Hannig, Lee, Torcaso [19] refined the comparison theorem and gives the

optimal condition as follows

Theorem 17 If [~ (a,/b,) < co, then as e — 0

P (Z an < e2> ~ (H bn/an) P (Z b2 < e2>
n=1 n=1

n=1
In the Chapter 2, we reviewed the Karhunen-Loeve expansion for several Gaus-
sian processes. In the following context, we will review the exact L? small ball proba-
bility for some of the Gaussian processed mentioned in Chapter 2 and obtain the exact

L? small ball rate for the Slepian process when the parameter a satisfies 1/2 < a < 1.
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3.3 Examples
3.3.1 Brownian Motion

The exact L? small ball probability for Brownian motion was given by [7]. That
is,

PUWIE < 0 ~ e (-5

for e — 0.

This result is the most fundamental result for the exact L? small ball of Gaussian
processes. Since the eigenvalues of the Brownian motion is A, = ((n — 1/2)?7x%)7!, we
can apply the comparison theorems to processes that have asymptotic eigenvalues to

obtain their exact L? small ball probability. For example, [25] studied
P (z 0l < )
n=1
where &, are i.i.d. standard normal random variables, and

o= (5] )

We take b, = (n — 1/2)72, then

— 4 w2
2 o 2| _ 2 o 2/ 2
p (;Zl bn&, < > =P(| X <€e/n7) ~ 7T\/%eexp (—8€2>

It is easy to see that

() 0 ) e

n=1

By comparison theorem,
= 2 2 V2312 m°
P apnés < e | ~4V2r 7 cexp | ——
nE_l & < p ( 862)

3.3.2 Brownian Bridge
Let B(t),0 <t <1 be the Brownian bridge. The exact small ball probability of
B(t) was first given by [4]
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Proposition 1 Let {B(t) : 0 <t < 1} be a Brownian bridge. Then as e — 0,

1 e’}
2 _ Lo N 4 . ox 1
P(/OB(t)dt<e>_P<;W2n2€"<e) Nors ep( 8€>.

3.3.3 Transformed Brownian Bridge

Proposition 2 Fora>0and 8=1—-a"1 <1,

1 1 -
P / B*tdt< e | (=P / —B*(t)dt < ae® | | ~ cqe 2TD exp S
0 o t° 2(a+1)?

as € — 0, where c, 1s a positive constant.

Proposition 3 Fora>0and 3 =1—-a ! <1,

P </01 B(t*)dt < 62) (: P (/01 tiﬁB?(t)dt < a62>> ~ Coe /2 exp (_ﬁ : 62)

as € — 0, where

v_ 1
21 O
Al T(v+ 1))~ Y2 d v=
Ca ( 7 (C(v+1)) and v 1

Lemma 1 The Laplace transform of the squared L* norm of B(t®) is

v/2 _1/2
E(exp{—tHB(ta)Hg}):(C\f_t> (F(H“) (C\/—» /

where I, is the modified Bessel function of fractional order

2
v=-2 and c= \/a.
a+1 a+1

Proof. For a > 0, {B(t*) : 0 <t < 1} is a Gaussian process with mean zero
and covariance function K (s, t) = s N t* — s°t*. We need to find the eigenvalues A,

of the equation Af(t) fo s)ds, which is

AM(t)=(1 —to‘)/olso‘f(s)ds+t°‘ /tl(l — %) f(s)ds

with boundary condition f(0) = 0 and f(1) = 0. By differentiation the equation

becomes

ALY(E) = Ma = 1) f'(t) + ot (1) =

39
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The general solution is, see [28]

f(t) = Clta/2Ja/(a+1)(2(Oé + 1)71\/ a/)\t(a+1)/2) + Cgta/QJ_a/(a_,_l) a + 1 \/ a/ At /2

= 12 T, (eATV2O2Y o2 T (eA ™12t )/2)

where J,(z) is the Bessel function. Using the boundary condition f(0) =0 and f(1) =

0, we obtain the eigenvalues as the solutions of
Jy (eA7H?) = 0.

We take f(t) = J,(ct'/?)/t"/?, then f(t) is entire of order 1/2, see [1] formula 9.1.10,
9.1.62 and 9.2.1. Since lim,_,o f(t) = 1/(2°T(1 +v)) and I,(z) = e~ 2" J,(iz) for z > 0

see formula 9.6.3, it can be obtained that

—1/2 v/2
L(t) = <f;zo2)t)) " (C\f_t> (r(1+v) (c\/_)> v

Apply Sytaja Tauberian theorem to the Laplace theorem of B(t%), the small

ball rate can be directly obtained as in the above theorem.
On the other hand, the limit comparison theorem can also be used to find the

small ball rate. Using the asymptotic formula for zeros of the Bessel function, see [42],
2 o a—1 1
- = ol =
a+ 1\ A, <n+4(a+1)>ﬂ+ (n>

< 0

we have

which shows that

>

L a-1 2 .
n ¢ —_—
— a—l—127r2 4(a+1) An

Thus, by Theorem 15, we obtain

P (/0 B2(t*)dt < 62) =P <; M2 < €2>

- 4o a—1\?
~ D,P <Zm (n—i—m) €Z§e2>

n=1

1
~ Oy (@=1)/(2(a+1)) S
‘ P 20 +1)2 €
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3.3.4 Integrated Brownian Motion

The m-times integrated Brownian motion is defined recursively by
t
Xn(t) = / Xmo1(s)ds, t>0,m>1
0

for all positive integer m and X(t) = W (t) where W (t) is the standard Brownian

motion. Using integration by parts, we also have the representation

Xon(t) = S /t(t —8)™dW (s), m >0.

om)
The covariance kernel is

L)Q /0 W(s — w)™(t — w)"du.

K(s,t) = T

By successively differentiating
1
| K05 = s
0
(2m + 2) times, we obtain the following Sturm-Liouville problem:

AfEMR() = (=)™ f(1), 0<t<1

fO)=f0)=---= f(?ﬂ)(()) — f(m+1)(1) == f(2m)(1) — f(2m+1)(1> -0
The eigenfunctions are the nontrivial functions of the form
2m+1
Ft) = et
§=0

with o = A1/ @mA2)iw; and wj = exp(mj—Lz’). Using boundary conditions, we obtain
that
MW<)\71/(2m+2)>C -0
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where

1 1 1
Wo w1 Wom+1
m m m
M . Wo w1 Wom+1
W(t> a +1 4 +1 4 +1 4
w(T)ﬂ ezwoz w{n ezwlz .. w;ﬂm+1ezw2m+1z
w[T)YLJrQ eiwoz w{n+2eiw1z . wgnnjfleiW2m+1Z
w(?)m-l—lezwoz w%m-l-lezwlz L. wgziiezwgm+1z
and
/
C = [Co, Cly... ,Cgm+1] .

The characteristic determinant for the eigenvalues is det(My (A\~Y/m+2)) = 0. We
get

g(t) = det(M (t/+2))
is of order 1/(2m + 2) and ¢(0) = (—4)™(2m + 2)™*!. We use the following notation

vj = ei;ﬁé’r, and f3; = (2t)V/Cm 2y,

Lemma 2 The Laplace transform of the squared L? norm of m-times integrated Brow-

nian motion 1s

E(exp{~t|IXul13}) = (2m +2)"" /2] det Ny (1) 7/

where
1 1 1
Wo %1 Wom+1
P m m m
N (t) = Wo Wi Wom41
wg"b'f'leﬂo w{n*‘lelﬁ wgﬁiﬁﬁ?’"“
2m+1 _fy 2m+1_61 .. 2m+1 _Bom+1
Wo €7 wp e Wom 1€
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For the case of m = 1,2, the above formula simplify to:

E(exp{—t[|X1][2}) = 2 (2 + cos(2%/%"/4) + cosh(2%/4¢1/4)) /2
E(exp{—t||X2|[3}) =6 (9+ 16 cos(31/2275/6¢1/6) cosh(275/641/6)

+8 cosh(2Y/6t1/6) 4+ 2 cos(21/631/241/6) cosh(21/6¢1/6) + cosh(27/6151/6))71/2
Again by Sytaja Tauberin theorem,

Theorem 18
P(||Xm||2 < E) ~ CKEWZ'Q eXp{—Dme_ﬁ}

where e

2m+1
((Qm + 2) sin 2m7T+ 2)

Dm:2m—i—1

9 2 (m+1)/2 2 9 (m+1)/(2m+1)
C’nvi/:(m—i_ ) m (2m + 2) sin T
| det U] (2m+ 1)m 2m + 2
and
1 1 1
Wo w1 Wm
U=|uf wt o wt
Wit W e Wl
Remark: For the usual 1- and 2-times integrated Brownian mitons, respectively,
as € = 0,

8v/2 3
P(l|Xy]] <€) ~ Eﬁl/g eXp{—gﬁ 233

36(31/10) 5
P(|X,]] <€) ~ T 2/5 — =2/
(|| 2|| = 6) \/g € eXp{ 6(31/5)6 }

The authors in [21] used comparison theorem and obtained the small ball rate for
general m-times integrated Brownian motion, and in [18] they used complex analysis

method and obtained further result.
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3.3.5 Integrated Brownian Bridge
Lemma 3 The Laplace transform of the squared L*-norm of m-times integrated Brow-

nian bridge is

E(exp{~t|Yaull3}) = (20)"/ " (2m + 2)0" 72| det Np (1) 72

where
1 1 1
Wo w1 e Wam+1
m m m
Wo Wy Wom+1
= m B0 m,B1 .. m Bam+1
Np(t) wyte wie wyr, L qelm
wg"b'f‘?eﬁo w{”-FQeﬁl - W?Jfﬁm’"“
wgnJrgeﬁO w?+3661 .. M?Jfleﬁ2m+l
2m+1 50 2m+1 ,81 “ e 2m+1 62'm 1
wy e wi e Womt1 €72 F
The m-times integrated Brownian bridge Y;,,(¢),0 < ¢ < 1 is defined recursively
by

1
Y. (t) = / Yi—1(s)ds, t>0,m>1
0

for all positive integer m and Yy(t) = B(t) where B(t) is the standard Brownian bridge.

t Sm Sm—1 S92
Yo (t) = / / / . / B(s1)ds1dsg -+ dsy,.
oJo Jo 0

The covariance kernel is

or equivalently,

LV /0 s W)t — ).

K(s,t) = (!

By successively differentiating

/ K (s, 0)f(s)ds = A (1)
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(2m + 2) times, we obtain the following Sturm-Liouville problem:

AEED () = (=)™ (1), 0<t<1

= f(0) = (1) = F () =

The eigenfunctions are the nontrivial functions of the form

2m—+1

fity =3 e
j=0

f(m+3)(1) — ...

= f®M(1) = [ (1) = 0.

with a; = A7V/C@m2wi and w; = exp(mj—Li). Using boundary conditions, we obtain

that
—1/(2m+2
Mp(A\"YEm2) o =
where
1 1 1
Wo w1 Wom+1
m m m
Wo W Wom+1
m ,iwo 2z m ,iw1 2 m TW2m 412
Mp(z) wyte wie Wyt e
m+2 _iwgz m+2 _iwiz m+2 _iwomi12z
Wo ¢ wy e Wy 1€
m+3 iwgz m+3 iwiz m+3 iwoma12
wy e wy e Wom1€ 2 F
2m+1 jiwoz 2m+1 jiwiz 2m~+1 iwam412
Wo € wy e Wom41€ "
and
/
C= [CO; Ciy- .- 702m+1] .

The characteristic determinant for the eigenvalues is det(Mp(A~1/?m+2))) = 0. Then

we get

g(t) = det(Mp (/)

is of order 1/(2m + 2).
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For the case m = 1, the Lemma 3 simplifies to

97/441/4 1/2
E(exp{—t|[V1]13}) = <sin(23/4t1/4) T Sinh(23/4t1/4))
Theorem 19
P(|[Yull2 <€) ~C2 eXp{—Dme*%ﬂ}
where o
D, =211 ((2m+2) sin — )_"’m“
2m + 2
CF — ( (2m+2)m+3sin#+2 )1/2
" (2m + 1)7|det U det V|
and
1 1 .. 1 W Wl e W
o wn e e L)
Sl I B Rl 55 Qe SR 0
Wi el e WAl Wl

3.3.6 Ornstein-Uhlenbeck Process
Consider the stationary Ornstein-Uhlenbeck process X (¢) on the interval [0,1],

that is, the centered Gaussian process determined by the covariance kernel K (s,t) =

et~ /(2a)). We have the Laplace transform of X (t) as

Theorem 20 For the stationary Ornstein-Uhlenbeck process X with parameter a > 0,

2 —-1/2
E(exp(—a||X|[]2)) = e/? (a\(/’% sinh(Va? + 20) + cosh(va2 + 20)) .

Now consider the Ornstein-Uhlenbeck process X starting at 0, that it, the cen-

tered Gaussian process with the covariance kernel K (s,t) = (e @1t — e=a(t+9) /(2q).

Theorem 21 For the Ornstein-Uhlenbeck process X starting at 0 with parameter o €
R,

—1/2
E(exp(—0l|Xo|?)) = e/ ( sinh(vVa? + 20) + cosh(vVa? + 20)) :

a
vaZ+ 20

46



Corollary 2 Let X be the stationary Ornstein-Uhlenbeck process with parameter o >

0, then

1
P(||X]]2 <€) ~ 8\/§€a/262 exp(—ge’z), as € — 0.
T

Let Xy be the Ornstein-Uhlenbeck process starting at 0 with parameter o € R, then
P(|| Xol]2 <€) ~ ieo‘/QGQ exp(—le_Q) ase€—0
— ﬁ 8 ) *

We omit the proofs.

3.3.7 Slepian Process

In this section, we review the small ball probability for Slepian process for a > 1
and obtain the small ball probability for Slepian process for 1/2 < a < 1 based on the
KL expansion from Chapter 2.

3.3.7.1 Casea>1

Il

From [22], the Laplace transform for Slepian process S(t) =W (t+a) — W (t) for

a>1is
o —1/2
LX) = Ee Mo S0t — [cosh VA (cosh VA + (2a — 1)V/Asinh \/X)] :

Let h(t) = —log L(t). We compute the asymptotic behavior of h(t), th'(t) and t*h" (t)

as t — o0o.

1 1 1
h(t) = /% 4 1 logt + §log (Z(Qa — 1)) + o(1),

1 1
t(t) = St + -+ o(1),

4
1 1
21 (t) = _Ztm =5 o).
Choose t'/? = 172, then
te* —th/
E—(t) — 0
—12h"(t)

as t — oco. Therefore,

4/2 1
P(|ISIl; <€) ~ P exp (_1€2> .
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In particular if a = 1,
1/2 1
B8]l < )~ D2 e (17,

which is the same as in [22].

3.3.72 Casel/2<a<1
For 1/2 < a < 1, we have the following two theorems for 1/2 < a < 1 and

a = 1/2 respectively.

Theorem 22 For1/2<a <1,

882 _ 12,2
P(lIS]2 <) ~ \/ﬁ_woﬁ/Qe e )

where

a=vV6+v2—-2+4a—V6a - 2a,

63 +6v2+ 26 + 3

b= 238

(4da —1).

Proof. If we let g(t) = t"/2M(1/t) + N(1/t), then by Theorem 2 of [19], we have

L(s) :=E exp (—3/01 |X(t)\2dt> - (9;_(5)5>>_1/2.

Denote z = A™Y/2(1 — @) and b = ﬁ%’a_”, then direct computation gives

M\ :4;761 4/3sin zfcos(v/3x) cos(v2(2a — 1)z) + V6sin(v2(2a — 1)z)[cos z cos(v3z) + 1]
+4 sin(v/3z)[cos x cos[V2(2a — 1)z] — 1] — 6v/2sin 2 sin v/3z sin[v/2(2a — 1)z]| ,
and
N __lﬁﬁ 23 cos(x) + 2—‘3/5 cos(v/3x) + g cos(x) cos(v/3z) + g cos(be)
+ ¥ cos(x) cos(bz) — 2v3 cos(v/3i) cos(br) — 2Y2 cos() cos(v/x) cos(ba)
+ \/?6 sin(z) sin(v/3z) + ? cos(bx) sin(x) sin(v/3z) + sin(x) sin(bz)

53

53 sin(v/3z) sin(bx) — 3 cos(x) sin(v/3z) sin(bx)

— cos(V/3x) sin(x) sin(bz) —
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Thus,

L(t) = [13/36 + cosh(v2V/t(a — 1))/3 — cosh(2vV/t(2a — 1)) /12 — cosh(v/6v/t(a — 1)) /9
— (cosh(2v/t(2a — 1)) cosh(V2v/t(a — 1)))/9 + (cosh(2v/t(2a — 1)) cosh(v6vt(a — 1)))/3
— (cosh(V2Vt(a — 1)) cosh(v6v/E(a — 1))) /12 — (VEsinh(2Vt(2a — 1)))/12
+ (V2sinh(2v/t(2a — 1)) sinh(vV2vt(a — 1))) /12
— (5v/6sinh(2v/#(2a — 1)) sinh(v6v/t(a — 1)))/36
+ (V3sinh(V2Vt(a — 1)) sinh(vV6vVE(a — 1)))/18 4+ (V2 sinh(vV2v(a — 1))) /6
— (v/6vtsinh(V6v/t(a — 1)) /18 + (av/tsinh(2VE(2a — 1)))/3
+ (13 cosh(2V/t(2a — 1)) cosh(v2v't(a — 1)) cosh(v6v/t(a — 1))) /36
— (V2 cosh(vV6v/t(a — 1)) sinh(2v(2a — 1)) sinh(v/2v(a — 1)))/12
+ (V3 cosh(2vt(2a — 1)) sinh(v2V/t(a — 1)) sinh(v6v/t(a — 1)))/18
— (5v/6 cosh(v2v/t(a — 1)) sinh(2v/1(2a — 1)) sinh(v6v/1(a — 1))) /36
= ( )
— (
(
(
(
— (
— (
= (

Vtcosh(vV2vt(a — 1)) cosh(vV6vt(a — 1)) sinh(2v/1(2a — 1)))/12

2v/2aV/tsinh(vV2vVt(a — 1)))/3 + (2v6aV/t sinh(V6vt(a — 1)))/9

V2Vt cosh(2v/t(2a — 1)) cosh(v6v/t(a — 1)) sinh(v2vt(a — 1)))/6
))/18

+ ) )
+ (V6v/t cosh(2v/t(2a — 1)) cosh(vV2Vt(a — 1)) sinh(V6v/E(a — 1)
+ (aVt cosh(vV2v/t(a — 1)) cosh(V6vE(a — 1)) sinh(2VE(2a — 1)))/3
V3Vtsinh(2vt(2a — 1)) sinh(vV2vt(a — 1)) sinh(vV6v/t(a — 1))) /6
2v/2aV/t cosh(2v/t(2a — 1)) cosh(v6v/t(a — 1)) sinh(vV2v/t(a — 1)))/3
2v/6av/t cosh(2v/t(2a — 1)) cosh(v2v/t(a — 1)) sinh(V6v/t(a — 1)))/9
+(2v3av/Esinh(2v4(2a — 1)) sinh(vV2v(a — 1)) sinh(v6v/4(a — 1)))/3]

_ [avievia +oa vy

—-1/2
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where

a=vV6+v2—2+4a —V6a —\2a,

ﬁ_6\/§+6\/2§8;r2\/6+3<4&_1)’

which is valid for 1/2 < a < 1. Then

1
1
log L(s) = log E exp (—5/ |X(t)|2dt>
0

B 1 1 i
= 204\/5 4log5 210gﬁ—|—0(s )

as s — 00. Let h(s) = —log L(s). We have

1 1 1
h(s) = 50431/2 + Zlogs + §logﬁ +O(1/v/s),

sh'(s) = 3&31/2 +0(1),

1
s*h"(s) = —gozsl/Q + O(1),

as s — 0o. In particular, if we choose /s = iaE*Q, by using the Sytaja Tauberian
theorem, we have

—=ae

I . 862 1,22
PIS]l < ) ~ (=275°R"(5)) 2 exp(se? = b(s)) ~ —mgre ™

Theorem 23 Fora=1/2,

8e 1 ,2.-2
P(|S]l2 < &) ~ ——— € 16
where

_V6+4V2 5_\/€+3\@
T PT T

Proof. For a = 1/2, the eigenvalues of S is determined by the equation

1 1 /)1 A/ -1
A7t (\/gcos \/; sin \/32)\ + 3sin A coS 3

V-1 V-1
~V3sin Y2 4 360 Y2 )
2 2 2
/N —1 /oy —1 -1 -1 A/ \—1 A/ -1
+V A1 (2\/38111 ; sin 32)\ — 5 cos \/; Ccos \/32)\ — 4 cos ; — 4 cos LA 5) =0.

20



Define

g(t) =t (\/gcos%%smg + 3si g g — ﬁsing +3sin\/7¥>
VI <2¢§mﬁsm\/7§ —5eo g cos g —4cosg —4cosg - 5) .
Then
=45
_ 1% + gcosh (\/g) + gcosh <\/§> v % cosh (\/%) cosh <\/§>
+ \/;sinh ( %) sinh (\@) Vi % sinh (\@) - \1/—86sinh ( %)
(Do () () )
= [pviein + o<1/ﬂ))]_1/2,
where

_VBHVE o VB43VE
n 2 N 72

The theorem is proved by exactly the same argument as in Theorem 22.

o1



Chapter 4

APPLICATION OF KARHUNEN-LOEVE EXPANSION IN TIME
SERIES MODELS

In this Chapter, we show the weak convergence of discrete processes to contin-
uous Gaussian processes by functional central limit theorem and continuous mapping
theorem. Then, we prove a conjecture on the expectation of the least squares estimate

of the integrated process by [38].

4.1 Convergence of Discrete Processes
Theorem 24 (Functional Central Limit Theorem) Suppose that u; ~ iid(0, 0?),

and the stochastic process X, is defined by

1 1 k—1 k
Xn(t) = % ];:1 Uk + % (nt — [nt]) Unt]+1, - <t < E’
Then
X, (t
g( ) 4 W (t)

Theorem 25 Suppose that u; ~ iid(0,02%), 0 < t <1 and the stochastic process X, is
defined by

]
T(t) = % S (g — ) + % (nt — [nt]) (U1 — 0) = Xo(t) — £X0(1),

where =" uj/n. Then

Xul) 4 pey

o

where B(t) = W(t) — tW (1) is the one-dimensional Brownian bridge on [0, 1].
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Theorem 26 Suppose that u; ~ id(0,0?), and the stochastic process X,, is defined by

[nt] n k
Xo(t) = % ;uk - %Z (% Zu) + % (nt — [nt]) tgug1,

k=1
Then .
Xn(t)
o

W (t)dt is the demeaned Brownian motion on [0, 1].

LY (),

where Y (t) = W (t) — fol

Theorem 27 (Continuous Mapping Theorem) Let h(x) be a continuous function.

If Xo 5 X, then h(X,,) % h(X).

Now we look at some examples.

Example 1 Consider the discrete process y; modeled by

yj:pyj—1+€j7 y0:07 (32177T)7

where the true value of p is 1 and {¢;} ~ i.i.d. (0,0%). We find the weak convergence

of the statistic T'(p — 1) where

T
D=2 Yi-1Yj

Ié = T .
Zj:? yj2.*1

It can be directly computed that

T(p—1) = %Zyj—l(yj - yj—l)/

1 7
T2 Z?/?AI

=2
=Ur/Vr
where
1 T
Ur=r ]z_; Yi-1(Y; — Yj-1)

j=1
1 T
_ 2
VT_ﬁZyJ—l
j=2
T .
1 2 (J L,
- r 2% (%) - 7ot
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Define a continuous function h(x) = (hy(x), ha(x)) for z € C, where

hl(x):%xz(l), () = /0 22(1)dt.

Then
1 T
2
Ur = hi(X7) oT Z;Gy
]:
I
VT = hQ(XT) + RT — T2yT,
where

_7%§ixﬁ<%>-— X2 (t)dt

0

X[ [ () -

Now we can deduce that

(@y&)g(MMQ—;mwm>

)
02’ o2

The theorem of continuous mapping yields

fy W(t)dw(¢)
IREO

Example 2 Let us construct the I(2) process {y](-z)} generated by

(1 L)zy]@)_ej’ y(l)—y(())—O; (j:17"'7n)7
where {¢;} is 1.i.d.(0, 0%) with 0 > 0. Obviously,

2 1 1
D =y oy =l Y,
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where {yj(-l)} is the I(1) process following

(1) )

Y =Y + €, y(()l) =0.
Let
Y (t) = ——y®) + (0t — [nt]) =€y r
" n 7t N

1 { j j—1 j

- = 7 t— = ) S t S -

- ; € +n ( n) \/_6] - n

and
> @) Lo
Y& (1) Wy[nt] + (nt — [nt])my[nt]ﬂ
1< J o J—1 J
_ (1) PR ——<t< 2
2 () e n) e e
It follows from Donsker’s theorem that
v,
— W.
o
Also it can be shown that
v,
— .

Now we consider weak convergence to the general n-fold integrated Brownian motion
X,,. Construct the I(d) process {y](-d)} generated by

d :
1-L0)% " =¢. (j=1,...,n),
with y(_d()d_l) = Z/(_d()d_g) =...= y(()d) =0 and {¢;} being i.i.d.(0,0?). We have
d d d— d— d—
YO = D, 1 a0 _ e (@1 0 _

Tty Y T

and put, for d > 2,

1 1
d)(4) — (d) (d—1)
Y( )<t) - nd71/2 y[nt} + (nt - [nt]) nd71/2 y[nt}+1

_ 1 ’ Y(d—l) v -] 1 (d-1) ]_1 <t <
~n Z n " +n(t-— " Wyj ’ St
=1

n
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It can be proved using induction that

Y@
o

— Xp_1.

Example 3 The near random walk process

n

B .
y]:(l__ yj—1+€j7 (]:17"'7n)7
converges weakly to the OU process X (t) where {¢;} is assumed to be i.i.d.(0,0?) and

dX(t) = —BX(t)dt + dw(t) = X(t) = e P X(0) +e " /t eP*dw(s).

0

4.2 Tanaka’s Conjecture

The following content is based on [26]. Consider the integrated process
(1-L)Yyj=¢, j=1,...,T

where L is the lag operator such that Ly; = y;_1, d is a positive integer, yo = 0 and {e;}
is an i.i.d. sequence with mean 0 and variance o?. The process {y;} is also known as
unit root process which is a nonstationary time series model. The authors in [43] and
[12] showed that when d = 1 the least squares estimate (LSE) of the autoregressive
coefficient of the the process converges in distribution to a functional of stochastic
integrals of Brownian motion. It was shown in [8] and [38] by the functional central

limit theorem that for d > 1, the statistic

Zthl Yt—1Yt
T
thl ?Jt271

converges asymptotically to a functional of stochastic integrals of integrated Brownian

p= (4.1)

motion. Specifically,

WE-1/2 5 q
T(p—1)= { hoWmd” ’

Xi . (1)/2

fy X2 (tydt’
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where W (t) is the Brownian motion and X,(t) is the d-fold integrated Brownian motion

defined recursively as
t
Xd(t) = / Xd_l(S)dS, t Z 0, d Z 1,
0

for all positive integer d and X,(t) = W(¢). As pointed out in [39], p in equation (4.1)
can also be interpreted as the least squares estimator (LSE) of the coefficient p of the

following model:
Yj = pYj—1 + vy, (1—L)d_11}j:€j, g=1,...,T

The limiting distribution of the LSE is of interest for statistical inference. For the case
d = 1, the LSE is the Dickey-Fuller statistic. The analytic form of the density function
of its limiting distribution is known to be difficult and earlier researches approximate
the distribution by Monte Carlo simulations and by numerical inversion of its Laplace
transform. For d = 2 and 3, Tanaka in [38] computed the Laplace transform of the
limiting distribution using Girsanov theorem. For d > 4, the Laplace transform is too
complicated to compute and an analytic form of the density function for a general d is
difficult to find. However, it has been noticed in [38] that
[pig] oo
0 “d

for d = 1,2. Thus, he naturally conjectured that for any positive integer d, it holds
that

X2%(1)/2

e ],
Jo X (D)t

In the following context, we provide a method to compute expectation of the

above type of functional using the Karhunen-Loeve (KL) expansion of X,(t) and thus

prove the conjecture.
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4.3 Application of Karhunen-Loeve Expansion of Integrated Brownian Mo-
tion
As discussed in Chapter 2 and 3, the eigenfunctions of the m-times integrated

Brownian motion X,(t) satisfy the following Sturm-Liouville problem:

AfEHD(t) = (=)™ f(1) = (6)* £ ()
with boundary conditions

F9(0) = F4(1) = 0

for k =0,1,...,d. Thus, the eigenfunctions are the nontrivial functions of the form
2d+1
F&)y=>"cje! (4.2)
§=0

with a; = )\*1/(2‘”2)2'% and w; = exp(%i) satisfying the boundary conditions. The

eigenvalues \’s are determined by setting the determinant of the following matrix

Wo w1 te W2d+1
— d d d
M Wo W1 Wad+1
d+1 _ag d+1 o L. d+1 o441
wy e wie Waog, 1€
2d+1 ag 2d+1 a1 .. 2d+1 o441
wy e wie Wagy1€

to be zero.

We study the behavior of the orthonomal eigenfunctions of X(t) for any positive
integer d at t = 1 and show that this is the key for evaluating the expectation. First, we
introduce a lemma regarding the upper half of a discrete Fourier matrix. The lemma
contains some interesting facts on the discrete Fourier matrix. Its proof is placed at

the end of the article.

Lemma 4 Let w = exp (dfl) to be the (2d + 2)-th root of unity. Define M to be the

(d+ 1) x (2d + 2) matriz with entries

My = D61,
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forg=1,...,d+1,k=1,...,2d+ 2, i.e. the submatrix of matrix M consisting of its

first d + 1 rows. Let ¢ = [cg,c1,- .., Coqr1] be a vector in the null space of M, that is,
Mcec = 0.

The vector c satisfies the following properties:

2d+1

C;iCp
1 — Ik —.
(1) Z T
| =k|#d+1
2d+1 Cac
2 1)tk TR g,
(2) %::O( T
j—kl#d+1

2d+1
J:k=0 [j—k|=d+1

Theorem 28 For the d-th integrated Brownian motion X4(t), which has a Karhunen-

Loéve expansion
Xa(t) =DV ren(t)ér
k=1

its orthonomal eigenfunctions satisfy that
ei(1) =2d +2
for every positive integer k.

Proof. The vector ¢ = [cg, 1, . .., Cagr1]’ are nontrivial solutions of the matrix equation
Me = 0, ie. ¢ is in the null space of matrix M. Let € = [¢y, ¢, ..., Caqs1] With
¢; = (—1)%e%¢;. Then Me = 0 can be represented by two equations

Me = 0,

Me =0.
Since f(t) is an eigenfunction, for any & we may write

(1) =
Jo f2(t)dt

29



Thus we only have to show that

£2(1) = (241 2) /0 Pt (4.3)

Plugging equation (4.2) into (4.3) yields

2d+1 2d+1

Z cjepe® T = (2d + 2) Z ﬂ(eaﬁa’“ — 1)+ (2d+2) Z CjCh.
k=0 im0 T lj—k|=d+1
lj—kl#d+1

(4.4)

Rearranging the terms in equation (4.4) and substituting c;e® with (—1)7¢;, we have

2d+1 2d+1

C;iCp ik Ej(_ik
(2d + 2) ST (2d +2) (—1)tF 2
j,kZ:O a; + J;O Q; + oy
|j—k|#d+1 lj—k|£d+1
2d+1
+ Z cjcpe® Y — (2d + 2) Z cicr = 0. (4.5)
k=0 li—k|=d+1

As both ¢ and @ are in the null space of M, by the Lemma 4, we obtain

2d+1 2d+1

Z CiCk _ 1 Z CiC, -0
L= gty ATVEERE a0ty
J,R= 7,k=
lj—k|£d+1 lj—kl#d+1
2d+1 _ 1 2d+1 _
E : (—1)7tF G _ § : (—1)itk GC% _ _
Jk=0 it O §k=0 it
|j—k|£d+1 |j—k|£d+1
and
2d+1
E cjcre® T — (2d 4 2) E cjcr, = 0.
j,k=0 |j—k|=d+1

Hence, we have proven equation (4.5) and therefore e3(1) = 2d + 2.

Proof of Lemma 4. Obviously, when |j — k| = d + 1, w/ + wF = 0. Define ¢y =

[co, o, Cay ... 024, €5 = [c1,¢3,C5,. .., Coqr1]. The matrix equation Me = 0 can be

60



rewritten as Mch + MQCB = 0, where

1 1 1 - 1 1 1 1 e 1

1 w2 ot w2 w w3 W w2d+1
Ml = |1 (wz)z (w4)2 (w2d)2 7]\22 = | w2 (ws)z (w5)2 (w2d+1)2

1 (wQ)d ((,u4)d . (de)d W (w3)d (w5)d . (w2d+1)d

Thus, we obtain that ¢4 = —M; *Myeg. Also, it is easily seen that My = diag(1,w, . .. ,w?* 1) M;.
Since M is a discrete Fourier matrix, the entries of its inverse Ml_ ! can be computed
as

1 o
(M;Y);; = T 1w_(’_1)(7_1), i,j=1,...,d+1.

Let Y = Mf "M, direct computation also gives

2 1
Yij:d—i—l'l—w%_%“?
4 2 1

Y =1 T t,j=1...,d+ 1.

We formulate the quadratic forms (1) - (3) in terms of matrices and prove them

as follows:

(1)

2d+1
CjCk Ay A Cxg
> =|Ccy Cp
wI + wk
4,k=0 - Ay Ag Cp
lj—kl|#£d+1

/ / / /
= c A11ca + cgAsca + c Araep + cgAxncy

= C,B [Y/AHY — A21Y — Y,Alg + AQQ] Cp
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where matrices Aqq, Ai2, Ao; and Ay are different depending on whether d is even

or odd. When d is even, then

1
(All)ij = w2(@=1) 4 (,2(-1)’
1
(s = s,
0 if |2 —2j — 1] =d+ 1,
(A12)ij =
m; 0. W.
(A21)i; = (A12)ji
When d is odd, then
.
0 if |i — j| = (d+1)/2,
(A11)i =
\m, 0.W.
(
" if [i — j] = (d+1)/2,
<A22)ij = <
\m, 0.W.
1
(Ars)ij =

W2=1) 4 251’

(A21)ij = (A12) i

From Proposition 4 and Proposition 5 below, we have that

Y’AHY + A22 — A21Y — Y’AIQ =0

2d+1

CiCp
and therefore E el - = 0.
: w) +w
J,k=0
k|41

(2) The proof of (2) is similar to the proof of (1).

2d+1
. CiCL A —Ap CA
itk 7 N PN
(~1) e
k=0 J k —Ag Ay Cp
|7 —k|#d+1

/ / / /
=c Aj1ca — cgAgicy — €y A1scp + cpAxpcp

:CIB [Y’AHY + Agly + Y/Alg + AQQ] Cp
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By Proposition 4 and Proposition 5 below,

Y/AHY + A21Y + Y/Alg + A22 =0.

Hence,
2d+1 e
Z (—1)7 L — .
5.k=0 Wy Wi
li—kl#d+1
(3) Using Proposition 6, we have
2d+1
. J —J Ca
ot [o 4
k=0 -J J Ccgp

=cyJea — cgdes — cyJep + cgJep
=cg Y JY +JY +Y'J+ Jcp

=4cgJes.

When d is even,

. 0 G |c
2d+2) 3 (—1ee = (2d+2) [C/A C/B} 4
|j—k|=d+1 G 0] |cB

= (2d + 2)(czG'ca + 4Gep)

= (2d+2)cy [G'Y +Y'Glep

where matrix G is defined as

Matrix multiplication of Y’ and G yields,
2 1 2 1

! _ . — .
(Y'G)iy = d+1 1— w22+l 41 14 w22

and

2 1
d+1 1+ w22’

(G'Y)ij =
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For any ¢ and j, (Y'G);; and (G'Y);; are conjugate of each other and their real
parts are both ﬁ. Thus, (2d +2)(G'Y +Y'G) = 4.

When d is odd,

. H 0 c

2d+2) Y ((1ga=(d+2)[¢, o] ’

lj—k|=d+1 0 H| |ep
= (2d + 2)(cyHecy + czHep)

= (2d+2)cy [Y'HY + Hcp

where H is defined as

1, ifli—jl = 3(d+1),
Hij - 2
0, ow
By simple computation
2 1 2 1
( )i d+1 1—w?2-m d+1 14 w22+l
2 1 2 1
(HY ™) =

Td+ 1 1—w2m2 g1 1+ w2l
Since (Y'H);; and (HY ~1);; are conjugate of each other and their real parts are

both -5, (Y'H)ij + (HY ');; = 725 Thus, (2d + 2)(Y'H + HY ') = 4J and
by Proposition 6, (2d +2)(Y'HY + H) = (2d+ 2)(Y'H + HY "1)Y =4JY = 4J.

Combining the case of even and odd, we have proved that

2d+1
Z (=1)7**cie, — (2d + 2) Z (=1)7**¢jep, = 0.
J:k=0 |lj—k|=d+1

Proposition 4 A Y + YA, =0.

Proof. Since the matrices Ay; and Apo are different depending on d even or odd, we

divide our proof into two cases. When d is even, the ij-th entry of Ay Y +Y'Aqy is

dt1 dt1
> : Tt L e :
£ W21+ 2(k—1) " 1 — 2i—2k+1 < Ww2i—1 4 2(k—1) " 1 — 2j—2k+1
|2j—2k+1[£d+1 |2i—2k-+1[d+1
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Multiplying each summand by w?~! 4+ w?* 1 and decomposing each of them by partial

fraction, we obtain

d+1

(W1 4 %1 Z 1 1

- w21 2(k=1) 1 _ (y2i—2k+1

|25 —2k+1|#d+1

B % w2k71(w2i + w2j)

(w2k—1 + w2j)(w2k—1 _ w2i)

k=1,
25— 2k+1|£d+1

d+1 , _
W2k 2k
;1: 21 _ 2 g2k 1 1 2
|25 —2k-+1]#£d+1

d+1 1 1
- Z 1 — w2i—2k+1 ] 4 y2i—2k+1

k=1,
|2j —2k+1|#£d+1

and

d+1

. . 1 1
2i—1 25—1
(w +w¥) Z W21 4 20=1) ] _ j2j—2k+1

k=1,
|2i—2k+1|£d+1

B dii w2k—1(w2i + w2j)

(w2k—1 _ w2j)(w2k—1 + w2i)

k=1,
26— 2k+1|£d+1

d+1 _ _
w2k 1 ka 1
k::l ka’—l _ w?j ka‘—l + in
|2i—2k-+1[£d+1

B d+1 1 1
- Z 1 — 2i—2k+1 1 + w2i—2k+1

k=1,
|2i—2k+1|#£d+1

|27 —2k+1| # d+1is equivalent to k # j—d/2 and k # j+d/2+1. Since 1 < k < d+1,
then for 1 < j < md/2, k # j—d/2,and for d/2+ 1< j<d+ 1, k#j+d/2+1.
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Thus,

d+1 d+1
1 1
Z 1 _ w?i—Qk—l—l + Z 1 _ w2j—2k+1
k=1, k=1,
|2j—2k+1[£d+1 |2i—2k+1|d+1
d+1
-3 1 Lii<j<aszy Lajat1<j<dryy Lii<ica/ay La/241<i<dr1y
pet 1 _ w2i72k+1 1 _ w2i*2j+d+1 1 _ w2i72j7m71 1 _ w2j*2i+d+1 1 _ w2jf2ifmfl
d+1
2y 1 Lngicayy  Nappnigicaryy  lpcicayey Lg/eeicicary
— 1— wzi—2k+1 1 + w2i—2j 1 + w2i—2j 1 + w2j—2i 1 + w?j—2i

Noting the fact that

1 1
R (1 T wk> =3 for any integer k,

and w?~% is conjugate of w*~%. By symmetry, we have
d+1 d+1
1 1
l; [ ookt ’; 1 — w2—2k+1
|2j—2k+1|£d+1 |2i—2k-+1[£d+1
d+1
_22 1 Clpgicay Lpsnigi<ary lpcicaey Hapricicdaey
= L] — @ ] Y 1+ w22 1+ w22 1+ w22
=d+1-2 L_ d
— S =d
Similarly,
d+1 d+1
1 1 1 1
S _d-4d--—d
kzz; 1 _l_w2172k+1 + kz:; 1 _‘_w2372k+1 2 + 2
|2i—2k+1|£d+1 |2j—2k-+1|#d+1
Thus,
d+1 ] 1 d+1 ] ]
]; w21 f 2(k=1) T _ 2i—2k+1 T ]; w21 ¢ 20=1) ] _ )2j—2k+1
|2j— 2kt 1[£d+1 12— 2kt 1[£d+1
B ] d+1 ] ]
Tl g 2l 1; 1 — w2i2kil | 4 22kt

|2j—2k-+1[£d+1

d+1 1 1
+ kz_l: (1 T T R w2i—2k+1) = 0.

26— 2k+1|£d+1
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When d is odd, the ij-th entry of Ay Y + Y'Aj, is

d+1 d+1
1 1

1 1
Z W21 4 20=1) ] Z j2—2k+1 + Z W2=1) £ 21 ] — y2i—2k+1”
k=1 k=1

By symmetry,

d+1 1 1 d+1 1 1
Z (1 — w?i—2k+1 * 1- wzj—%“) - Z (1 + 2i—2k+1 T 1+ w2j—2k+1> =d+1.
=1

k=1 k

Then
d+1 1 1 d+1 1 1
Z W21 4 20=1) ] Z )2-2k+1 + Z W2(k=1) 21 ] — 2i—2k+1
k=1 k=1

1 d+1 1 1 d+1 1 1
:—wgrl + w21 (Z (1 — W2kt ] + w2i2k+l) + Z (1 — %2+l ] + W22k

= =

_|_

(ST

B 1 1 1
T2l 21 1 — y2i—2k+1 + 1 — 2i—2k+1 |

=0.

k=1 k=1

Proposition 5 Y/A;; + A»nY 1 =0.

Proof. When d is even, the ij-th entry of Y/A;; + AY s

d+1 d+1
1 1

1 1
; R " ; W21 21— (221

By symmetry,

d+1 1 1 d+1 1 1
Z (1 _ w2i—2k+1 + 1 _ ij—Qk—l) = Z (1 +w2i_2k + 1 + w2j—2k> - d—|— 1

k=1 k=1

Then
d+1 d+1

1 1 1 1
; W20-1) - 2(k—1) ] _ j2i—2k+1 T ; W21 k1 ] — y2—2k—1

1 d+1 1 1 d+1 1 1
:w%—l + 26-1) (Z <1 _ w22kl 1+ w2j—2k) + Z (1 — W2—2k-1 1 + w2i—2k

k=1 k=1

1 d+1 1 1 d+1 1 1
:w%*l + w2G-1) (Z (1 — W2i—2k+1 + 1 w2j2k1) B Z (1 4 22k + 1+ w22k

k=1 k=1

=0.
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)

k=1
d+1 1 1
1 +w2i—2k+1 + 1 +w2j—2k+1

)

)
)



When d is odd, the ij-th entry of Y/A;; + Ay»Y s

d+1 a1
1 1 1 ]
kzl ey v R kzl e
k= lA(d+1)/2 k2

By symmetry,

d+1 d+1
1 1 B 1 1
Z 1 — (2i—2k+1 - 1 — w2i—2k—1 ) Z 1 4+ w2i—2k + 14 w22k ]~

k=1, k=1,
|k—jl#(d+1)/2 li—k|#£(d+1)/2
Then,

d+1 d+1

1 1 1 1
]; w2(k=1) 4 (y2(5-1) . 1 — 2i—2k+1 + ]; BT L . T
|k—jl#(d+1)/2 li—k|#(d+1)/2

d+1

1 1 1
:w%—l + w22 Z (1 22kl 1+w2j—2k)>

k=1,
[k—j|#(d+1)/2

d+1 1 )
T Z <1 —k2%k-1 ] +w2i2k> =0.

k=1,
[i—k|A(d+1)/2

ThU.S, Y/All + A22Y—1 = 0.
Proposition 6

YI=JY'J=J

Proof.
d+1 d+1
2 1 2 1
( )J d + 1 ];:1: 1— w2k—21+1 d + 1 ’;:1: 1 — w2k—1
and
d+1 d+1
2 1 2 1
Y'J)i; = g . = E = 1.
( ) J d + 1 p— 1 _ w2z—2k+1 d + 1 P 1 _ w2k—1
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4.4 Expectation of the Limiting Distribution

Theorem 29 Suppose that X (t) is a mean zero Gaussian process, with its KL expan-

ston given by
X(t) =Y vV er(t)é.
k=1

If e2(1) = c, then

E [M] =c/2.
Jo X2(t)dt

Proof. Denote the Laplace transform of J = fol X?2(t)dt by ¢(u). Then for u > 0,

eXp {_u Z /\mgfn}
m=1

= H E [exp {—u)\mf’fn}]

m

¢(u) =F [exp(—uT)] = E

I
—

(14 2uh,,) Y2

=T

3
I

Making use of the following identity

1 (0.0
- = / e "du, a>0,
a 0
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we have

E[ X(1)/2 ]
Jo X2(t)dt

:%E _)(2(1)/00o exp {—u/ol X2(t)dt} du]

:%E (Z \//\_kek(l)fk) /000 exp {—UmZZI )\mfgq} du]

k=1

100
:_/E
2 Jo

- / T3 Vakele 1) - B

k,j=1
1 [ )
k=1

- /0 S ned(1) - [T F [exp {—uhn€}] - F [€ exp {—ure2}] du.
k=1

m#k

<Z \//\k)\j€k<1)€j<1)§k§j> H exp {—u)\mffn}] du

k,j=1

&& [ exp {—uAmgi}] du
m=1

du

£ H exp {—u/\mﬁfn}
m=1

Here &2 has Chi-squared distribution and it’s well-known that its moment generating

function is
E[exp {—t&2}] = (1 +2t)7V/2 (4.6)
Differentiating equation (4.6), we obtain

B [ exp{~t€2}] = (1+20) 2
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It follows that,

X*(1)/2

E >
Jo X2(t)dt

1 oo o0 e 9]

:5/0 > aer (D) - JT @+ 2ur,) ™2 (14 2un) ™ 2du
k=1 m#k

0 m=1 k=1
Nl ~1/2 2 d 1/2
=3 H (14 2uly,) -y (1) - ™ log [(1 4 2uXp)'?] du
0 m=1 k=1

_c e T 12
=5 o(u) T log []I[l(l + 2u\g) ] du

=5 [ ot gt au=5 [ aotw

2 Jo du 2
£ (et o) -

The Tanaka’s conjecture is now a direct corollary of Theorem 29.

Corollary 3 For any positive integer d,

X2(1)/2

pxwe ),
Jo X3 (t)dt

Remark. If we let X(¢) be the Brownian bridge B(t) = W(t) — tW (1), then clearly

B(1) =0, and

| B2 ]
[ B2(t)dt

which can also be verified by its eigenfunction f(¢) = sin(knt) using the above ap-

proach.

71



1]

[10]

[11]

BIBLIOGRAPHY

Milton Abramowitz and Irene A. Stegun. Handbook of Mathematical Functions:
with Formulas, Graphs, and Mathematical Tables. Number 55. Courier Dover
Publications, 1972.

Robert J. Adler. An introduction to continuity, extrema, and related topics for
general Gaussian processes. Lecture Notes-Monograph Series, 1990.

Xiaohui Ai, Wenbo V. Li, and Guoqing Liu. Karhunen-Loeve expansions for the
detrended Brownian motion. Statistics & Probability Letters, 82(7):1235-1241,
2012.

Ted W. Anderson and David A. Darling. Asymptotic theory of certain ” goodness of
fit” criteria based on stochastic processes. The Annals of Mathematical Statistics,
pages 193-212, 1952.

Theodore W. Anderson and Donald A. Darling. A test of goodness of fit. Journal
of the American Statistical Association, 49(268):765-769, 1954.

Robert B. Ash and Melvin F. Gardner. Topics in Stochastic Processes, volume 27.
Academic Press New York, 1975.

Robert H. Cameron and William T. Martin. The Wiener measure of Hilbert
neighborhoods in the space of real continuous functions. J. Math. Phys, 23(4):195—
209, 1944.

Ngai H. Chan and Ching-Zong Wei. Asymptotic inference for nearly nonstationary
AR(1) processes. The Annals of Statistics, pages 1050-1063, 1987.

Richard Courant and David Hilbert. Methods of Mathematical Physics, volume 1.
Wiley, 1937.

Paul Deheuvels. A Karhunen-Loeve expansion for a mean-centered Brownian
bridge. Statistics € Probability Letters, 77(12):1190-1200, 2007.

Paul Deheuvels and Guennadi V. Martynov. A Karhunen-Loeve decomposition of
a Gaussian process generated by independent pairs of exponential random vari-
ables. Journal of Functional Analysis, 255(9):2363-2394, 2008.

72



[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

David A Dickey and Wayne A Fuller. Distribution of the estimators for autoregres-
sive time series with a unit root. Journal of the American Statistical Association,

74(366a):427-431, 1979.

Joseph L. Doob. The Brownian movement and stochastic equations. Annals of
Mathematics, pages 351-369, 1942.

Rick Durrett. Probability: Theory and Examples. Cambridge University Press,
2010.

Robert J. Elliott, John Van Der Hoek, and William P. Malcolm. Pairs trading.
Quantitative Finance, 5(3):271-276, 2005.

David Freedman. On the Bernstein-von Mises theorem with infinite-dimensional
parameters. Annals of Statistics, pages 1119-1140, 1999.

Frank Gao and Shi Jin. Exact L? small balls estimate of Slepian process. In
preparation.

Fuchang Gao, Jan Hannig, T-Y Lee, and Fred Torcaso. Exact L? small balls of
Gaussian processes. Journal of Theoretical Probability, 17(2):503-520, 2004.

Fuchang Gao, Jan Hannig, Tzong-Yow Lee, and Fred Torcaso. Laplace transforms
via Hadamard factorization. FElectronic Journal of Probability, 8:1-20, 2003.

Fuchang Gao, Jan Hannig, and Fred Torcaso. Comparison theorems for small
deviations of random series. Electronic Journal of Probability, 8(21):1-17, 2003.

Fuchang Gao, Jan Hannig, and T Torcaso. Integrated Brownian motions and
exact Lo-small balls. Annals of Probability, pages 13201337, 2003.

Fuchang Gao and Wenbo Li. Small ball probabilities for the Slepian Gaussian
fields. Transactions of the American Mathematical Society, 359(3):1339-1350,
2007.

Roger G. Ghanem and Pol D. Spanos. Stochastic Finite Elements: a Spectral
Approach. Springer-Verlag New York, Inc., New York, NY, USA, 1991.

Takeyuki Hida and Masuyuki Hitsuda. Gaussian Processes, volume 120. American
Mathematical Society, 1993.

Jorgen Hoffmann-Jorgensen, Larry A. Shepp, and Richard M. Dudley. On the
lower tail of Gaussian seminorms. The Annals of Probability, pages 319-342, 1979.

Shi Jin and Wenbo V. Li. Expectation of the limiting distribution of the LSE of
a unit root process. To appear in Statistica Sinica.

73



[27]

[32]
[33]

[34]

[38]

[39]

[40]

[41]

Marc Kac and A. J. F. Siegert. An explicit representation of a stationary Gaussian
process. The Annals of Mathematical Statistics, pages 438-442, 1947.

Erich Kamke. Differentialgleichungen. Teubner, Stuttgart, 1977.

Kari Karhunen. Uber lineare Methoden in der Wahrscheinlichkeitsrechnung, vol-
ume 37. Universitat Helsinki, 1947.

Wenbo V. Li. Comparison results for the lower tail of Gaussian seminorms. Journal
of Theoretical Probability, 5(1):1-31, 1992.

Wenbo V Li and Qi-Man Shao. Gaussian processes: inequalities, small ball prob-
abilities and applications. Stochastic Processes: Theory and Methods, 19:533-597,
2001.

Michel Loeve. Fonctions Aléatoires du Second Ordre. 1965.

Peter Morters and Yuval Peres. Brownian motion, volume 30. Cambridge Univer-
sity Press, 2010.

Jean-Renaud Pycke. Multivariate extensions of the Anderson—Darling process.
Statistics & Probability Letters, 63(4):387-399, 2003.

Frigyes Riesz and Béla Sz.-Nagy. Functional Analysis. Frederick Ungar, New York,
1955.

Steven E Shreve. Stochastic Calculus for Finance II: Continuous-time Models,
volume 11. Springer, 2004.

G. N. Sytaya. On some asymptotic representations of the Gaussian measure in a
Hilbert space. Theory of Stochastic Processes, 2(94):104, 1974.

Katsuto Tanaka. Time Series Analysis: Nonstationary and Noninvertible Distri-
bution Theory, volume 16. Wiley New York, 1996.

Katsuto Tanaka. The nonstationary fractional unit root. FEconometric Theory,
15(04):549-582, 1999.

Katsuto Tanaka. Distributions of quadratic functionals of the fractional Brownian
motion based on a martingale approximation. 2011.

Oldrich Vasicek. An equilibrium characterization of the term structure. Journal
of Financial Economics, 5(2):177-188, 1977.

George N. Watson. A Treatise on the Theory of Bessel Functions. Cambridge
University Press, 1995.

John S White. The limiting distribution of the serial correlation coefficient in the
explosive case. The Annals of Mathematical Statistics, pages 1188-1197, 1958.

74



	Table of Contents
	List of Figures
	Abstract
	1 Introduction
	1.1 Gaussian Processes
	1.2 Karhunen-Loève Expansion
	1.3 Summary

	2 Karhunen-Loève Expansion of Gaussian Processes
	2.1 General Theory
	2.2 Examples
	2.2.1 Brownian Motion
	2.2.2 Demeaned Brownian Motion
	2.2.3 Brownian Bridge
	2.2.4 Integrated Brownian Motion
	2.2.5 Integrated Brownian Bridge
	2.2.6 Ornstein-Uhlenbeck Process
	2.2.7 Anderson-Darling process
	2.2.8 Mean-centered Brownian Bridge
	2.2.9 Detrended Brownian Motion and Bridge
	2.2.10 Slepian Process
	2.2.10.1 Case a1
	2.2.10.2 Case 1/2a <1
	2.2.10.3 Case 0<a<1/2



	3 Small Ball Probability of Gaussian Processes
	3.1 Introduction
	3.2 General Theory
	3.3 Examples
	3.3.1 Brownian Motion
	3.3.2 Brownian Bridge
	3.3.3 Transformed Brownian Bridge
	3.3.4 Integrated Brownian Motion
	3.3.5 Integrated Brownian Bridge
	3.3.6 Ornstein-Uhlenbeck Process
	3.3.7 Slepian Process
	3.3.7.1 Case a1
	3.3.7.2 Case 1/2 a <1 



	4 Application of Karhunen-Loève Expansion in Time Series Models
	4.1 Convergence of Discrete Processes
	4.2 Tanaka's Conjecture
	4.3 Application of Karhunen-Loève Expansion of Integrated Brownian Motion
	4.4 Expectation of the Limiting Distribution

	Bibliography

