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I. Int_roductiqm

The quality of natural waters can be markedly influenced by
the growth and distribution of phytoplankton., Utilizing radiant energy,
these microscopic plants assimilate inorganic chemicals and convert them
to cell material which, in turm, is consumed by the varicus animal species
in the next fropic level. The phytoplankton, therefore, are the base of
the food chain in naturzl waters and their existence is essential to all
aquatic iife. '

The quality of a body of water can be adversely affected
if the population of phytoplankton becomes so large as to interfere with
either water use or the higher forms of aquatic life, In particular, high
gsoncentration of algal biomess cause large diurnal variations in dissolved
oxygen which can be fatal to fish 1life. Also the growths can be nuisances
in themselves especlally when they decay and either settle to the bottom
or accurmulate in windrows on the shoreline. Phytoplankton can cause taste
and odor problems in water supplies and in addition, eentribute to filter
clogging in the water treatment plant.

The development of large polulations of phytoplankton and, in
some cases, larger aquatic plants can be accelerated by the addition of
nuirients which result from man's activities or natural processes., The
resulting fertilization provides more than ample :tnorganic.nu‘brients with
the result:i.ng‘developmnt of excessive phytoplankten. This sequence of

events is commonly referred to as eutrophication.



Generally, the management of water systems subjected to accel-
erated éutrﬂphication hegause of waste discharges haé been largely su5~
jective, Extensivg programs of nutrient removal have been called for
with little or no guantitative predictions of the effects of such treat-
nent programs. A quantitative methodelogy is reguired to sstimate the
effect of proposed treatment programs that are plaﬁned to restore water
| quality, or to predict the effects of expected future nutrient discharges.
This methodology should include a model of the phytoplankton population
which approximates the behavior of the phytoplankton in the water body of
interest and, therefore, can be used to test the effects of the various
control procedures available. In this way, rational planning and water
guality management can be instituted with at least some degree of confid-
ence that the planned results will actuslly be achieved.

This paper presents a phytoplankton population model in natural
waters., This model is constructed on the basis of the principle of con-
servation of mass. This is an elementary physical law which is satisfied
by midcroscopic natural systems, The use of this principle is dictated
primarily by the lack of any more specific physical laws which oan be
appliéd to these biological systems. An alternate conservation law, that
of consevation of energy, can alsc be used. However, the details of how
mass ls transferred from species to species is better understood than the
corresponding energy transformations. The mass interactions relate among
other factors to the kinetices of the populations and it is to this that

the majority of the paper is devoted to exploring.
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 ‘Conservation of mass has been successfully applied to the model-

ing of the dissclved oxygen distribution in natural waters as well as

the distribution or salinity and other dissolved substances. The result-

ing models have proved useful in gixiding engineering and managemenf. decilsions
soncernedwith the efficient utilization of thé water resources and the‘ .
protection of their quality. It is fél'b that the phytoplankton model
presented herein can serve a similar purpose by providing a vasis for
predicting the effects of nutrient control programs on the eutrophication

of natural waters.

Thus, the primary purpose of this paper is to intreduce -a
guantitative model of phytoplankton population dvnamics in natural waters.
It is within'this problem context that the simplifications, assumptioms,
and generally the structure of the model is formulated. An attempt is
made to make the egquations representative of the biologi‘cai meéhmisms
while still retaining a sufficient simplicity so that the result is

tractable and use:.l.



II. Review of Previocus Models

The initial attempts to model the dynamics of a phytoplankton
population have been based on a version of the law of conservation
of mass in which the hydrodynamic transport of mass is assumed to be
insignificant. Let P(t) be the concentration of phytoplankton mass
at time t in z suitably chosen region of water. The principle of

congervation of mass can be expressed as & differentizl egquation

dP

& " 9

where S is the net source or sink of phytoplankton mass within the
regien., If hydrodynamic¢ transport is not included then the rate at
which P increases or decreases depends only on the internal sources

and sinks of phytoplankton in the region of interest.

The form of the internal sources and sinks of phytoplankton is

dictated by the mechanisms which are asgumed fo govern the growbh

and death of phytoplankton. Fleming (1939)(bh)postulated that spring

diatom flowering in the English Chamnel is described by the equation:

&%
]

fa~(b+ect)] P

where P iz the phyteplankten concentration, a is & constant growth
rate_gnd (b + ct) 4s a death rate due to the graziag of zooplankton.
The zooplankton population which 1s increasing due to its grazing
results in an increasing death rats which is approximated by the

linear increase of the death rate as a function of time.



5

A less empirical model has been proposed by Riley(m‘) {1946)

based on the eguation:
%’- = [Pb-R=-G] F

where P, is the photosymthetic growth rate, R is the endogeno .
respiration rate of the phytoplankton and G is the death rate due to
zooplankton grazing. A major improvement in Riley's equation is the
attempt to relate the growbth rate, the respiration rate, and the
grazing to more Zundamental environmental variables such as incident
solar radiation, temperature, extinction ceefficiert, and observed
nutrient and zooplankton concentration. As a consequence the
coefficients of the equations are time variable since the envirommental
parameters vary throughout the year. This precliades an analytical
solution to the equation sand numerical integration methods must be used.
Three separate applications (4O, 41, L7) of these equations to the
near-shore ocean environment have been made and the resuliing agreement

with observed data is quite encouraging.

A complex set of equations, proposed by Riley, Stommel and
qums(hé) (1949) first introduced the spatial variation of the phyto-
plankton with respect to depth intc the conservation of mass equation.
In sddition, a conservation of mass equation for a nutrient (phosphate)
WS also introduced, as well as simplified equations for the herbivorous
and carnivorous zooplaniton concentrations. The phytoplankton and
mitrient equations were applied to twenty volume elements which extended
from the surface to well below the euphotic zone., In order to simplify

the calculations a temporal sheady-state was assumed to exist in each



volume element., Thus the equations apply to th.se periods of the year
during which the dependent variables are not changing significantly in
time, Such conditions usually prevail during the summer months, The

results of these calculations were compared to observed data and again

the results were encouraging.

SteeleCsS) (1956) found that the steady-state assumption did not
apply to the seasonal variation of the phytoplankton population.,
Instead he used two volume segments to represent the upper and lower
water levels and kept the time derivatives in the equations. Thus both
temporal and spatial variations were considered. In addition, the
differential eguations for phytoplankton and zooplankton concentration
were coupled so that the interactions of the populations could be
studied, as well as the nmuirienmt-phytoplankton dependence, The co~
efficients of the equations were not functiors of time however so that
the effects of time varying solar radiation intensity and temperature
were not included. The equatlions were numerically integrated and the
results compared to the cbserved distribution, Steele applied similar

equations to the vertical distribution of chlorophyll in the Gulf of
Mexico.(sé)

The models proposed by Riley et. al, and Steele are basically
similar. Each consider the primary dependemt variablcé to be the
pkytoplankton, Zooplankton and matrient concentration. A ¢onservation
of mass equation is writien for each species and the spatial variation
is incorporated by considering finite volume elemernts which interact
due to vertical eddy diffusion and downward advective transport of the
phytoplankton. Their equations differ in some details (for example,



the growbth coefficients that were used and the assumptions of steady
state) but the principle is the same., In addition, these equations
Wwere applied by the authors to actual marine situations and their
solutions compared to observed data., This is a crucial part of any
investigation discussion wherein the assumptions that are made and

the approximations that are used are difficult to Jjustify a priori.

The models of both Riley and Steele have been reviewed in
greater detail by Riley (L) in a discussion of their applicability
and possible future development., The difficulties encountered in
formulating simple theoretical models of phytoplankton-zooplankton

population models were discussed by Steele(57).

Other models have been proposed whivh follow the ocutlines of
the equations discussed above. Equations with parameters that vary as
a function of temperature, sunlight, and nutrient concentration have
been presented by Davidson and Clymer(lz) and simulated by Gole(s). A
set of equations which model the population of phytoplankton, sooplank-
ton and & species of fish in a large lake have besn presented by
Parker(38). The application of the techniques of phytoplankton model-
ing to the problem of eutrophication in rivers and estuaries has been
proposed by Chen and Orlob(7). The interrelations between the nitrogen
cycle and the phytoplankton population in the Potomac Estuary has been
investigated using a feed-forward - feed-back model of the dependent
variable, which interact linearly following first order kinetics(ée).

The formilations and equations presented in the subsequent

sections are modifications and extensions of previously presented



e,.xtions which incorporate some additional physiological information
on the behavior of phytoplankten and zooplankion populations. In
contrast tc the majority of the applications of phytoplankton models
which have been made previously, the eguations presented ;n the subse-
quent. sections are applied to a relaltively sghallow reach of the
Sacramento River and the estuary further downstream. The motivation
for this application is an investigation of the possibility of excessive
phytoplankton growths as environmental coaditions and nutrient loadings
are changed in this area., Thus the primary thrust of thig investigation
is to produce an engineering tool which can be used in the solution of
engineering problems to protect the water quality of the region of

interest.



III, Phytoplankton System Intc:actions

The major obstacle to a rigorous quantibative theory of phyto-
plankton population dynamics is the enormous complexity of the biological
and physical phenomena which influence the population. It is necessary,
therefore, to idealize and simplify the conceptual model sc that the
result is a manageable set of dependent systems or variables and their
interelations. The model considered in the following sections iz formu-
lated on the basis of three primary dependent systems: the phytoplankton
population, whose behavior is obJject of concern; the herbivorous zoo-
plankton population, which are the predators of the phytoplankton, that
is, they utilize the available phytoplankton as a food supply; and the
nutrient system, which represents the nutrients, primarily inorganic
substances, that are required by the phytoplankton during growth. These
three systems are affected not only by their interactions, but also by
external environmental variables. The three principal variables consider-
ed in this analysis are temperature, which influences all biological and
chemical reactions, dispersion and advective flow which are the primary
* mass transport mechanisms in a natural body of water, and solar radiation,

+the energy source for the photosynthetic growth of the phytoplankton.,

In addition to these external variables, the effect of man's
activities on the systems is felt predominately in the nutrient system
for which gources of the necessary nutrients may be the resalt of, for
example, inputs of wastewaler from manicipal and indastrial discharges
or agricultural runoff. The man-made waste loads are in most cases the
primary control variables which are available to affect changes in the
phytoplankton and zooplankton systems. A schematic representation of

these systems and their interelations is presented in fig. 1.
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In addition to the concep . val model which isolates the major inter-
acting systems, a further ideanlizastion is required which sets the lower
and uoper limits of the temporal and spatial scales being considered.
Within the context of the problem of eutrophication and its control, the
seasonal distribution of the phytoplankton is of major importance so that
the lower limit of the hemporal scale is on the order of days. The
spatial scale is set by the hydrodynamics of the water body being con~
sidered. For example, in a tidal estuary the spatial scale is on the
order of miles ﬁhereas in a small Jake it is likely a good deal smaller,
The upper limits for the temporal and spatial extent of the model are
dictated primarily by practical considerations such as the length of
time for which adequate information is available and the size of the

computer being used for the calculations,

These simplifying assumptions are made primarily on the basis of
an intuitive assessment of the important features of the systems being
congidered and the experience gained by previous attempts to address
these and related problems in natural bodies of water. The basic
principle to be applied to this conceptual model, which can then be

translated into mathematical terms, is that of conservation of mass.



IV, Conserv.tion of Mass

The principle of conservation of mass is the basis upon which the
mathematical development is struecitured., Albernate formulations, such
as those based on the conservation of energy, have been proposed, However,
congervation of mass has proved a useful starting point for many models of

the natural environment.

The principle of conservation of mass simply states that the mass of
the substance being considered within an arbitrarily selected volume must
be accounted for by either mass transport into and out of the volume or as
mass produced or removed within the volume. The transport of mass in a
natural water system is due primarily to two phenomena: dispersion, which
is caused by tidal action, density differences, turbulent diffusion, wind
action, etcy and advection due to a unidirectional flow, for example the
fresh water flow in a river or estusry, or the prevailing currents in a
bay or a near shore environment. The distinction between the two phenomen:
is that, over the time scale of interest, dispersive mass transport mixed
ad jacent volumes of water so that a portion of the water in adjacent
volume elements is interchanged and the mass transport is proportional to
the difference in concenirationz of mass im a&jacent volumss, Advective
transport, however, is transport in the direction of the advective flow
only. In addition to the mass transport phenomena, mass in the volume can
increase due to sources within the volume, These sources represent the

rate of addition or removal of mass per unit time per unit volume by

chemical and biclogical processes.

A mathematical expression of conservation of mass which includes the

terms to describe the mass transport phenomena and the source term is a2
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partial differenbtial equation of tha following form:

3?'— - : - . 3]
£ =V - EVP -V :QP+s§, (1)

where P (x, y, 2z, t) 1s the concentration of the substance of interest,
e,g. phytoplankion biomass, as a function of position and time; E is the
diagonal mabrix of dispersion coefficients; Q is the advsctive flow rate
vector; Sp is the vector whose terms are the rate of mass addition by the
sources and sin g and ¥V is the gradient operator. This partial differ-
ential eguation is too general to be solved analytically and numerieal

techniques are used in its solation.

An effective approximation to eq. (1) is cbiained by segmenting the
water body of interest into n volume elements of volume Vj; and raspresent-
ing the derivatives in eq. {1) by differences. Let Vbathen x n
disgonal matrix of volumes Vj; &, the n x n matrix of dispersive and
advective transport terms: Sp, the n vector of source terms Spj, averaged
over the volume Vj; and P, the n vector of concentrations Pj, which are
the concentrations in the volumes; Then the finite difference equaticns

can be expressed as a vector differentisl equation:
VP = 4P + VS, (2)

where the dot denotes a time derivative, The details of the application
of this version of the dispersion advection equation to natural bodies of

(61) (35)

Wwater has been presented by Thomann and reviswed by Ot'Connor et al:

The main imterest in this report is centered on the source ternms
S?j for the particular application of these equations to the phytoplankion

population in natural water bodies. It is convenient to express the
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source term of phyteoplankton, Spj, as a difference between the growth
rate, Gpj, of phytoplankton and their death rate Dps, in the volume Vj.

That is:
Spy = (Gpy - Dps ) By (3)

where Gpj and Dpj have units jday “1}, The subgceript P identifies the
quantities as referring to phytoplankitom; the subscript j refers to the
volume element being considered. The balance between the magnitude of
the growth rate and death rate determineg the rate at which phytoplankton
mess is created or destroyed in the volumo elemsnd Vj. Thus the form of
the growth and death rates as functions of environmental parameters and
depsndent variables is an important element in a successful phytoplanktonm

population model.
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¥. Phytoplankbon Growih Rate

The ¢rowth rate of a population of phytoplankton in a natural
envircnment is a complicated function of the species of phytoplankton
present and their differing reactions to solar radiation, temperature
and the balance between nubrient availabiliiy and phytoplankion re-
cuirements. The complex and often conflicting data pertinent to this
problem has been recently reviewed by Hutchinson (19&?)(255, Strickland
(1965)$5?) ) Lund (1965)(28) and Rayment (1963)(39), The available
information is not sufficiently detaiied to specify the growbh kinetiecs
for individual phytoplankton species in natural environments. Hence,
in order to accomplish the task of constructing a growth rate funchbion a
simplified approach is followed, The problem of different gpecics and
bheir assoclated nubtrient and envirommental requirements is not addressed.
Instead the population is characterized as a whole by a measursment of
the biomass of phyltoplankton present. Typical quantities used are the
chlorophyll concentration of the popuisiion; the number of crpanisms per
unit volume; or the dry weight of the phytoplankion per unit volame (65).
With a cholce of biomass units established, the growth rate expresses
the rate of production of bicmass as a function of the important environ-
mental variables. The environmental variables to be considered below
gre light, temperature and the varisus nutrients which have been shown

to be necessary for phyboplankbon growth.

Light and Temperature

Consider a population of phytoplankion, either a natural association
or a single species culiture, and assume that the eoptimom or saturating
light intensity for maximom growth rate of biomass is present and illumi-

nates all the cells, and further that all the necessary nutrients are
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present in sufficient quantity so thal no nulrient is in short supply.
For this condition the growth rate that is cbserved is called the maximum
or saturated growth rate, X'. Measurements of K! (base e) as a fumction
of temperature are shown in fig. 2 and listed in Table I. The experi-
mental conditions under which these data were collected appear to meet the
requirements of optimum light intensity and sufficient nutrient supply.
The data presented are selected from larger groups of reported valueg and
they represent the maximum of theses reported growth rates. The presump-
tion is that thése large values reflect the maximum possible growbth rates
achisvable. From sn ecologleal point of visw it is anecessary to consider
the species most able bto compebe, and, in terms of growth rate, it is the
species with the largest growth rate which will predominate. A straight
line fit to this data appears to be a crude bubt reasonable spproximation

of the data relating saturated growth rats X' to temperature, T:
Kt =Ky T (I

whers Xy has values in the range 0.10 ¥ 0.025 day -1 06“1. This coef-
ficient indicstes an approximate doubling of the saturated growbth rate

for a temperature change from 109C to 20%C in accordance with the generally
reported temperature dependence of blological growth rates, The opbimum
temperature for algal growth appears te be in the range between 20° and
259 although thermophilic strains are known to exist(19), at higher
temperatures thers is usually a suppression of the saturated growbh rate
and the streipkt line approximation is no longer valid. It should also

be noted that the scatier in the data in fig, 2 is sufficiently large so
that the linear dependence on temperature and also the magnitude of K' can

vary considerably in particolar situations.



In the natural environment Lhe light intensity o which the phyto-
plankton ars exposed is not uniformly at the cptimum value but it varies
as a function of depth due to the nabural turbidity present and as a
Tanction of time over the day. Thus the yhytapiankton in the lower layers
are exposed to intensities below the optimum and those at the surface may
be exposed to intensities above the optimum so that their growth rate
would be inhibited, Figure 392259 prom Ryther(hg) are plots of the photo=~
synthesis rate normalized by the photosynthesis rate at the oplimum or
saturating lighﬁ intensity versus the light intensity, I, incident on the

populations., Figure 3a is a plot of function

-1 L (
(I T exp [ = Tg + 11 {5)
for Iy = 2000 fb. - candles, proposed by Steeleis?} to describe the light

dependence of the growbth rate of phytoplankton.

The similarity betwesn this fancticn and dstz from Ryther is
sufficient to warrant the use of this expression to express the influence
of non-opbimum light intensity on the growth rate, of phytoplankbon.
Other workers have suggested different forms for this relationship(go){éh).
These variations approximately follow the shape of eq. (5) for low light
intensities but differ for the region of high light intensities, ususlly
by not dgcreaaing after some optimum intensity is reached., In particular,
Tamiya et. al.(éo} have investigated the growbh rate of Chlorella
ellipsoidea to various light and temperature regimes., The saturated
growth rates as a function of temperature are included in fig. 2. The

&

influence of varying light intensity fits the funchbion:

I
F(I) = r=%7% (6)
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where K' is the saturated growth rate and o is a constant (o = 045 day‘l
kilolux™l). However since K' is a function of temperature the saturating
light intensity for eqg. (6) is also a function of temperature. Similar

(53)

data obtained by Sorokin et al, uging a high temperature strain of

Chlorella pyrenoidesa suppert the temperature dependence of the saturating

iight intensity for chlorella. Therefore in using eq. (5) a temperature

dependent light saturation intensity may be warranted,

At this point in the analysis the effect of the natural environment
on the light available to the phytoplanktcn must be included. Eq. (5)
expresaes the reduction in the growth rate due ¢ non-optimum light
intensgity. This expression can therefore be used to calculate the reduce
tion in growth rate to be expected at any intensity. However, this is
too detailed a description for conservabion of mass equations which deal
with homogeneous volume elements, Vj} and the growth rate within these
glements. What is required is averages of the growth rate over the volume

elemants,

In order to calculate the light intensity which is present in the
volume Vj, the light penetration at the depth of water where Vj is located
must be evaluated. The rate at which light is atienuated with respect to
depth is given by the extinction coefficient k,. That is, at a depth z,
the intensity at that depth, I{2), is related to the surface intensity, I,
by the formula:

I(z) = T4 exp (<k,2) (7

where z = 0 is the water surface and is positive downward. Thus the

reduction of the saturated growth rate at any depth z due to the ncn-
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optimum light intensity present 1s given by eq. (7}, substituted into
eq. (5):

- ea "'k ez
Ine - Iee
P I(z) }= exXp [ e + 1] (8)
Is Is

To apply this equation to the finite volume elements, within which it is
agsumed thab ;he phytoplankton concentration is aniform, it is necessary to
average this reduction factor throughout the depth of the volume element Vj
let Hoj and Hij be the depths of the surface and bottom respectively of
the volume element Vj. For example if the volume element Vj extends from

the water surface to the botbtom of the body of water, them H s = O and

o]

Hys is the water depth at the locaibion of ¥V For the sake of simplicity,

J 3’

it is assumed that this is the case. If ﬂg%ﬁ a straightforward general-

ization of the following average is reguired,

In addition to an average over depth, it is slsc expedisnt to average
the phytoplankton growth rate over z time interval., Since the time scale
within which this analysis is addressed is the woek-to-week change in the
population over a year, a daily average is appropriate. For gimplicity,
it is assumed that the incident solar radiatior as a function of time over
& day is given by the funmction:

It} = I < t <« £

(9)
= 0 I <% < 1

whers f is the daylight fractiom of the day (i.e. the photo period) and Ij

is the average incident solar radiation imtensity during the photo period.
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be the reduction in growth rate due to nonoptimum light

wonditions in volume V3, averaged over depth and time. Then r. is given

J

X,

Ie _Iye
2 exp [ o + 1} dt dz  (10)
I, I

where T = 1 day, the time averaging interval, and Hy; = Hj = the depth of

segment Vj and kej is the extinction coefficient in Vj. The result is

where

ek

I "'Clij "'O,'oj (ll)
r, = , e -e
v Kl
aij = EE & “kejgj
IES
(12)
Ia
%3 " Tg

The integral given by eq. (10) is a form of anm integral used by

Steeman Nielson (1952), Talling (1957), Ryther and Yrmtsch (1957),

Vollenweider (1958)(6h}, and, in particular, Steele (57), for the purpose

relating an instantanecus rate {e.g. growth, photosynthesis, etc.) to an

average day rate and an average depth rate,

The reduction factor Ty is a function of the extinction cosfficient

kej of the volume Vj. However the extinction coefficisnt is a function of

the phytoplankton concentration present if their concentration is large,
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Thus an important feedback mechanism exists which can have 8 marked sffect
on the growth rate of phytoplankton. As the concentration of phytoplankton
in a volume element incresases, the extinction coefficient, particularly at
the green wavelengths, starts to incresase., This mechanism is called self-
shading., The mogt stralghtforward approach to including this effect into
the growth rate expression is to specify the extinction coefficient as a

fumciion of the phytoplankbon concentration:

Keg = Kloy + B(PY) (13)

where k‘ej

includes the phytoplankton's contributioa. The function h(PJ} has been

is the exbinction coefficient due to cther causes and kej

investigated by Riley (L3} whe foumd that it can be approximated by:
h(P;) = 0.0088 P; + 0.05h 932/3 (1h)

where Py has the units 1&/1 chlorophyll, concentration and h has units n=1,
(51)

A more recent investigation shows that Lhis relationship applies to

coastal waters of 0regon>for a range in chloropiyll, concentration of from

0 to 5.0 mg Chly/m,

A theoretical basis for this relationship is the Beer-Lambert law
which expresses the extinction coefficient in terms of the concentration
of light absorbing material. For dense algal cultures, this law has been
experimentally verified(37}. A gimilar relationship based on this law has

been proposed by Chep et . al.{") from the data of Azad and Borchardt(3);
h(P3) = 0.17 Py (15)

for h in m~} and P4, the phytoplankton concentration is mg/l of dry
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weight. This expressiom gives value comparable to eg. (1L) for a

reasonable conversion factor for the units invelved,

To summarize the analysis Lo this poimd, the saturated growth rate
XK' hag besen esbimated from available date and lis temperature dependence
established, The reducticn to be expected from non-optimum light
intensities has been quantified and used to calculate the reduction in
growth rate, rj, te be expected im each Velumekelament Vj as a function
of the extinction coefficient and the depth of the segmemt. The mechanism
of self-ghading has bgen included by specifying the chlerophyll dependence
of the exbtinction coefficient. It remsins to evaluete the effect of

nutrients on the growth rate.

Rutrients

The effects of various nmubrient concentrations on the growth of
phytoplankton has been invesbtigsied and the results are quite complex.
As a first approximation to the effact of mutrient concembration on the
growth rate it is assumed that the phytoplankten populatica in question
follow Monod growth kineties with respect to the important nutrients.
That is, at an adegquate level of substrate concentration, the growth rate
proceeds at the saturated rate for the temperatere and light conditions
preszent., However at low substrate cencentrgtion the growth rate becomes
linearly proporticnal to substrate concentration. Thus for a mtrient
with concentration N, in the Jtb segment the factor by which the saturated
growbth rate is in the jth segmert reduced is: Hj/(Km + Kj)e The constant,
Ky, which is called the Michaells or half saturation constant, is the
nutrient concentration at which the growth rate is half the saturated

growth rate. There exists an increasing body of experimental evidence to
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support the use of this functicnal form for the dependence ¢f the growth

(1é}§ nitrate, or ammania(l?)

rate on the concentration of either phosphate
if omly one of these mubrients is in short supply. An example of this
behavior, using the data from Ka@ch&mizé), is shown in fig. (La)} for the
nitrate uﬁt&ke‘rate as a function of nitrate concentration and in fig., (Lb)
for the phosphate uptake as a function of phosphate concentration. These
resulits are frem‘ﬁatch experiments. Similar results from chemostat
experiments, which seem to be more suitable but more lengthy for this type
of analysis, have also been obtained. Teble II is a listing of measured
and estimated Michaelis constants for ammonia, nitrate, phosphate. The
estimates are obtained by taking ome third the reported saturation concen-
tration of the nutrients, These measurements and estimates indicate that
the Michaelis constant for phosphorous is approximately 10 ¥g-P/L and for
inorganic nitrogen forms in the range from 1.0 to 100, ug-N/1 depending on

the species and its previous history.

The data on the effects of the concentration of other inorganic
nutrients on the growth rate iz less complebe. Since algae use carbon
dioxide as their carbon source during photosynthesis this is clearly &
mutrient which can reduce the growth rate at low conaentrations(ES).

Reported sataration concentration for Chlorella is < 0.1% atmcspheres(gh).

The silicate concentration is a factor in the growth rate of diatom.
for which it is an essential requirement., The saturated growth rate con-

cenﬁrétion;is“in the range of 50, ~ lﬁﬁﬁpg'siflggg).

There are a large number of trace inorganic elements which have
been implicated in the growth processes of alpgae among which are iron for

which a Michaelis constant of 5ug/1l for reactive iron has been reporteé(la
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manganese, calclum, magnesium and.patassi&m(gg)a However the gignifi~
cance of these elements in the growth of phytoplanktos in matural waters
ig sbill unclear. Trace organic nubtrients have also been shown to be
necessary for most species of algas: 832 of the strains studied require
vitamin Bys, 53% require thiamine and 10% require biotin(ls}. Presomably

these mitrients are availavle in sufficient guantitiss on natural waters

ao that thelr concentration does not asppreciably affect the growth rate.

In the preceeding disue¢ssion of mutrient influences on the growth
rate it is tacitly assumed that only one nubrient is in short supply and
all the other nutrients are plentiful. This is sometimes the case in a
natural body of wster. However it is also possible that more than one
mutrient is in shert supply. The most straightforward approach to
formulating the growth rate reduction due to a shortage of more than one
nutrient is to multiply the saturated growth rate by the reduction
factor for each nutrient. As an example, the data from Ketchumﬁgé), for
‘ thé rate of phosphate absorbtion as a function of both phosphate and
nitrate concentration, can be satisfactorily fit with 3 product of two
Michaelis Menton expressions. The resulting fit, obtained by a multiple
non-linear regression analysis, is shown in fig. (5). The Michaelis
constants that result are 28.ls ugNOy - ¥/ and 30.3 ug POy, - P/ , with
g saturated absorption rate of 15.1 x 1@‘3p§f Poh ~ P/cell-hr. This
approximation to the growbh rate behavior as a function of more than one
rutrient must be regarded as only a first approximation, however, since
the complex interactions hotween the nubtrients which have been reported

is neglected.

The result of the above investigation is the following growth rate
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xpression: For the case of one limiting nubtrient, N, with Michaelis

h

:onstant X,, the growth expression for the rate in the jt segment is: .

[ 2.78 ¢ T o1y T N3
Gy = K le BT (e e }Hw“m ,Nj} (16)

in which egs. (L) and (11) have been combined. This is the functional
*orm that is used subsequently in the applications of these equations to

ratural phytopianktcn pepulations,
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VIi. Comparison to Other Growth Rate Expressions

The most extensive investigation of the relationship bebtween the
growth rate of natural phytoplankion populaticns and the significant
environmental variables, within the contexti of phytoplankton models, is
that of Riley et. al. (19&9)(u6). The expression which results fronm

thelr work is:

Gp

| 6573.8
LVK'IO“G P

= 22,88k + log v - log I - =S (17)

log

b d

where Gp is the growth rate (day-1), K' = 7,6, I, = average daily
incinent solar radiation (ly/min.}, T' = temperature in °K, and‘ap is

the nutrient reduction factor for phosphate concentration, Np, defined as:

v, = L0 Np > 0.55 mg-at./m
(18)

vy o= (0.55)"1N,  Np < 0.55 mgeat./a’

In order to compare this expression with that in the previous
section, let the nutrient reduction factor be replaced by a Michaelis-

Menton expression,

I | (15)

where Kmp is the Michaelis constant for phosphate. To be comparable to

equation (16), Ky, should equal approximutely 0.20 mg-at/m3 (6.2 ng-P/m3}.

Using eq. (19) for Vps the growbh rete expression becomes:

i o % N
Gp = K'I, . __n{®) P
F °  alF o | - - }
L. i i i H
é K, j o L+ RP% (20)
L i T](T)"‘IO: 3
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where

n(r) » 20 [22:2 () =236k . (21)

T+ 273

and T is temperature in degrees -~viigrade. To compare this expression
with that proposed in the previous section, consider first the nutriemt
saturated growth rate as a functiem of solar radiztion intensity and
temperature. The equations are compared in Fig. (6a) as a function of
total daily soiar radiation, for three temperatures. The dotted line is
eq. (20) and the solid line is the product of egs. (i) and (5). The rate
expressions are comparable, although two differences are‘apparent: in
Riley!'s expression the effect of temperature is less pronocunced in the
15°G to 259C range and effect of higher daily average solar radiation
intensities is opposite (i. e. terds to increase the rate) to that of

eq. ( 5) based on Steele's expression. The growth rate equations averaged
over depth, are compared in fig. {(6b). The depth average rate resulting

froof Riley's expression is:

GP-%&Q In [1+I/n(D)] (22)

ﬁhich is compared to eq. (16). The differences are now more pronounced.
In particular the higher growth rates at lower light intensities given by
eq. (16) is reflected im the increased depth average growth rate. This
is not unexpected gince the majority of the population is exposed to lower
light levels at the lower depths. Alsc the dependence on temperature is
quite different, being linear in the case of eq. (16) but practically

suppressed in eq. (22).
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An interesting feature of Riley's eq. {20) is the multiplicatiom
of the Michaelis comstant by an expression which depends on temperature
and light intensity. The effect is to lower the Michaelis constant at
high temperatures and at high light intensity levels which seems to be a

reascnable behavior for a phytoplankiton population.

More elememtary growth rate formulations have been proposed which
do not span the range of conditions attempted im eqs. (16) and (20). In
particular a copmonr proposal is to make the growth rate linearly pro-
portional to the various environmental variables. For example, Davidson
and Clymer (1966)(12) assumed that the growth rate is propertional to
incident solar radistion, temperature ard nutrient concentration below a
limiting value. Also, Parker (1968)(38) assumed that the growth rate is
proportional to phosphate concentration and photo period and a temperature
factor given by exp ( - (T - 18.)%/18.). This temperature factor is quite
different from all others proposed and greatly magnifiesthe effect of
temperature on the growth rate. For example at T = 18°C the factor equals
1.0, whereas at T = 9°C the factor drops to 0.01, & one-hundred fold
decrease, compared to approximately a two-fold decrease predicted by egs.

{16) and (20). This exaggerated effect seems te be uarealistic.

A complete investigation of the envirommental influences on the
growth rate is still to be made. In particular it has been emphasized
that there is an interaction between nitrogen and phosphorous limitations
as well as other effects which influence the phytoplankion growth rate.
Also, these effects are different for diffsring species. The species
dependent effects are important in the problem of the seasonal succession

of phytoplankton species,
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For any particular application, it is advisable to investigate the
growth rate of the already existing population as the resuliing expression
may differ significantly from the general overall behavior as described by
egs. (16) amé (20). Also in dealing with natursl asscciations of species
of phytoplankten ths various consbanbs which result from such an investi-
gation can be considersd to be averages ¢ver the population and so they

represent in some average wey the populationm behavior as s whole.
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VII. Phytoplankton Death Rate

Numerous mechanisms have been proposed which contribﬁte to the
death rate of phytoplankton: sendogenous respiration rate, grazing by
herbivorous gecoplaskton, a sinking rate, and parasitization(lg). The
first three mechanisms have been included in previous models for phyto-

plankton dynamics and they have been shown to be of general imporiance.

Endogenous Hespiration

The endogenous respiration rate of phytoplankton is the rate at
which the phytoplankton oxidize their erganic carbon to carbon dloxide
per unit weight of phytoplankhon organic carben. Respiration is the
reverse of the photogynthesis process and as such contributes to the
death rate of the phytoplankton population. If the respiration rate of
the population as a whole is greater than the photosynthesis or growth
rate, there is a net loss of phytoplankton carbon and the population
biomass is being reduced in gize. The respiration rate as a function of
temperature has been investigated and sore measurements are presented in
fig. (7).and Table III. A straight line seems 1o give an adequate fit
of the data; that is, Respiration Rate = K;T. For the respiration rate
in days~l and T in °C, the value of K, is in the range .005 % .00L. The
lack of any more precise data precludes>exploring the respivation rates
dependence on other envirommental variables. However an important inter

action has been suggested by Lund(zs), During nutrient depleted condi-
tions, "many algae pass inte morphological or physiological resting
stages under such anfavorable conditicns. Resting stages are absent in

Asterionella formosa and this iz why a mass death occurs in the nutrient
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depleted epilimmion after the vernal maximum." In terms of the respiration
rate, the resting stage corresponds to a lowering of the respiration rate

as the nutrient concentratlons decrease. Thus a Michaelis-Menton expression
for the respiration rate nutrient dependence may also be requirsd and this
dependence should be investigated experimentally. This mechanism is quite
significant from a water quality point of view since the deaths of algae
after a bloom ig of primary concern in protecting the quality of natural
bodles of water. The resuliing mass of dead algal cells become 2 sink of
dissolved oxygen which can dangercusly lower the available oxygen for fish

and other aguatic animals.

Grazing by Zooplankion

The interaction betueen the phytoplankton popalation and the next
trophic level, the herbivorcus zooplankton is a complex prozess for which
only a first approximation can be given. A basic mechanism by which zoo-
plankers feed is by filtering the surrounding water and clearing it of
whatever phytoplankton and debritus is present. 7Thus the presence of
zooplankton contribute to the death rate of phytoplankton since many
species of zooplankton prey on phytoplankton as a food source. The filter-
ing or grazing rate of some species of zcoplankton have been measured and
are presented in Table IV. The grazing rate is sometimes reported as a
volume of water filtersd per unit time per individeal. In corder to be
appligable to a natural zooplankton population consisting of differing
species, these grazing rates are converted bo a filtering rate per unit
biomass of zooplankton and denoted by Cg. 4 convenient biomass unit for
zooplankton concentration is their dry weight. As can be seen from

Table IV the resuiting values of Cp vary considerably. This variation
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is not unexpscted since the measurement of grazing rates of zooplankiers

is a difficult procedure and subject to large variabions in the estimabes.

Variations of the filtering rate due to temperabture change have been
reported(Z), Examples of this variation is presented in fig. (8) for four
species of genus Daphnia, a small crusﬁaceaig}; two species of Acartiaj
and two species of (Centropages, both copepods. The copepods show a marked
grazing rate temperature dependesnce while the grazing rates of the Daphnia
do not vary as markedly. The filtering rate also varies as a function of
the size of the phytoplan’ ion cell being ingested(Bz), the concentration
of phytoplankton(3l) and the amonnt of particulate matter present(6}.
Selective grazing of certain @hytnplanktan species, “as also been repori-
ed(S). The complexity o this aspect of photoplanctou mortality is such
that.the use of one grazing ccefficient to represent Lhe process must be
viewed as a fir.t approximation. However, since this mathematical exe-
pression does represent a physiclogical mechanism that has been investigated
and for which reported values of Cg are avalilable, this gpproximation is a
realistic first step. Also, it is difficult to see, éside from refinements
as to temperature and phytoplankion concentration dependence, what further
improvementsz could be made in the formulation so long as the phytoplankiton
and zooplanktom population are represented by a biomass measurement which
ignores the species present and their individual characteristics. For
gimplicity in this investigation, the graszing rate isassumed to be a
constant. The death rate of phyboplankiton due to the grazing by zooplankton
is given by the expression ngjs whareg Zj is the concewtration of herbivo-

rous zooplankton biomass in the jth volume element,
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For models of the phytoplankton populations in coastal cceanic
waters and in lakes the sinking rate of phytoplankton cells is an
important contribution to the mortality of the population. The cells
have a net downward velocity and they eventually sink oub of the
euphotic zong to the bottom of the waber body. This mechanism has been
investigated and included in phytoplankiton population madels{hé>(7).
However for the application of these equations to a relatively shgllcw
vertically well mixed river or estuary, the degree of vertical turbulence
is sufficient to eliminate the effect of sinking on the vertical distribu-

tion of phytopliankton.

Therefore, considering only the phytoplankton ruspiration and the
predation by zonplankton the death rate of zooplankton is given by the

equation:

Dpy = KT + G2, (23)

and for a zooplankbon biomsss concentration Zj the mortalibty rate can be

saleulated from this equation.

This completes the specification of the growth and death rates of
the phytoplankton population in terms of the physical variables: light
aud temperature; the nutrient concentrabtions; and the zooplankton present.
With these variables known as a function of time it is possible to calcuiate
theuphytoplankton population resuluving throughout the year. However the
zooplankbon population and the mitrient concentrations are not knewﬁ a
priori since they depend on the phytoplankton population which develops.
That is, these systems are interdependent and cannct be analyzed ssparately.

It is therefore necessary to characterize both the zooplankton populationm
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and the nutrients in mathematical terms in order to predict the phyto-

plankton population which would develop in a given set of circumsbances.
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VIII. The Zooplankton System

As indicated inm the previous section, the zooplanktomn population
exerts a considerable influence on the phytoplankion death rate due to
its feeding on the phytoplankton. In some instances it has been suggested
that this grazing is the primary factor in the reduction of the concentra-
tion of phytoplankton after the spring blocm. In the earlier attempts to
model thao phytoplankton system, the measured concentration of zooplankton
biomass was used to evaloate the phytoplankion death rate dus to grazing.
However, it is clear that the same arguments used to develop the equation
for the conservation of phytoplankton biomass can be applied dirsctly to
the zooplankbon syst&m; In particular the source of zooplankton bilomass
SZJ within a velume element Vj can be given as the difference betwesn &
zooplaniton growth rats Gy, and a zooplankton death race DZj' Thus the
equation for the source of zcoplankton biomass, which is analogous to

equation (3), is:

SZj = (sz - DZ"}} Zj (2}4)

where Gy and Dy, have units day-1 and Zj is the conce:tration of zoo-
plankton carbon in the volume element Vj. The magnitude of the growth
rate in comparison te the death rate determines whether the nect rate of

zooplankton biomass production in V. is positive, indicating net growin

3
rate, or negative, indicating a net death rate.

As in the case of the phytoplankton population, the growth and death
rates, and in fact the whole life cycle of ‘ndividual zcoplsmicbers, are
complicated affairs with many individual pr-aliarities. The surveys by

Hutchinson(23) and Raymoat(39} gives detaile! accounts of their complex
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biology. It is, howewer, beyond the scope of this paper to summarize all
the differences and species dependent attributes of the mary Zooplanikton
apecieg. The point of view adopbed is mecroscoplc with the population
characterized inm unite of bivmass. The resuliing growbh and deabh rates
can be thought of as averages over the many species present. These
sgimplifications are made in the inberests of providing & model which is
simple encugh %o be mansgeable, zmd yel representative of the sverall

behavior of .as populations.

Growth Rate
The greszing mechanism of the gooplankion provides the bagis for the
growth rate of the herbivorous zooplankbon, nge For a filtering rabte

Gg the guantity of phyboplankton bilomass ingested in C,P; where Pj is the

g
phytoplankton biomess concembration in ¥js To convert this rats %o a
zooplankton growth rate, a paramster which relates the phytoplankton bio-
mass ingested to zooplankbton biomass produced, that is, a ubilization
efficiency, &,p, is required. However, this utilization efficiency or
yield coefficient is not a constant. The reason is that &t high phyto=-
plankton concentrations, the zooplankton do not metabolize all the phyto-
planicton that they graze, bubt rather they excrete a portion of the plyto-
plankton in undigested or sewmi-digested fﬁfm{al}. Thos the utilization
efficiency is a function of the phytoplankton comcentration. A convenient
choice for this functional relatiowvship is aypK o/(Kep + Pj) so thai the

growth rate for the zooplankion population is:

P
s 2 5 . S, ]
25 = fzplefar (i) (25)

The resulting growbh rate has the same form as that postulated for the
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nubtrient - phytoplankton relationship, namsly a Michaelis-Menton expression
with regpect to phytoplankion biomass, In fact the argument which is used
to justify its use in equation (16) can be repeated in this context. The
difference is that in this case the substrate or nutrient is phytoplankton
biomass, and the microbes are the zocplankton. The Michaelis constant Kap
is the phytoplankton biomass concentration at which the growth rate sz is
one~-half the maximum possible growth rate aZPCgKmP- The fact that at high
phytoplankton concentrabions the zooplankbon growbth rate saturates was
incorporated by Riley (l?h?)(hl} in the first model proposed for a zoo-

plankton population.

The assimilation efficiency of the zooplankton at low phytoplankton
concentrations, agp, which is the ratio of phytoplankton organic carbon
utilized to zooplankto: organic carbon produced has been estimated by

(11)

Conover for a mixed zooplankton population. The results of 26 experi-
ments gave an average of 63% and a standard deviation of 20%. Other
reported values are within this range. Experimental values for K,p, which
in effect set the maximum growth rate of zvoplankton, are not available
and would probably be highly species dependent. Perhaps a more effective
way of estimabting Kypp is te first estimate the maximum growth rate at
saturating phytoplankton concentrations, agpCeKnp, and then caleunlate Kyp.
Growth rates for ccpepods through their life cycle average 0.18 day-1 (33).
For. the Gecrges Bank population, Riley used 0.08 day -1 (1) for the
maximum zooplankton growth rate. For a value of the grazing coefficient
Cg of 0.5 1/mg-dry wt.-day and an assimilation ccoefficient of 65% +%:
Michaelis constant for zooplankton assimilation, K p ranges between 0.25

and 0.55 mg-dry wt./1 of phytoplankton bicmzss., However these values
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should only be taken as an indication of the order of magnitude of Kupe
It is probable that its value can vary substantially in different

situations.

The fact that the growth rate reaches a maximum or saturates is an
impo. ant feature of the formulation of Lthe wmooplankbon growth rate since
in seame cases the phytoplankion concentration during part of the year
exceeds that which the zooplankton can effectively metabolize. If the
zooplankton growth rate is not limited in some way and, instead, is
assumed simply to be proportional to the phytoplankton concentration, as
proposed in simpler models, the resulting zocplankbon growth rate during
phytoplankton blooms can be very much larger than is physiologically
possible for zooplankton, an unrealistic result., The saturating growth
rate also has implications in the mathematical properties of the resulting
equations. In particular the behavior differs significantly from the
classical Volterra Preditor-Prey aquatign&cz?}, This is discussed further

in a2 subsequent section,

The growth of the zooplankton population as a whole, of whish the
herbiverous zooplankton are a part, is complicated by the fact shat some
zooplanikters are carnivorous or omnivercus. Thus the matriext for the
total population should include not only phytoplankton but also organic
detritus as a food source since this is also available 4o the grasing
zooplankton, However for cases where the phytoplankion are abundant and
the growth rate saturates for the significant grovug periods, the simpli-

fication introduced by ignering the detritus is probably scceptable.

Death Hate

The dexth rate of herbivorcus zoopls kton is thiught to be due
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primarily to the same mechanisms that cause the death of the phytoplankten,
semely, endogenscus respiration and predation by higher trophic levels.
The endogensous respiration rabe of zooplankton populations has been
measurad and the resulis of some of these experiments are presented in

fig., {9} and Table V.

I% iz clear from these measurements that the respiration rate of
zooplankters is temperabure depesrdent. It is also dependent on the weight
of the zooplankter in question and its 1life cycle stagegg}. As & first
approximabion, a straignt line dependence is adequate and the endogeneous
respiration rate is given by the eguation: respiration rate = KBT where
Ky = 0.2 ¥ 0.1 (day o¢}=*, The conversica from the reported units to a
death rate is made by assuming that 50% of the zooplankton dry weight
represents the carbon welght and that carbohydrate (CHQG) is being oxidized.
The data are somewhat variable and serve only to establish a range of
values within which the respiration rate of a natural zocoplankton associa~

tion might be expected.

The death rabe due to predation by the higher trophic levels,
specifically the carnivorous zooplankion, has been considered by previous
models in a more or less empirical way. The complication resulting from
another squation asnd the uncertainty as to the mechanisms involved sre
quite severe at this trophic level. In particular it is probable that an
equation for organic detritus is necessary to adequately describe the
available food. Hence it is expedient %o break the casual chain at this
point and assume that the herbivorous zooplankton death rate due to all
other causes is given by a consiant, the magnitude of which is to be

determined empirically. The severity of this assumption can be tested by
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examining the sensitivity of the solubtions of the phytoplankton and
zooplankton equations $c the magnitude of this constant. Hence the

resulting zooplankton death rate is given by
DZJ = KqT + Kh (26)
where Kh is empirically determined,

With the growth and death rates given by egs. {(25) and (26) re-
spectively, the source term for herbivorous zooplankton biomass is given
by eq. (24). The conservation of mass egquation which describes the
behavior of Z4 is given by eq. (2) with Z; as the dependent variables

replacing Pj and Szj replacing Spj as the source terms.

This completes the formulatiom of the equations which describe the
zooplankton system. What remains to be formulated is the equations for

the nutrient system.
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IX. The Fubrient System

The conservation of mass principle is applied to the nutrients
being .asidered in the same way as 1t has beem previcusly applied to
the phytoplankton and zooplankton biomass within a volume segment. The
pumt - of mass conservation eguatlions reguired is scual to the number of
mutrients that are sxplicitly included in the growth rate formulation
for the phyboplankiton. For the sake of simpliclity the formulation for

only one nutrient is discussed below,

The source term Sﬂj in the gonservaiion of mass equation for the
concentration of the mutrient Kg in the jPB volume segment Vj is the sum
of all sources and sinks of the nutriemt within V The primary inter-

3
sction between the mutrient system and the phytoplankiton system is the
reduction or sink of notrient due to phytoplanktom growth., The rate of
increase of phytoplankton biomass is 693?3, To convert this assimilation
>rate to the rate of utilization of the nutrient, the ratio of biomass
Froduction to net mutrient assimilated is required. Over & long time
interval, thisrmtio approximates the nutrieamt to biomass ratio of the
phytoplankton population. For example if the nutrient being considered
iz total inorganic nitrogen and the phytoplankbion biomass is character-
ized in terms of dry weight, then this ratic iz the nitrogen to dry
weight ratic of the pepulation., For both nitrogen and phosphorus.these
ratics have been studied for a number of phytoplankton species and
natural asscclations, An example of this information is presented:in
Table VI, condensed from Strickl&ﬁé{5§}, If ayp is the nutrient to phyto-
plankton biomass ratic of the population, then the sink of the nutrient

due to phytoplankton growbh is aﬁgﬁ?éyga
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A secondary imteraction between the biclogical systems and the
rutrient gystems is the cxcretion of nutrlents by the zooplankton and the
releage of nutrients in an organic form by the death of phytoplankton and
zooplankbtorn. The excretion mechanism has been considered by Riley(hS) in
a generalization of the equations of Steele. The rates of phosphorus
exeretion has also been measured experimentalxy(30). Using the formuletion
for zooplankton growth rate proposed in section VIII; the rate of muirient
excrebion is the rate grazed, aHchﬁjzj, minus the rate mstabolized

aNPszZj; thet is, the excrdtion rate is:

1 - %2p Kmp }

apCelsf 5 e 5 (27

At high phytoplanikton concentrations almost all the grazed phytoplankton

is excreted since the bracketed term in eq. (27) approaches unity.

There is & difficuliy, however, in using this term directly as a
source of nutrient. To illustrate this difficulty assume that the nutrient
is inorganic nitrogen. The excreted nitrogen, however, is ih organic form
and a bacterizl decomposition into the inorganic forms must precede the
utilization by the phytoplankton. The same is true for the nutrient
released by the death of phytoplankbon, aHPKQTPj, and that released by the
death of zooplankion, aNZKSTZj’ where ay, is the nutrient to zooplankton
biomass ratio. Therefore, strictly =speaking, & counservation of mass
equation for the organic form of the nutrient is reguired. The organic
form is then converted to the inorganic form. For the case of nitrogen,
the kinetics of this conversion have been investigated and applied to

stream and esbuarine situations(éz). If the ~ouverzion rate is large by
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comparison to the other rates in the phytoplanikton and zooplankton
equat ions, then the direct inclusion of these sources is approximately

correct.

The sources of nutrients due to man-made inputs, such as wastew
water discharges and agricultural runoff, are included explicitly into
the source term since these sources are usually the major control
variables available to influence the biological systems. An extensive
review of the magnibtude and relative importance of these sources of
nutrients, primarily nitrogen and phosphorus, has recently been made(és).
A& useful distinction is made between diffuse sources, such as agri-
cultural runoff loads and groundwater infiltration which are d4ifficult
to measure and control; and point sources such as wastewater discharges
from municipal and indistrial sources for which more information is
available, The nitrogen and phosphorus loads from agriculiurel runoff

are quite variable, and depend on many variables such as soil type,
fertilizer application, rainfall, and irrigation practice. The mutrient
sources from point loads can be estimated more directly. For example,
the nutrient load from biclogically treated municipal wastewater is in
the order of 10 g/capita-day botal nitrogen and 2 g/capita~-day toval
phosphorus. It is interesting to note that the ratio of per capits
phosphorus to physiclogically required phosphorus is approximabely 2 to
3, the excess being primarily due to detergent use. Industrial loads
can also be important, especially effluents from food processing industries.
If therequired loading rates are available their loads should be included
in the mutrient mass balance equations. In particular if the investigation
of the phytoplankton population is directed at the probable effects of
increasing or decreasing the nubtrient load, these loads must be explicitly

identified and their magnitude assessed.



43

Let WN;] be thae rate of addition of the nutrient to the jth volume
element. This source is then includes as a component in the nutrient

source term in the mass balance eguation.

An important additional source of inorganic nutrients which may
influence the availabillity of nutrients is the interaction of the over-
lying water with either the underlying miineralstrata if exposed or what-
ever sediment. is present. These interactions can complicate the source
term but they should be included if they add significantly to the avail-

able nutrient.

The source term which results from the inclusion of the phytoplankton
utilization sink, the zooplankton excretion and the mortality sources, and

the man-made additions, is:

V.

K
{l__&zp mP
3

+ aypK,TP4 + K.T2: (¢
m) 273 T Wwzh3tey
Whatever additional sources and sinks that contribute can be added to the
source term as needed.,  With the source term formulated the conservation

of nutrient mass equation is given by eg. (2) with Nj ag the dependent

variable replacing P 3 and Syj replacing Spj.
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X The Equations of the Model

In the previocus sections the equations for phytoplankton and
zooplankton biomass and mutrient concentration within one volume
element have been formulated., The resulting equations are an attempt
to describe the kinetics of the growth and death of the phytoplankton
and zooplankton populations and their interaction with the nutrients

available, The form of the aquations for the volume Vj are as follows:
4 - “
Py = [Gpy (Py, Ny, t) = Dps (25, £)) Py = Spy (Pj, Z5s Ny 1)  (29)

Q - - .

Zj= ._sz (Pjs t) - DZj (t) | Zj = SZj (Pj: 33, £) (30)
o
Ny = Sy (Pys 245 t) (31)

where Gpj and Dpj are given by equatioms (16) and {23), sz and DZj
are given by eguations (25) and {26) and SNj by equatiom (28). The
dependence of the growbth and death rates on the comcentration of the
three dependent variables and time is made explicit im the above

notation.

These equatiaﬁs degcribe only the kinetiesz of the populations in &
single volume elements Vj. However, in & natural water body there
exists significant mass transport as well., The mass transport mechanisms
can be conveniently represented by the matrix 4 with elements 24 e If
for particular segments i and J the matrix element aij is non-zero, then
the volume segments V; and Vj interact and mass is transported betueen
the two segments. Letiing P, Z, and N be the vectors of elements Pj,

Zy, and Nj; and letting Sp, S;, Sy be the vectors of elements Spj, SZJ:
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and Sst the conservation of mass equations for the three sysiems

including the mass transport and kinetic inmteractions are:

VP = AP + VSp (32)
VZ = AZ + VS (33)
VH = AN + VS (3k)

where V is the diagonal matrix of the volumes of the segments. These
are the equations which form the basis for the phyteplankton population
medel. The detailed formulation and evaluation of the mass transport

matrix has been discussed elsewhere(ﬁl) (s) (36}.

The form of the above equations make explicit the limear and noa-
limear portions of the equatiors., In the equation for P, the phyto-
plankton biomass, the concentration Pj, in the volume element Vj, is
linearily coupled te¢ the other P, 's through the matrix multiplication
by A. However, there is nc nonlinear inberaction between Fj and any
other Pk’ k # j. The reason is that the transport processes are
degcribed by linear equations. It is usually the case, however, that
the A matrix is a functiom of time, since at least the advective terms
usually vary in time. The nonlinear terms in the vector Sp involve Pj
itself and the corresponding Zj and RJ‘ Heace the P equation is
coupled to the Z and N through this term. Note, however, that Pj is
not coupled to the Z, and Ny, k # j, in any other segmenmt, so that the

coupling takes place only withim each volume segment.

Therefore the nenlinearitities provide the coupling between the

phytoplanicton, zooplankiom and nutrient systems. This coupling is
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accomplished within each volume and does not extend beyond the volume
boundary. The coupling among the volumes is accomplished by the limear
ransport interaction represented by the matrix A. This mabtrix may be
time varying but its elements are not functioms of the phytoplanmikton,
zooplankton or natrieat concentrations., Hence im many ways these
equations behave linearly. Im particular their spatial behavior is
unaffected by the nenlimear source terms, However, the temporal
behavier and the relationships between each Py, Zj and N. are distinctly

Jd
nonplinear.
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XI Comparison to Lotkas -« Volterra Egua: _:ns

The classical theory of predator prey inberaction as formulated by
Volterra involves two equations which express the growth rate of the
prey and the predator(27). Within the context of phytoplankton and zoo-
plankton pepulation the prey is the phytoplankion and the predator the
zooplankton., In the notation of the previous sections, for a one volume

system, the Lotka~Volterra equations are:

ar

& = ©p -Dy) P -cP2 (35)
a2 :
S=eDzva, cg PZ (36)

where all the coefficients, Gp, D%, Gg, Bz and a,p 8re assumed to‘be

constants and GP > DI‘D. This is a highly simplified situation since, as
indicated previously, the growth and death rates are functions of time
and, in the case of the phytoplankton growth rate, of the phytoplankton
and mitrient concentrations as well. However for a sitvation with
adequate nutrients and low initial phytoplankton concentration, the non-
linear interactions is small initially, and the time variation of GP can
be small during the summer months. In any case the analysis of this

simplified situation is quite instructive.

Although no analytical solution is available for these simplified
equations, their properiies are well understcadCL3). In particular the
squations have two seis of singular points corresponding to the soclution
of the righthand side of eqs. (35) and (36) equated to zero: the trivial

solutions P* = 0, 2% = 0 and
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Tt
Dy, - Gp-D'p
¥

=T (37)

A perturbatiocn analysis of eqs. (35) and (36) about this singular point
shows that the solutions whose initial conditions are close to P*, Z*,
oscillate sinusoidally about this singular point. Hence no constant
solution is possible. The prey and predator populations continually
oscillate and are ocut of phase with each other. When the predator pre-
dominates the prey is reduced, which in turn causes the predator to die
for lack of food, which allows the prey to proliferate for lack of
predator, which then causes the predator to grow because of the prey
available as a food supply and so on. The interssting feature iz that

these oscillations contimme indefinitely.

The classical Lotka-Vollerra equations assume an isolated popu-
lation with no mass transport into or out of the volume being considered.
To simulate the effect of mass transport inte the volume, assume that an
additional source term of phytoplankiton biomass exists and has constant

magnitude P,. For this situation the equations become:

g% = (Gp = D'p) P~ CuPZ + P (38)
%—Zﬁ = Dzz + aZP Cg PZ (39)

The nontrival singular point for these equations is:

D

Z agpPo (Gp ~ Dtp)

P* = ; Z¥ = + P P (40)
8,p0g D, c,
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4 perturbation analysis about this singular point yields a second order
linear ordinary differential equation whose characteristic equation has

the roots Ay, and A o Where:

= - —
- -2 '
Ay o=~ 22PPlq s /| 2gpPelg:
1,2 "ﬁ"ﬁg"& Y i‘fuﬁﬁ'gj - aypCPy - (Gp=Dp) D, (W1)
./

Since for P, > O these roots have negative real parts, thi» sisgalar
point is & stable focus and the steady state vplues given by eq. (LO)
are approached either by a damped simuscid or an expanentaltl3). Note
that for P, = 0, the classical case; the roots are purely imaginary and

the oscillation persists indefinitely.

This analysis suggests that the effect of transport into the system
stabilizes the behavior of the equaltions and in particular allows the
solutions to achieve s constant solution. This is in marked contrast to

the behavior of the classical Lotka-Volterra equations.

Another modification, which has been introduced into the zooplankton
equations, changes the behavior'of the proposed eguations in contrast to
the Lotka-Volterra equations. It has bsen argued that the zooplankton
growth rate due to grazing must approach its maximum value when the phyto-
plankton population becomes large since the zooplankbers cannot metabolize
the continually increasing food that is available. Thus the growth rate
aZPGgPZ is replaced by 8,pC 2P Kp/(P + K,p) where K o is a Michaelis

constant for the reaction. The eguations then become:

&5

= (Gp - DR)P - CPZ + P (42)
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- a CZP K

42 « .pyz + _zp & P (L3)
ot -1
P+ K

The non-z<.o singular points are:

P* - DEK mp
%250 kgD (bls)
g* . 0 (Gp-D'p)

. (us)
TP G

This solution reduces to the previous situation, eq. {LO), for
large Kmp' This is expected since for Kmp large with respect to P, the
expression Kmp/(P + Kmp) approaches one., However an interesting modi-

fication from classical predator prey behavior occurs if the following

condition is meb:

azpchmP = DZ + g (L6)

where € is a small positive mumber. For this condition, P¥ is large
and positive, What heppens in this case is that the zooplankton popu-
lation, although it contimies to grow exponentially cannot grow quickly
enocugh to terminate the phytoplankton growth by graszing, and the phyto-
plankton continue to grow exponentially unbtil P* is reached. OFf course
in the actual situation, for which Gp is not a constant, other phenomena
guch as mutrient depletion and self-shading exert their effect and the
growth may be stopped sooner. However the poink is that if the growth

rate of zooplankton at a phytoplankion concentration equal to the
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Michaelis constant Kmphis cnly slightly larger than their death rate ﬂz

then the gooplankton aloune do not rapidly berminate the bloom,

This condition is an importani dividing line for the possible
behavior of the phytoplankton-zooplankton equations set forth in the
pravious sections, In particular it indicates what must be true for a
system wherein the zooplankion are s significant feature in the resalting
phytoplankton solution., However if eq. (L6) is satisfied then the zoo-

plankton are not the dominant control of the phytoplankton population.
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XII Application - San Joaguin River

As an example of the application of the eguations proposed herein;
consider the phytoplankion and zcoplankton population observed at
Mossdale Bridge on the San Joaguin River in California during the two
years 1966-1967. Mossdale is locabed approximately LO miles from the
confluence of the San Joaguin and the Sacramento Rivers. The data
pregented below have been supplied to the authors by the Department of

Water Resources, State of Galiformia(14>

s &% part of an ongoing project
to assess the effects of proposed nutrient loads and flow diversions on
the water guality of the San Francisco Bay Delta. A more complete

report of this investigation wiil be forthccmingi36).

In order to simplify the spatial segmentation and the calculations,
a one-volume segment is chosen for the region of the San Joaguin for
which Mossdale is represgsentative. The volume of this segment is, of
‘course, somewhat arbibtrary and a more representative spatial segmen-
tation would remove this uncertainty. However it is instructive %o

congider the behavior of the solution of this simplified model.

The nutrient data available indicates thait phosphate, bicarbonate,
silicate, calcium and magnesinm are available at concentrations well
above the levels for which it has been suggested that these nutrients
iimit growth. Only the ammonia and nitrate concentrations are low and
they both decrease markedly during the 1966 spring bloom. Hence these
nutrients must be considered explicitly. To simplify the computations
the ammonia and nitrate nitrogen are combined and the nutrient considered

is total inorganic nitrogen.
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There is some uncertainty concerning the magnitude and the temporal
variation of the inorganic nitrogen load being discharged to the system
during the time interval of interest. For lack of a better assumption the
inorganic nitrogen load Qﬁ being discharged intc the volume is assumed to
be a constant, the magnitude of which is determined by comparison te the

pbserved inorganic nitrogen concentration data at Mossdale,

The variation of the envirommental variables being considered namely
temperatore, sclar radistion, and advective flow in the San Joaguii during
the two-ysar period of interest and the straight line approximations that
are used directly in the numerical computation are shown in fig. (10).
The influent advective flow which is assumed %o have constant concen-
trations of phytoplankton and zooplankton biomass and inorganic nitrogen,
is routed through the volume. Since Mossdale is located above the saline
portion of the San Joaquin, no sig#ificant dispersive mags transfer is

assumed Lo exist by comparison to the advective mass transfer.

The eguations which represent this one segment model are:

P = (Gp-Dp) P + § (B -P) (47)

5 8

Z = (G =D,)2 + 3 (Z,=1) (48)
W .

N e+ o d (,-W) (49)

where Q = Q@ (i) is the advective flow entering and leaving the volume; V
is the volume of the segment; P,, Z,, and NQ are the phytoplankbon, zZooe

plankton and inorganic nitrogen concentration of the flow entering the
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volume. The remaining terms have been defined previously by eqs. (16),
(23), (25) and {26). In the mutrient eguation only the direct source
of inorganic nitrogen, Wﬁ, has been included; the organic feedback terms
representing excreted nitrogen ete., egq. (28), have been dropped. Since
the magnitude of HN is uncertain and is assigned by comparison of
observed data and computed model output these fesdback terms can be

thought of as being incorporated in the value obtained for Wy.

The soluticn of eqs. (47), (48) and (49) requires numerical tech-
niques. For such nonlinear equations, it is vaually wise to employ 2
simple numerical integration scheme which is easily undersitood and pay
the price of increased computational time for execution rather than using
a complex, efficient, numerical integration scheme where unstable
behavior is a distinct possibility. A variety of simple methods are
available for integrating a set of ordinary first order differential
equations. In particular the methed of Henn(zs) is effective and stable,
It is self-starting and consists of a predictor and a corrector step.

Let y = f(t,y) be the vector differential equation and let h be the
step size. The predictor is £hat of Buler: with Yo the initial condition

vector at t, the predictor value of y at ¢, + h = tq is:

¥i o= v, v bk £(by, ¥,) (50)

The corrector value is simply

That is, the corrector uses the predicter value at b, to estimate the

1
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slope at t’l which is averaged with the slope at t, to provide the slope
of the straight line approximation. A variation of this method is dis-
cussed at some lengih by Hamming(zz) °

Another simple two-step method is that of Bnnge(ze) « The Buler
predictor is used with a half step integration,

”

* h . -
ViV, v 5f a7 (52)

and this value of y is used to estimate the slops at the midpoint of the
interval, which is then used as the slope of the straight line approxi-

mation:
A = ,
Jy % Yo * BRI (b + Z5¥3) (53)

Both of these methowus are second order methods, being accurate to terms
of order Ata‘ in a compari.cn of Taylor series expansions of the exact and
approximate values,; zind both methods require two derivative evaluations

per step. The methou of Rurze bas been used in the calculations presented

below,

The equations themselves ars programmed for sclution using a eontinu-
ous simulation language and a digitlal ( .sputer. The language, in this
case CSMP/1130, is based on a block diagram, analog computer, representation
-of the diffeirzntial equations. The flexibility of these languages which
allow changes in the eguation structure to be made sasgily is an asset in

modeling complex systems,

The biomass variables used in the calculations are total cell counts

for the phyteplankton and rotifer counts for the zooplankton. The rotifer
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populatic.. represented the large majority of the zooplankton present on

a weight Hasis as well. In order to r elate these variables to comparable
units a series of conversion factors have .. a used. The phytoplankton
count ~ chlorophyll concentration ratio was measured. However the carbon -
chlerophyll or dry weight - chiorophyll conversions are unknown, Hence
the conversion Lo an organic carbon basis is made rather arbitrarily.
However the carben to chlorophyll ratioc which results, see TableVI] is
within the range reported in the literature., The same problem exists with
the rotifer counts to rotifer carbon conversion; the value used is given

in Table VII.

The comparison of the model ocutput and the cbserved data for the two
year period for which data is available is shown in fig 11. The parameter

values uged in the equations are listed in Table VII.

It is clear from both the data and the model results Thal a classical
predator prey situation is observed in 1966: the spring bloom of phyto-
plankton due to a favorable temperature and light intensity provides the
food for the zooplankton which then reduce the population during the
summer. The decrease of the zooplankbton and the subsequent slight second-
ary bloom of phytoplankton complete the cycle for the year. It is not
clear, however, from a casual inspection of the data, whether the zoo-
planikton population terminated the phytoplankton growth, as in classical
predator prey situations, or whebther the mutrient concentration dropped
to 2 iimiting value that reduced the growth rate, or a combination of the

two. This point is elaborated in the next section.

The situation in 1967 is quite different. No significant phytoplanke

ton growth is observed until labe in the year. The controlling variasble
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in this case is the large advective flow during the spring and summer of
1967, see fig.l1l0, which effectively washes out the vopulation in the
region.. Only vhen the flow has sufficiently decreased so that a population
can develop @ the phytoplankion show a slight increase, However the
dropping temperature and light intensity level terminate the growth for the

year.
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XIII Growth Hate - Death Hate Intgractions

The behavier of the equations which represent the phytoplankton,
zocplankton and nubtrient systems in one volume can be interpreted in
terms of the growth and death rates of the phytoplankton and zooplankton.

The equations are as befores

ap 8
gz o
-&';; = (GZ - DZ) Z + ; \Zo - Z) (55)

where P and ZO are the concentrations of prytoplankbton and zooplankton
carbon in the influent flow, Q. A more suggestive form for these
equations is;

- Q
%’%-{GP-.(DP+§)3P+;PO (56)
4z -ie -(p. + g‘)ﬂﬁ 2 + 34 157)
at P 7z v/ 4 v “

A complete analysis of the properties of these equations is quite diffi- -
cult since the coefficients of P and Z are time variable and also
functions of P and Z. However the behavior of the solutlion becomes more
accessible if the variation of these coefficients are studied as a
functicn of time. The expressions Gy - (DF + Q/V) and G, - (D, + /)
can be considered the net growth rates for phytoplankton and zooplankton.
The advective or flushing rate, Q/V, is included in these expressions

since it acts as a death rate in one segment system,
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The sign and magnitude i the net growth rate controls the behavier
of the solution. For a linear equation, for which the net growbth rate
is not a function of the dependent variable {i.e. P or Z}, the type of

solution obtained derends on the sign and magnitude of the neb growth

rate. That is, for !he equation

S JR (58)

where a; Q and V ax: constant the solution is

Pl = o) e%F w B & (7)) (59)

For o negative, ths is, for a negative net growth rate, the solution
tends to the steady state value P @/ |a|¥. However for o positive, the
solvlion grows exponsniially without limit, Thas for 0 negative but |o]
small, or £ Q positive, the sclotion becomes large; whereas for ©
nepative but |o large the solution stays small. Hence the behavier of
thie solution can ne inferred from the piets of the net growth rates., Fig.
12a .. is a plot of the following terms from the 1966 Mossdale calculation:
G, withiout the Michaelis Menton multiplicative factor included, i.e. the
ga%h rate at nutrient saturation denoted by GP (1,T); GP itself denoted
by Gp (N,I,T}; i.e. the growth rate considering the nutrisnt effects. The
net growth rats GP -(I}p + Q/V) - is also plotted. Similarily in F., .2 b,
the growth rate of zooplankton, G,; the mortality rate D, and the flushing

Z
rate Q(t)/V as well as the net growth rate Gz - (D, + O/V) is plotbed.
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The analysis of the 1966 model calculations can now be made by
ingpecting these figures. The net growth rate for the phytoplankton
Gp - (Dp + Q/V) becomes posibtive at t = 85 days due to an increase in
GP, the result of rising temperature and light intensity, and a decrease
in Q/V as the advective flow decreases. The positive net growth rate of
the population caunses thelr numbers to inerease exponentially fast until
the nutrient begins to be in short supply. This is evidenced by the
departure of the Gp curve from the Gp at nutrient saturation curve. At
the same time the DP curve is showing a marked increase due to the
increased zooplankton population and their grazing. The result iz that
the net growth rate becomes zero and then negative as the zooplankton
reduce the phytoplankton population by grazing. The growth of the zoo-
plankton can be analyzed in a similar fashion using Fig. 12b. The net
growth rate becomes positive when the phytoplankton population is large
enough tc sustain the zooplankbers. Then the zooplankton grow until they
have reduce. :he phytoplankton population to a level where they are no
longer numerous encugh to sustain the zooplankton. The net zooplankton
growth rate then becomes negative and tne population diminishes in size.
This small zooplankton population no longer exerts a significant effect
on the death rate of the phytoplankton, ﬁp, and its value decreases
causing the net phytoplankion growth rate to become positive again and
the smaller autumn bloom results. The decreasing temperature and light
intensity and the increasing advective flow then effectively terminate

the bloom as the year ends.
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XIV Summary and Conclusions

A model of the ﬁyﬁamics of phytoplanton populaticns based c.
the principle of comservation of mass has been presented. The growbh
and death kinetic formulations of the phytoplankton and zooplankton.
have been empirically determined by an analysis of axisting experimental
data. Mathematical expressions which are approximetions to the bio-
logical mechanisms controlling the population are added to the mass
transport terms of the conservation equation for phytoplaniton, zoo-
plankton and nutrient mass in order to obtain the equations for the
phytoplankton model. The resulting equations are compared to two years
of data from the tidal portion of the San Joaguin River, Californila.
Similar comparisons have been made for the lower portion of Delie and
will be reported elsewhers. {37)

It is recognized that certain parameiers in the model ha#e
been estimated from the data which are then used to demonstrate the
veracity of the model., The parameters used in the verification wers elther
obbeined from prototype meesursments or sstimated from the ranpge of valuss
reported in the literature. The refinemsns of the later set of parmmters
was made by comparing the observed 1966 data and caloulsted resultse The
modal was further verifisd by applying the paramsters obtained in the 1g66
enalysis to the data of the follewing yeare The paramﬁter values finally:
used were all within the ranges of reported literature values. The

agreement achieved between the available data and the model czlculations

is sufficiently encouraging to prompt further effort in this direction.
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The primary aim of this investigation, that of presentiﬁg -3
useful model as a component in solution of the eutropication problems,
in our opinion, has been achigved. The resulting equations are admite
tedly complex and require numerical mekhdds for solution. It is antici-
pated as with all modeling gactivities the struéture presented herein
‘will be expanded and modified in the future to incorporate additional

features of the eutrophication. phenomena. However, the initial appli-

cation. of these equations to an actual problem area with specific
eutrophication problems has been sufficiently successful to support
its engineering use as a prelimicary step in the assessment of a pol-

ential or actual sutrovhicetion probiem,
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TABLE I

MAXIMUM GROWIPH RATES AS A FUNCTION OF TEMPERATURE

Refarence Organism Temperature Saturated Growth Rate
oC K' (base_, day-1)
{&0) Chlorella ellipsoidex 25, 3.1k
(GI‘BBD Alga) 15 . 1.2
(68) Nannochloris atomus 20. 2.16
(marine flagellate) 10, 1.54
{54} Nitzschia closterium 27. 1.75
(marine diatom) : 19. 1.55
15 05 1¢19
10, 0.67
(L6) Natural Association L. 0.63
2. 0.51
{3h) Chlorella pyrencidosa 25. 1.96
{34) Scenedesmus quadricauda 25, 2.02
{52) Chlorella pyrencidosa 25 2.15
{52) Chlorella wulgaris 25 1.8
{(52) Scenedesmus obliquus 25 1.52
{(52) Chlamydomonas reinhardti 25 2.6
{53) Chlorella pyrenoidosa 10 0.2
(synchronized culture) 15 1.1
(high temperature strain) 20 2.4



TABLE II

MICHAELIS CONSTANTS FOR NITROGEN AND PHOSPHORUS

Michaelis Constant

Reference Opeanism Nutrient (Bg/1L as N or P)
(63) Chaetoceros gracilis Poh 25,
(marine diatom)
(18) Scendesmis gracile total N 150.
total P 10,
(45) Natural Association POy, 6. ()
Microcystis Aeruginosa POh 10. ()
(Blue-Green)
{20) Phaeodactylum tricornutum Poh 10,
(21) Oceanic Species NO4 1.4k -« 7.0
1 t RﬁB loh - §06
(21) Neritic Diatoms N03 6.3 - 28,
" n M{B 7.0 - 120,
{21) Neritic or Littoral N03 8.4 « 130,
Fl&ge:ll&tes HEB ' 7.0 - ??.
(29) Natural Association KO3 2.8
Oligotrophic HHB 1.4 - 8.k
{29) Natural Association NG 1k,
Eutrophic m-’zg 18.

() Estimated



TABLE IIX

ENDOGENQOUS RESPIRATION RATES OF PHYTOPLANK‘I‘OE(hé)

Organism Temperature Endogenous Regpiration
. oC Rate (Day-l) (base,)

Nitzschia closteruim 6. 035

35 «170
Nitzschia closteruim 20 .08
Coscinediscus excentricus 16 075

16 0.11
Natural Association 2o 0.03

i8. 0.12

2.0 0.02 * 0,012

i+

17.9 0.110 T 0.007



TABLE IV
GRAZING RATES OF ZOOPLANKTON

Grazing Rate

Ref. Organism Reported Grazing Rate (1/mg. dry wh~day)
Rotifer

(23) Brachionus calyciflorus 0.05 - 0.12 (b) 0.6 - 1.5
Copepod

(L16) Calsnus sp. 67 - 208 (a) 0.67 - 2.0

(1) Calamus finmarchicus 27 (b) 0.05

(33) Rhincalamus magutus 98 ~ 670 (b) 0.3 - 2.2

(2) Centropages hamatus 0.67 - 1.6
Cladocera

(67} Daphnia sp. 1.06

(5) Daphnia sp. 0.2 = 1.6

(L8) Daphnia magna 61 (b} 0.7h

(1) Daphnia magna 57 - 82 (b) 0.2 - 0.3

Natural Association
(L6) Georges Bank 80 - 110 (&) 0.8 - 1,10

(a) ml/mg wet wt. - day
(p) ml/ animal - day



TION RATE OF ZOOPLANKICH

ENDOCELQUS R

Temperature “C

Ref, Plotting Symbel Reaspiratlon Rate ml O ~s\£z@ dry welght - day
(L) Cladosersns % 18. L
ih.2 2.7
(L) Copepods % 18 k
l2.2 3.8
(k) Gopepods 14 16 12 8 N
8.2 6.5 5.2 b1 3eh
(L) Calanus A 20 15 10 L
finmarchicus
Le2 2.3 1.4 1.3
(9 Diaptomus w | 25 20 15 10 5
leptopus
12.1 7.k £3 2.8 2.5
(9} D. clavipes @ 25 20 15 10 z
12.5 8.5 5.1 2.4 1.8
(%) ", siciloides ) 25 20 15 10 5
21, 13.5 7.8 5.5 k.8
(9) Disptonus sp. 0 25 20 15 10 5

1.7 1.1

Frogy
@
ta?
a3
®
<
]
L2
P




TABLE VI

DRY WEIGHT PERCENTAGE" OF CARBON, NITROGEN AND PHOSPHORUS IN mmwwomr»zweomhmmv

Phytoplankter

Myxophyceae
Chlorophyceae
Dinophyceae
Chrysophyceae

Bacillariophycesae

#The .nits are (mg of carbon, nitrogen, or phosphorns)/(mg dry weight of

% Carbon
Average Range
36, (28.-h5.)
L3, (35.-48.)
L3. (37.-47.)
ko.  (35.-45.)
33.  (19.-50)

phytoplankton) x 100%.

ENitrogen
Average Range
e (4.5-5.8)
7.8 A@.mnw.wv
hi o (3.3-5.0)
Bk (7.8-9.0)
b (2.7-5.9)

% Phosphorus

Average
1.1
2.9
1.0
2.1
L.l

Range
(0.8-1.4)
(2.4-3.3)
(0.6-1,1)
(1.2-3.0)
(0.4-2.0)



Notation

TABLE VIX

PARAMETER VALUES FOR THE MOSSDALE MODEL

Descripbion

Saturated growth
rate of phytoplankten

Light Saturation Intensity
for phytoplankion

Fxtinction Coefficient
Depth

Michaelis consbtant for
total inorganic nidrogen

Photoperiod

Endogenous respiration
rate »¥ phytoplankion

Zooplankton grazing rate

Influent phytovlankton chlerophyll

concentration

Zooplankbon conversion efficiency

Phytoplankbon Michaelis constant

Zooplankton death rate

Infivent szooplankbton carbon

concentbration

Phytoplankton nitrogen-carbon ratie

Phyteplankton carbon to total

ehloroplyll ratio

Influent tobal  Lrganic
nitrogen concentration

Direct discharge rate of nitrogen

Sepment volume

Parameter Value

0.1 day 1 ©g

300. ly/day

4.0 mt
1.2 m

0.025 mg - N/1

0,5 + gin (0.0172(% - 165.)) day
0.005 day-l og-i

0.13 1/mg bd C - d&r
5.0u g - Chl/1

Chmg - Cf/mg - C
60. Vg - chl/1
0.075 day™
C.05 mg - G/ L

O'l? mg "Kfmg “‘C
50. mg ~ Cfmg - ChHl

0.1 mg - N/1

12500, 1bs/day
9.7 x 108 £¢.3

Phytoplankton total cell count/phytoplankton 100 cells/ml®1,75yg-Chl/1

Zouplankton count/zooplankton carbon ratio

104 No./ 1= 1,30 mg - C/1
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