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s other than those of analytical chemistry. For 

ay well apply to the andyt%is of certain 

vivo. However, they were 

c cal analysis in a 





for counter-current distribution), ZIE [lI 

enera1 geometry is used, 

Assumption 2: id.1 the chemical. reactions amongst 

are either infinitely ast or i.nf-LnLte1y slow, 

se!$-cmtive to the migratory proceiseso That is, the chemical 

reaction8 to whbch the ai are subject, fa11 into two dbs- 
tinct classes: 

Ttaoss whose reaction rates are so large 
(relative to the migratory rates) that 
they may be considered to attain equili- 
brium instantaneously. It will also be 
assumed that these reactions obey the 
action law. These reactions will be 

d "fastP' reaCtiOw19, 

whose reaction ratass are so small, 
relative $0 the migratory rates, that 
theis effects may be ncegleeted. 

tisn 2, unlike assumption eial to the 

thoda of thts paper will not irectly apply. 

Assmpt%on 3: The Paws mder which the ~~~~~~~ 

ratory effects take place cam be expressed Bn terns sf: 



sult cpf the totality of mi retory effects, (In the 
~ ~ t ~ ~ ~ t ~ ~ ~ ~  the qumtlty analogous to my S is written as At9 as 

Then , 

because 5 is a rate,) 

the assumption is, that for appropriate fuanc- 

Note that, the dependence of si m x w d  t is due both 

explfcitly to the dependence of si on x and t and impli- 

citly to the dependence of lsi on the c,(x,t), 

I believe that this assumption is general enough to 

race almost amy situation of interest. (Of course, 

if ~~s~~~~~ 1, is modified, than a correspondin 

fieation of assmptim 3 will be mecessa me @a;tciaP 
fact about assumption 3 is that it does not ;allow Si(xlt) 

to depend on tune derivatives of the ci's). F*r ex-Ple, 

if the migration is due to a combinatrtan of diffusion and 

* 



sider a reaction to wtzlcb the Ai are subject, 

dimensional vector, soeiate with "this reaction a11 

P = (ris e #rM) such that the reactLon may be written : 

(those unfaanilias with vsetor malysts should re- 

gard a veetor ass simply an ordered sequence of numbers), 

at is, if A does not occur in the reaction, let i 
pi = 0, if A% appears on the left side of the reastian 

equation, let ri be the coefficient of 

on the right 'hand slde of the reaction equation, then 

let rf be the negat%ve of the coefficient of Ai" Hate, 

that given the vector asslociated with .a reaction we can 

, if Ai appears 

dibatelgr f o m  tbe equation ovesning that reaction 

Note also, that ff 8 VectOrP r: assodated with a re- 

action, then the vector =r is associated 

action obtained by reversing the left an 

sides Of (2), 

Z will call a vector, r; A reaction vec~og BE it is 

associated with a ''fast'' reaction 

Note that, for y reaction veetor, r, we have the 
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il n 

is the mass balance constant of the reaction 

r is associated, 

be the set of all reaction vectors, 

Theorem I: 

d ~ ~ e ~ s i o n a ~  vectors (that is if r and r* are 

R 3.8 a linear subspace QE the set of d.3. n 

W, then 80 is P + r*; and if r is a member of R then so 
A 

br, Eor any scalar b), 

Proof: 

r with the fast reaction ps0 Then, the reaction whose 

Let r be associated with the fast reaction p and 
%% 

equation is obtained by adding the equations for p and p* 

will be a fast reaction and will be associated with r + 

r .Be Similarly the reaction obtained by rnultiplging both 

e reaction equation for P by b will. be a fast 

concentration of each of the Ai may be cmSidePed spatially 

constant within dVo 

(not necessarily in equil2.brium ratios) of the 

suddenky placed in dV dund that all the fast reactfons 

Suppose that concentrations cl, 0 0 ,C~I 

hstantmeously occur producing equtilibriurn concentrations 



ot or seagar product is zero), 

* . 

i 
: For m y  re&%ctiarp vector, P, letn,,i denote the 

~~~~~ 

cL due to the fast reaction associated with t, 

ave : 

(5) el ria where er is a measure of the extent 

- 
: Lea: f be a vector which is perpendicular to 

every reaction vector, Thens the following partial 



&~@.ne that at t h e  t the concentrations waithixrdV 

are at equilibrium, and that during the! interval between 

t; and t + a t  migrations are allowed to occur but that mo 

_- e h d c a l  reactions occur until t + at, when equklfbasi 

is instantaneously reattained. 

of 

The number of molecules 

in dV at t b e  t + dt just before instantaneous 

occur is then: 
asi( x 9 t 1 

dx clt dX c,(x,t) a ( x A  d.x - 
and the concentrations cc are: 

ter the reactian takes place, the concentration 

oring higher order terms) 

Mow apply Theorem 3 to the neib multiply (6) of 



~t~~~~~ to the mass balance equation, (3) 9 which 

B for every reaction vector, rs note that we can writs 

er of equations of this fom, since 

re an infinite number oE possible reaction vectorso 

(For example, if r is a reaction vector then, by Theorem 

H, so 9s br, for all scalars, b). b e v e r ,  it turns out 

thae all of these equations are not fndependent, 

'P&eorm 4: 

In fact: 

Eet rs and r* be reaction vectom, them the 

mass balance equation for the reaction aserociated w%th 

r + r* 1s obtained by nnzltfplying comespondfag aides of 

%he mass balance equations for the reactions associated 

with r and r 0 

* 

Lla particular: 
k * = k, kr* (18) r + $: 

Furthenmore the mass balance equation for the reaction 

associated th br 5s obtainable: by taking the b'th 

er of botb sides of tbe mas13 balance equation of the 

reaction associated with ro 

ZE4 particular : 



linear sub-spcmss is 

dent vectors in the space), Then by Theor 4, there 

exactly dim R independent mass balance equations relating 

the concentrations c,(x,t) 0 

e t ~ ~ i B l u E n  number of linear indepen- 

are dn infinite n er of partfal differential equations 

sf the form, (61, relating the cI(x,t), since there are 

infinite number of vectors perpendicular to every 

itsB d I I  reflect itself as a linear relation amongst the 

  pat ions of the form (6) induced by those f's, 

denote the set of a11 V ~ C ~ Q T S ,  E, which are perpendicular 

Let B, 

to every reaction vector. We bow from vector analysis 

that Za is also QI linear subspace, Let dim R be the 

dhensiort of RL, There are thu R L  independent 

partial differential equations of the form, (6), 
- 

It io 

from vector analysis that: 

(12) dim R 

e thus have 

relations anzongst 



the ci(xst) 's: we only know that we can eliminate s m e  

f ~ ,  = 2 and the mass balance equations are: (omitting 

for convenience the argments X,t) 

Them the mass balance equations can not be used to e1fd.n- 

ate cp. and e2 (that is to solve for c1 and e2 in terms of 

c3 and e& a;hough they can be used to eliminate m y  

other pair of the e'so 

It can also be shown that the question of whfch 

I c m  assu~ne (if: necessary by rearranging the srd 

That is, 



Problem l: Gatven the functions Q(x,t) armdl (see equa- 

equations gfven more complex boundary values, This is, 

%roblena 3: Given Q(x,t) and certain infornebion about the 
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la, 

t strai 

iqkaes are available Eor hall 3 

xposftion, only problem I will be consid 



but, the exposition Bs simplified if Bt is assumed that 

the indicated differentiation is actually carried out) 

and eliminate: 

the system (Z4) beconaes: 
D 



ax ax 

and for a fixed t me e, C' and CY' can Be computed by 0' 

numerically determining all the elements in the system, 

(16) 8 except the 

of linear algebraic equations in the unknown 

a C i ( x , q  
But (16) is now a system 

at aqx,t0) 
az; 

fch can be nuaxelaically solved by s?xndkird methods, 
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roeess, even in t 

~ i ~ ~ ~ ~ ~ ~ ~ s ~  is such that it could only be undertaken by 

B of a ~~~~% speed digital computer, 

e process that has been described is also som 

one which wfll actually be 

exposition has been designed only ts indicate the basie 
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