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ABSTRACT

Consider the linear map which sends the initial data to the trace, on the light
cone with vertex at O, of the solution of the initial value problem for the wave equation.
We show this map is an isometry, construct its inverse, and give a partial character-
ization of its range. Our results are better in odd space dimensions than in the even
dimensional case. Solutions of the wave equation can be expressed in terms of the
spherical averages of the initial data and these spherical averages can be related to
the Radon transform of a related function. We obtain our results exploiting this rela-
tionship and the isometry, the inversion formula and the range characterization of the

Radon transform.
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Chapter 1

INTRODUCTION

Consider the linear map which sends the initial data to the trace, on the light
cone with vertex at O, of the solution of the initial value problem for the wave equation.
This thesis is devoted to the study of the injectivity, the range, and the inversion of this
map. In this chapter we state the problem, survey earlier work on related problems,

state the main results and summarize the contents of each of the chapters.

1.1 The Problem

Suppose f(z), g(z) are smooth functions on R", n > 1 and w(x, t) is the solution

of the following initial value problem (IVP) for the wave equation:

wtt—AUJZO, (x,t) eR" xR (11)
w(x,0) = f(x), w(x,0) =g(x), zeR" (1.2)
where A is the Laplacian with respect to the space variable x = (x1, 2, ..., x,). When

f(z),g(x) are smooth, this is a well posed problem (see [6]) and explicit formulas are
known for w(z,t) in terms of f and g. Define the operator W : C*°(R") x C*®(R") —
C(R™) with

W(f9)(x) = wlz, £[z]),  zeR" (1.3)

which maps the initial data (f,g) to the values of w(x,t) on the light cone boundary
t = +|x|. We call W the forward map and the forward problem is the well understood
problem of constructing w(z, |z|) given (f, g). Our goal is the inverse problem consisting
of the inversion of W, that is the recovery of f, g given w(x,+|z|). In particular, we

seek an inversion formula for W and attempt to characterize the range of W. We show



Figure 1.1: The light cone for the wave equation.

that W is an isometry under appropriate norms, construct the inverse of YW and give
a partial characterization of the range of W.
If w(x,t) is the solution of the IVP (1.1) (1.2) and we define the even and the

odd (in time) parts of w as
w(z,t) +w(x, —t)

2 )
w(z,t) —w(x,—t)

2 )

u(z,t) =

v(x,t) =
then u(x,t),v(x,t) are the unique solutions of the IVPs:

uy —Au=0, (z,t)eR"xR (1.4)

u(z,0) = f(z), w(z,0)=0, zeR" (1.5)



and

vy —Av =0, (z,t) eR" xR (1.6)
v(x,0) =0, v(z,0) =g(z), xe€R" (1.7)

respectively. Note that u(z,t) is even in t and v(z,t) is odd in ¢. Define the operators

U : C=(R") — C(R") and V : C=(R") — C(R") with

flx)  — u(z,|z]), (1.8)
V: glx) — vz, lz|), (1.9)
(Vo) () = w(z, |z|) —QUJ(!E, —lz])

Note that knowing ¢ and V is equivalent to knowing W. Given W(f, g)(z) for all
x € R", if we are able to invert U, V), then we will be able to recover f(z), g(x), that
is, we will also be able to invert WW. So in the following chapters, we will focus on the
inversion of U, V. In particular, when the initial data f(z), g(x) are functions in the
Schwartz space . (R™), we show that U,V are isometries, and inversion formulas are

obtained. From these we derive an isometry identity and an inversion formula for W.

1.2 Background

The problem under consideration has a connection with general relativity as well
as medical imaging. A fundamental conjecture in general relativity [17], [18] asserts
that the domains of outer communication of regular, stationary, four dimensional,
vacuum black hole solutions are isometrically diffeomorphic to those of Kerr black holes.
So far the conjecture has been resolved by combining results of Hawking [13], Carter
[3], and Robinson [29] under additional hypotheses. To extend Hawking’s argument,
one must solve a boundary value problem (BVP) with data on the horizon for a linear

partial differential equation. In the simplest case of the wave equation in the Minkowski



space R¥™! with metric dt? —dz? —dx3—dz3, let us consider the boundary value problem

in the domain exterior to the light cone
E = {(z,t) € R** : 2| > |t|}.
We seek the solution of the BVP

wy —Aw =0, |z > [t],

w(z, £|z|) = b(x), z€R?

for some given function b(z). This problem is known to be ill-posed, that is, solutions
may not exist for smooth non-analytic b(.) (as seen in our range characterization result)
and it is not clear whether the solution depends continuously on b even when the
solution does exist. We show, given b, how one may reconstruct w(.,t = 0), w(.,t = 0)
and hence w on E. We also show that there is an isometry between b and w(.,t =
0), wy(.,t = 0) providing that w does depend continuously on b. We also make progress
towards characterizing for which b there is a solution of this BVP.

Our inverse problem also has a connection with medical imaging. In medical
imaging using ultrasound or computerized tomography (CT) one must recover a func-
tion from its integrals over a family of lines, hyper-planes or spheres - see [25]. In
CT scans, a cross-section of the human body is scanned by a thin X-ray beam and
its intensity loss is recorded by a detector and processed by a computer to produce a
two-dimensional image. Mathematically this may be modeled as follows.

Let h(x) be the X-ray attenuation coefficient of the tissue at the point z and
the X-ray beam is assumed to travel along a line L with initial intensity I,. When the
X-ray beam traverses a small distance dx from x to x+ dx, it suffers a relative intensity

loss

0I/1 = h(z)ox.

After passing through the body, the remaining intensity I; is

II/IO — 6—th(x) da:7



so the scanning process provides us with the line integral of h(x) along L. We need
to reconstruct h(z) from [, h(z) dx along each of the lines L. This transform which
maps a function into the set of the its line integrals is called the (two-dimensional)
Radon transform and the problem of recovering h from its Radon transform calls for
the inversion of the Radon transform. This was done as early as 1917 by Radon who
gave an explicit inversion formula. In R", for dimension n > 2, the (n-dimensional)

Radon transform is the integral of h(z) on a hyper-plane in R".

Mh(x,# is provided for a family of x and ¢

Transducer locations
X

Figure 1.2: Thermoacoustic tomography.

Thermo-acoustic Tomography (TAT), a relatively new hybrid imaging tech-
nique, uses radio frequency energy input at time t;, and measures emitted ultrasound
waves (see [21], [22], [23]). In TAT, a short microwave (radio frequency) pulse is sent
through an object. At each internal location x, a certain energy h(x) is absorbed,
which causes a thermoelastic expansion and creates a pressure wave. This wave can
be detected by ultrasound transducers placed on the edges of the object. The can-

cerous cells often absorb several times more radio frequency energy than the normal



cells, and hence show up as a significant contrast to the healthy locations. Assuming
constant sound speed ¢ in normal tissue, the sound waves detected at any point = in
time t > ty were generated by inclusions lying on the sphere centered at x and of ra-
dius ¢(t —ty). Therefore, this imaging technique requires the inversion of a generalized
Radon transform that consists of recovering a function from the integrals of h(x) over
spheres centered at all available transducers locations .

For a continuous real valued function A(xz) on R", = a point in R" ¢t a real

number, the spherical mean value is defined to be

(M) (z, £) = /w  hlak i) do

Wn—1

where w,,_1 is the area of the unit sphere in R™ and df is the surface area element on
the unit sphere. The imaging technique mentioned above requires the recovery of h(x)
from a knowledge of (Mh)(z,t) for all centers x on a certain surface S and all radii ¢
in a certain range.

Recovering a function from its mean values over a family of spheres has a long
history. The first work to tackle problems of recovering a function from its spherical
mean values was John [20] who studied the problem when the centers of the spheres are
on a plane. The first reconstruction formulas were derived by Norton [26] who found
an inversion method based on harmonic decomposition.

The article [2] has a complete analysis, in the odd dimensional case, of the
problem of recovering a function from its spherical mean values over the family of
spheres with centers on a hyperplane; additional results are available in [7], [1] and
[31]. Goncharov [12] studied the problem of inverting the spherical means restricted to
the variety of spheres tangent to a hypersurface. In [10], for odd n, the authors studied
the problem of recovering h from the mean values of h on spheres centered on the
boundary of a bounded, open, connected subset D of R™. In [9], the authors studied
the same problem when n is even and (Mh)(x,t) is given for all  on the boundary of
an open ball B in R™. A more detailed history of inversion from spherical mean values

can be found in [27] and [24].



Ma(x,|x|) is provided for all x,
we need to recover g from Mg(x,|x]).

Figure 1.3: Spherical mean value on spheres through the origin.

In Chapter 4, we observe that our goal of inverting W is closely related to the
inversion of h(z) from its spherical mean values (Mh)(z,|z|) (or some derivatives of
(Mh)(z,|z|)) over all spheres through the origin. When n = 3 the two problems are
equivalent; for other n the connection is complicated because some derivatives and
integrals of these spherical averages are also involved. In [5] and [34] the authors
studied the recovery of a function from its mean values over spheres passing through a
fixed point. In [5], the authors considered the recovery of h(z) from (Mh)(z,|z|). They
used the spherical harmonic expansions of h(z) and (Mh)(z, |x|), and gave a formula to
recover the spherical harmonic expansion cofficients of h(x) from the spherical harmonic
expansion cofficients of (Mh)(z,|z]). In [34], the author gave a recursive method to
recover h(z) from (Mh)(z, |z|) when z lies on a straight line and the values of h(x)
inside a small ball around the origin are known. In Chapter 8, we study the inversion
of h(x) from (Mh)(xz, |z|) where we give an isometry and an explicit inversion formula

for recovering h from its spherical averages over all spheres through the origin.



An important tool in our work is the observation that the geometric inversion
map (inversion across the unit sphere - see Chapter 3) maps spherical mean values of a
function over spheres through the origin to the Radon transform of a related function.
So the inversion of g(x) from (Mg)(z,|z|) is essentially the inversion of the Radon
transform, which is well known (See Theorem 2.1 in [25]). Furthermore, for general n,
in Chapters 4, 5, 6 and 7, we see that by geometric inversion, U f, Vg are related to the
derivatives and integrals of the Radon transforms of related functions. Therefore the

inversion of U,V and W is achievable.

1.3 Main Results

We study the inversion of U,V in R™ where n > 2 is an arbitrary integer. In
particular, we find isometry identities and inversion formulas, and partial characterizion
of the ranges of U,V. We answer our questions when n is odd, n > 3, and when the
initial data f(z),g(z) are functions in .#;(R™) which is a subspace of the Schwartz
space . (R"™) (see the definitions of .#(R") and .’(R") in Chapter 2). We also find
an isometry and an inversion formula when n = 2. In principle, the inverse formula
of V in higher even dimensional space R" is achievable, but the formula will be a bit
more complicated.

For odd n we have the following isometry identities.

Theorem 1.1 (Isometry identities in R" when n > 3 is odd). Let f(z),g(z) €
Z0(R™) where n > 3 is odd, (Uf)(x),(Vg)(x) be the forward operators defined in (1.8),
(1.9) respectively. Then we have

[ (eltory ar—s [ RALZCOEE

|x|n73

[ e [ (45F)

From here, we can obatain an isometry for W.

and



Theorem 1.2 (Isometry for W). If f(z),g(x) € S (R™) and w(x,t) is the solution
of the IVP (1.1) (1.2), where n > 3 is odd,then

[ el + (K2)

:/ ) <8r(!x|"5(w(x, |2]) —w(x,—|:v\)))> L1 (w(m, |2]) +w(x,—|x|)>2 .

Elen 2 ||

For n odd, we obtain the inverses of &, V (and hence W) by finding the formal

L? adjoint of U, V, and using the isometry obtained above.

Theorem 1.3 (First inversion formulas for U,V when n > 3 is odd). Suppose

n >3 is odd; for f(z),g(zx) € S (R") we have

f(z) = 2faPu” ((ulj;)|§x)>

and

8 .. 3-n .9,  ntl
(@) = =5V (1l 702 () (V9) ()

where U*,V* are defined by
—1D% a
0T Ro @/ lal al/2), V6 € AR,

or"s |z|"T
with ¢.(y) = ¢(y)|y| and
Vo)) =~ 0 (R (a/lal, lel/2), Vo € AR,

Ar T o]

(U P)(x) =

Using the inversion formula of the Radon transform, we obtain another inversion

formulas for U, V.

Theorem 1.4 (Second inversion formulas for ¢,V when n > 3 is odd). Let

n=2m+ 1 with m > 1, then for any f(z),g(x) € S (R™), we have
X m (1 0
t0 = G o (mung)| e
B |X|2m+2 - 1 2
o) =~ [ o ()

where X = x/|x]?.

d,
s=X-0




The inversion formulas for ¢,V allow us to write the inversion formulas for W.

Theorem 1.5 (First inversion formula for W when n > 3 is odd). Suppose

n >3 is odd; for f(z),g(z) € S (R") we have

[

* n+1
g(w) = ‘WV (121" 02 (121 " (w(z, [a) = wlz, —a]))) ).
where U*, V* are the operators defined in Theorem 1.3.

Theorem 1.6 (Second inverse formula for W when n > 3 is odd). Suppose

n >3 is odd; for f(z), g(x) € S (R") we have

6 0 0 [%
F(@) = o [0 - do,
2T Jgn 5 s=X-0
n O 0N _ (8 0
g(x) = _ﬁf gl w(28’ 2|S|> w(QS’ 2|s|) 40
22m+17rm gn—1 s Sm71|5’ s ,

where X = x/|x]?.

For n even, we are unable to obtain isometries as nice as those for the odd
n case. We find more complicated isometries and hence more complicated inversion
formulas when n is even. When n = 2, we have the following isometry and inverse

formula for V.

Theorem 1.7 (Isometry and inverse formula for V when n = 2). Let n = 2;
then for any g € #H(R?) we have

2
2 Vg )(70)
. 3/2 —
/Sl/ |s>%g(s0)) *dsdf = /51/ 55 \/maa/ dT da | ds db.

The inversion formula is given by

(Vg)(70)

9(z) 2/1/9 38 a/g /7
\/_77 s .CE|a:| slx|® ds s L

ds df.

10



Finally, we give some results for the recovery of a function from its mean values
over spheres through the origin. This problem is of independent interest and the results
for this problem were incomplete. It is a simple matter for us to obtain the results
for this problem, given the work done for U, V. We state the results for completeness.
This problem is much easier than the inversion of &/ and V and the inversion formulas

can be written down for all n > 2 - not just odd n or n = 2.

Theorem 1.8 (Isometry for spherical means). Let h(x) € % (R™). For odd n we

have

[y = s [ [ (607 (g ) ) dsan

and for even n we have

JRUCES

(23” 4F7;7;/; /s / (/ Se—i—t)’2|sl+t|)(Mh>(29t |21t|)dt) s db

Theorem 1.9 (Inversion from spherical means). If h € #(R"), for odd n we

have
1) n—1 Mh S,L
Mz = (—1)" / 0 (Mh)(5;, 7737) "
22n—27-‘-n/2—1r(n/2)|x|2n—2 gn-1 asn—l | |n 1 s=X-0
and for even n we have
n-1 [ (Mh)(L, 5L
h(z) = (-1 / / L9 )Gy 7 dq df
22n=27n/2( n/2 |z]27=2 Jgn-1 Jg qOs™ ! g1 s=X-0+q

where X = x/|x|?.

1.4 Overview

We show that U and V are isometries and we characterize the ranges of & and
V. These imply corresponding results for W.

In Chapter 2, we introduce some notation, define some function spaces and
operators, and restate some of the known results on the Radon transform and explicit

formulas for solutions of the IVP wave equation which will be used often in our thesis.

11



In Chapter 3, we introduce the geometric inversion map from R™ to R™ which
maps a point to its reflection across the origin centered unit sphere. Using this we show
there is a close relation between spherical mean values on spheres through the origin
and the Radon transform, which will be very useful in achieving our goal of inverting
W.

In Chapter 4, we study the inversion of U,V in R3. The n = 3 case is the
simplest case and the analysis here will guide us in the inversion of &/ and V on R"
when n > 3 and n is odd and the more complicated case when n is even. When n = 3,
there is a simple relation between (Vg)(z) and the Radon transform and the isometry
of the Radon transform quickly leads to an isometry for & and V), so a construction of
the formal adjoint of &/ and V results in an inversion formula for ¢ and V.

In Chapter 5, we study the inversion of U,) when n is odd and n > 3. We find
a relation between (Vg)(x) and the derivatives of the Radon transform which helps
us find an isometry identity for V. Then we find the adjoint of }V which results in an
inversion formula for V. Similar ideas are then applied to U.

In Chapter 6, we attempt to characterize the range of U,V when n is odd. Our
results are incomplete - we give necessary conditions on the range when the domain
of U and V consists of . (R"), the space of Scwhartz functions and we characterize a
special subspace of the range. A complete characterization of the ranges of i and V is
a project for the future.

In Chapter 7, we study the inversion of i/ and V when n is even. The even n case
is more difficult because the fundamental solution of the wave equation is supported on
the surface of the origin based light cone when n is odd but is supported on the solid
light cone when n is even. This makes it more difficult to use the relation between
spherical mean values on spheres through the origin and the Radon transform. We
find an isometry and an inversion formula for ¥V when n = 2. The inversion of &/ and
Y when n is even and n > 2 are projects for the future.

In Chapter 8, we study the problem of recovering a function from its mean

values over the family of spheres through the origin. This problem is really an easier

12



version of the problems studied in the earlier chapters. This problem has been studied
in the literature but the results in the literature are unsatisfactory and for completeness

we state our results and give an outline of the proofs.

13



Chapter 2

DEFINITIONS AND PROPERTIES

In this chapter, we introduce some notation, define some function spaces and
operators, and restate some of the known results on the Radon transform as well as

give known explicit formulas for the solution of the IVP for the wave equation.

2.1 Schwartz Space

The Schwartz space . (R") consists of smooth functions on R" all of whose
derivatives decay rapidly as x — oo. More specifically

S (R") = {h(x) € C®(R"™) : ||h|las = sup [2°0°h(z)| < o0, Va, B € AR

z€R™

where Z” consists of non-negative integer tuples and 0" is the differential operator
61618262 o 85n if 6 = (/Bla ﬁ27 s 7571)

Our goal is to study the inversion of &/ and V when their domains are restricted
to a special subspace of .7 (R™) consisting of functions all of whose derivatives decay

to zero rapidly as © — 0. Specifically, we define

'D%u)

xOé

(R = {h(z) € L(R") : lim

x—0

=0, Vo, B € Z"},

We will also work with . (S"! xR) and .%,(S™~! x R) which consist of the restrictions
of elements of .7 (R™ x R) and .%)(R™ xR) to S"~! x R; here S"~! is the origin centered

unit sphere in R".

2.2 Spherical Mean Value
For the rest of the thesis we define

0 19
otz 2t ot’

14



one may check that

S A() = ().
For any continuous function A(z) on R™, define the spherical mean value oper-
ator
(Mh) (2, £) = %1_1 /9 M0, () SR xR

where w,,_; = |S"7!| is the surface area of the unit sphere S"~' = {§ € R": |§] = 1} in
R™ and df is the surface area element on S™~'. So (Mh)(z,t) is the spherical average
of h on the sphere centered at x and of radius ¢. When ¢ > 0, (Mh)(x,t) has other

useful representations, namely

1
(MB) () = —— /y s,
_ 2 _ 2 42
= | )yl ) dy

where 4(+) is the Dirac delta function.

2.3 The Solutions of the IVPs
Considering our goal, it will be important to have explicit expressions for solu-

tions of the IVPs of the wave equation. Consider the IVP

vy —Av =0, (x,t) e R" xR, (2.1)

v(x,0) =0, v(z,0) =g(z), xe€R" (2.2)
The solution v(z,t) is given by the following theorem.

Theorem 2.1 (Page 682 in [6]). If g € C"TV/2(R™) when n is odd and g €
CH+2/2(R™) when n is even then v(z,t), the solution of IVP (2.1) (2.2), is given

by
(n — 2)! gn—2

Furthermore, when n is odd, we also have

o(, 1) = /Ot(t2—52)("3)/25(Mg)(x,s)ds, £>0. (23)

pos (n—3)/2
v(x,w:r@)(%) ("2 (Mg)(a, 1)), ¢ >0, (2.4

15



and when n is even, we also have

v(w,t) = %%) (%)WW (t"‘3 /Ot % ds) . t>0. (2.5)

Now consider the IVP:

uy —Au =0, (z,t) € R" xR, (2.6)

u(z,0) = f(x), w(x,0) =0, ze&R" (2.7)
Notice that if u*(z,t) is the solution of the IVP:

up, — Au* =0, (z,t) e R" xR,

u*(z,0) =0, uy(x,0) = f(x), xeR"

then u(x,t) = Ouu*(x,t) is the solution of the IVP (2.6) (2.7). Since u*(z,t) is given
by (2.3), if f € C*(R") then
R S A AP (n—3)/2
u(z,t) = MW/O (t°—s7) (Mf)(x,s)ds, t>0. (2.8)

2.4 Radon Transform

The n-dimensional Radon transform R maps a function on R” linearly to the
set of its integrals on the hyperplanes in R". If h(z) € #(R"),0 € S"! s € R, then
the Radon transform of h(x) is

(RR) (0, s) = / h(z) dS,
x-0=s

which represents the integral of h on the hyper-plane in R”, through s, and unit
normal ¢ - so this hyper-plane is |s| units away from the origin. Since the hyper-plane
corresponding to (6, s) is the same as the hyper-plane corresponding to (—6,—s) we

have the useful relation
(Rh)(—0,—s) = (RRh)(0,s), He S seR.

By Theorem 2.4 (Schwartz theorem), the Radon transform is a linear one-to-one

mapping of .%(R"™) onto .#(S™"! x R). The Radon transform is an isomtery.
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Image Domain Radon Domain

Figure 2.1: Two-dimensional Radon transform. It maps a function to its integrals
along straight lines orthogonal to (cos,sin#) and a distance p from the
origin.

Theorem 2.2 (Page 12 in [11]). If h € #(R"), for odd n we have

et = g [

and for even n we have

2 5 1 not 2
) do = 5 /S /R ] ) (Rh)(@,s)‘ ds db),

n—1

where _oDs? s the (n — 1)/2-th order Riemann-Liouville fractional derivative with

n—1 2
057 (Rh)(@,s)‘ ds do.

R

lower limit —oo, defined as

(n—1)/2 < _ L e [0 (RR)(O, 1)
DR 6. 5) = o /_ e

For even n we also have
—1)2(n—1)!
\h(z)|” dx = M/ / (/(Rh)(0,5+t)(Rh)(9,t) dt) sds db.
R (2m)" sn-1JrR \JR
The second identity in Theorem 2.2 is not explicitly mentioned in [11] but follows

quickly from some results in [16], [28] and [33]. We give its short proof here.

Proof. Write _OODgn_l)/Q(Rh)(Q, s) in terms of convolution:
1

DV (RA)(0,5) = VT
™

an/? ((Rh)(e, 5) 5;1/2>
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where
;P =1 s >0, s7P=0 ifs<0,

and (Rh)(0,s) * 811/2 means the convolution of (Rh)(6,s) and s, 2 Consider the

Fourier transform of _ ., Ds T (Rh)(0, s) with respect to the variable s:
F{ _Di® (RR)(0,5)}(0,7) = /R DT (RR)(6,) e ds.
From Example 7.1.17 on Page 167 in [16],
}"{311/2}(7') = \/_(e 7517'71/ telir 71/2)
where

T_1/2:’7'|71/2 ifr<0, 7—'2=0 ifr>0,

we have
F{ooDJT (RB)(8, 9)}(0,7) = (ir)" PF{(RR)(6,5)}(0,7) (e~ %2 4 ¥22)

(A similar expression of F{ _D nz (Rh)(0,s)}(0,7) can also be found on Page 111 in
[28].) Now |(iT)™/? <e TP e >‘ I7|“27, and since Rh € #(S"! x R)
and the Fourier transform is a bijection from .(R) onto . (R), F{(Rh)(0,s)}(0, 1) €
S (S"71 x R). Hence, for fixed § € S,

(i) PF{(RI)(0,)}(0,7) (7T 4 eTr22) € Ly(R).

Since the Fourier transform is a bijection from Ly(R) onto Lo(R), for fixed § € S,

,OoDn (Rh)(6,s) is also a function in Ly(R). By Plancherel’s theorem, we have

2
‘dT

2%/’_00 (Rh)(6, 5)

ds = / FLDT (RR)(6,5)}6.7)
- / 7" |F{(RR) (8, 5)}(6, 7)[? d.
By Theorem 2.1 in [33],

[ (e dr = 2(21 | U E((RR)(6, 5) dr db.

18



Therefore,

n—1 2
i h(z)[? de o 1/5 /‘ _D.T (RR)(0,5)| ds a6,

The range of the Radon transform map R is given by the following theorem:

Theorem 2.3 (Theorem 4.1, Theorem 4.2 in [25]). The Radon transform R is
an injective linear map from #(R") to .#(S"' x R). The range of R consists of
precisely those functions q(0,s) € (5" ! x R) such that q(—0,—s) = q(0,s) for all
(5,0) € S" ' xR and
[ a0, ds = )
1s @ homogeneous polynomial of degree k in 0, for each k =0,1,2---.
Further, (Rh)(0,s) =0 for all (6,s) € S""! x (0,00), for some o > 0, iff h(z)

is supported in the ball |z| < o.
The inverse of R is given by the following theorem.

Theorem 2.4 (Page 20 in [25]). For any h € . (R"™) we have

(_1)(n—1)/2
2(277-)”71 Sn—1

n/2 _1
h(x):< (n /Snlfﬁx—s ds db, n even

where the inner im‘egml s a C’auchy principal value integral. The even n inversion

h(z) = O Y (RR) (0, 5)|s—p9 A9,  n odd,

and

formula may also be expressed as an ordinary integral

1)/ (1) (9 1 . _ (=1 (9 . 0 —
= G2 [ [ 02040 - R0 00y

where (Rh)™™Y means the (n —1)-th order partial derivative of (Rh)(6,s) with respect

to the variable s.
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2.5 Spherical Harmonics Expansion
We use spherical harmonic expansions to transfer the isometries for & and V
for n = 2,3 to the general n case. The space L?(S™!) of square integrable real valued
functions on S"~! is a Hilbert space with the inner product
oy = @) 96)a.
gn—
It has (see [32]) a complete orthonormal basis {¢;(0)}7°, where each ¢4 (0) is the
restriction to S"~! of a homogeneous harmonic polynomial ¢y (z), € R". Below dj
will denote the degree of ¢, () and we assume that the ¢, (0) have been arranged in a
sequence so that di < diyq for all k. Of course it may happen that d, = di, 1 for some

of the k. One can show (see [32]) that for each integer d > 0, the number of ¢ (z) with

(i) (65

The Laplacian in R™ has the decomposition

degree d is

—1 1
A:6§+n O + 5 A
T

where x = rf withr > 0 and |0] = 1,0 € S}, and A, is the Laplace-Beltrami operator
on S™~!. Spherical harmonics are perfect for problems involving the Laplacian because
the ¢ (0) are eigenfunctions of A,. Since ¢ (z) is a homogeneous harmonic polynomial,
one can show (Theorem 1 in [32]) that if dj is the degree of ¢y (x) then ¢ (6) is an

eigenfunction of A, with eigenvalue —dj,(dy + n — 2), that is

Given any h € C®(R"), for any fixed r > 0, the function h(rf), § € S*~! is in

C>=(S"1) so is in L*(S™!). Hence h(rf) has a spherical harmonic expansion
h(z) = h(rd) = hi(r)r*¢p(0)
k=0

where hy(r)r® = [, , h(r0)¢(0) do is infinitely differentiable.
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To understand the effect of A on each term in the spherical harmonic expansion
of h(z), we study A(h(r)ri¢(d)), where ¢(0) is a spherical harmonic, homogeneous of
degree d, and h(r) is arbitrary and smooth. We have

n—1

ARYA9(0)) = () )r06) + "Lty 00) + 0 A, 0006)

= 0(0) () + b)), — A=)

= 0(0) () + 2 ) (2:0)

r
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Chapter 3

GEOMETRIC INVERSION

Consider the geometric inversion map, consisting of inversion across the unit

sphere, which maps

R*"U {0} +— R"U{o0}

x — X =a/|z%

Note that this map is its own inverse. In this chapter, we study the properties of this
geometric inversion map.
The first result is that geometric inversion maps spheres to spheres or planes

(which may be considered as spheres through 0o).

Figure 3.1: The geometric inversion mapping « to X.
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Proposition 3.1. The geometric inversion z — X = z/|z|> maps
(a) the sphere |x — c| =t, t # |c| onto the sphere | X — C| =T where

c t

02—7 T:—,
e — 2 [lef? — 2]

(b) the sphere |z — c| = |c| onto the hyper-plane 2X - c = 1.

Proof. Since x = X/|X|?, the image of the sphere satisfies the relation

1 2X -c
2 2 1.2 2 . 2
2=z —cf=z]>+ | —2x-c-m+|c| - X

which simplifies to
= ||| X]P+2X -c=1.
which may be rewritten as (when t # |c|)

t2
 (le =)

C
C2—t2
c]

So the sphere |x — ¢| = t, t # |c| is mapped to the sphere | X — C| =T.
When ¢ = |¢|, we have

2X -c=1.
So the sphere |z — ¢| = |¢| is mapped to the hyperplane 2X - ¢ = 1. ]

The geometric inversion map will play an important role for us. The solution of
the wave equation may be expressed in terms of spherical mean values and the trace on
the surface of the light cone corresponds to the spherical mean values over spheres with
centers ¢ and radius |c|. So geometric inversion will map these integrals on a sphere to
integrals on a hyper-plane. We can then appeal to results for the Radon transform to
obtain results for our problem.

Now we compute the Jacobian of the geometric inversion. If we introduce

spherical coordinates via x = r,0 and X = rx6 thenr, = 1/rx and dr, = (—1/r%) drx

implying
1
de=rl""dr,d) = —| — 1/rk| drx df = 1/r¥ dX = 1/|X*" dX.
X
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Hence, for an integrable infinitely differentiable function h(x) on R",

/ dx—/sn / h(rs0) dr, de_/sn / 1/r " h(0/rx) (1/r%) dry df

/R (X |X[2) /| X[*" dX.

Proposition 3.2. If h(x) is a smooth integrable function on R", then we have

/n h(z) do = / h(X/|X]2)/|X|> dX.

The above identity suggests that under geometric inversion, functions should
be mapped to weighted functions if we want an isometry. The weighted functions will
often have the form h(X/|X|?)/|X|* for some non-negative integer k. The following
map and its properties will be useful in later chapters.

For an integer k consider the linear map
S(R") > h(z) +— H(X)=h(X/|X])/|X|F € CR"

where we take H(0) = 0 - H(X) is infinitely differentiable at 0 because of the behavior
of h(z) and its derivatives for large x. However this map is not surjective and we wish
to restrict the domain to a subspace of .#(R") so that this map is bijection onto its
domain. We show that the subspace .#,(R™), defined in Chapter 2, fulfills that role.
Also, our main results pertain to the inversion of the restrictions of U, V, W to .%;(R")

where the following theorem will be useful.

Theorem 3.1. If h(z) € S (R"™) and k an integer, then
H(X) = nMX/|IX]))/IX]Y, X eR
is in SH(R™) and the map
F(R") 3 h(z) — H(X) = h(X/|X]")/|X]" € A(R")

15 a bijection.
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Proof. For h(x) € #(R"), it is not hard to see that for any integer k, h(z)|z|t €
Z(R™) as a function of x. Since H(X) = h(X/|X|?)/|X|* = h(z)|z|F with x = X/| X|?,
to prove the theorem, it is enough to prove just the case £ = 0. From now on, we assume
k=0, HX) = h(X/|X]?).

Firstly, we claim that H(X) € C(R") as a function of X, and it approaches 0
faster than any polynomial when X goes to the origin or the infinity.

When X goes to the origin (z goes to the infinity), for any o € Z7, H(X)/X* =
h(z)|z)?el /2. Since h(z) € L (R™), |h(x)|z|?el /22| < |h(z)|x|2] goes to 0.

When X goes to the infinity (z goes to 0), for any a € Z%, X*H(X) =
h(z)x®/|z|?*. Since, as  — 0, h(x) goes to 0 faster than any polynomial, we see
that |h(x)z®/|z|?| < |h(z)/|z]?*!| goes to 0 as = goes to zero.

Now we consider the derivatives of H(X) = h(X/|X|?). For any z = (2,79, ...,2,) €
R™, let X = (X1,Xs,...,X,) = z/lz[>. Notice that for any a € Z7, we have
% = X/|X|? and

ox; 0 ( X; ) i 2X: X

X)) T xE T X oulel 2

0X;  0X;

Hence

OH(X) = 0 Ox; | 5, 0 N~ Oh(x)
X, _;axi(h@)axj = Il g, M) Z%;x’ Oz,

If we define the differential operator L;, j =1,2,...,n, by
Lih(x) = (|2[*0; — 22; x - V)h(x),

then we have showed
OH(X)
0X;

Hence for every multi-index 3 € Z7,

OvH(X) = LPh(z)]pmx/ x)2-
For every multi-index 3, we can show that

LP = Z P (2)0]

[v1<18]
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for some homogeneous polynomial pg () of degree |3+ |y|. We can see that for every
multi-index 3, 8% H(X) is a continuous function of X on R™\ {0}. Now we examine
its behavior as X — 0 and X — oo.

Consider the following when X — 0 (that is when x — oo0). For any o € Z7,
OxH(X)/X" = LPh(a) |2 /2% = Y 7 pgo(2)7h(x) | /2 — 0
IvI<IBl

because ||z|2 /x| < |z[%® and 97h(x) goes to 0 faster than any polynomial when z
goes to the infinity. Next consider the following when X — oo (that is x — 0). For

any a € 21,

XOxH(X) = LPh(z) a*/lal™™ = D paq()O2h(z) a*/|aP = 0

[vI<18]

because |z%/|z|?%l] < 1/]z[%®! and 97h(x) goes to 0 faster than any polynomial when

x goes to 0. Therefore H(X) € S (R"). O
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Chapter 4

INVERSION OF U, V AND W WHEN n = 3

If U,V are the forward operators defined in (1.8), (1.9), respectively, then our
goal is the inversion of & and V. In this chapter, we accomplish our goal when n = 3
because it is the easiest case and it gives us some sense of how the general case will
work. We study the isometry and the inversion of ¢,V when n = 3 - the isometry and
the L? adjoint lead to the inversion formula. In fact we give two inversion formulas.
In a later chapter, we show how the isometry for the n = 3 case leads to an isometry
for the odd n case when n > 3.

We first study the operator V and then we study the operator U.

4.1 The inversion of V

We show that V is an isometry when restricted to .#(R").

Theorem 4.1 (Isometry identity for V in R?). For all g € %, (R?) we have
[ alg@)? do =3 [ (@sl(vo)))? da
R3 R3
where r = |x|.
Proof. By Theorem 2.1, the solution v(z,t) of the IVP (1.6) (1.7) is given by
v(x,t) =t(Mg)(z,t), t>0.
For any x € R?, z # 0, define r = |z|,0 = z/|z|, s = 5=. For g(z) € S (R?), define

G(X) = g(X/|X[*)/1X]",
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where X = z/|z|%. Since g(x) € .#H(R3), by Theorem 3.1, G(X) € .#(R3). Using that

d(+) is homogeneous of degree —1 and that

(@)
L et 5= [ S
we have
salelf (Moo o) = [ o) dS, =20l | o(0)a(y ol ~ o1 dy
=+ [ ol =0+ /) dy let ¥ = y/lyP

= /R3 g(Y/IYP)YPo(s —0-Y) (1/]Y]*)dY
= (RG)(0, 5)-
Now (Vg)(x) = [z[(Mg)(z, |2]), so
RG(0,s) = 4x|z|(Vg)(x),

equivalently,

1
RG(6, 5) = dnr(Vg)(r0), VO <€ S* r>0.

When r = 0, 47r(Vg)(rf) = 0, RG(0, 5-) goes to 0 since (RG) € .7(S* x R).

When r goes to the infinity, RG(6, 5-) goes to a finite number RG(6,0). Since
47r(Vg)(rf) is a continuous function of r, lim, ., 47r(Vg)(rf) exists and equals RG(0,0).
Therefore

RGO, 21—7) — 4r(Vg)(rf), VO e S, e 0,00 (4.1)

From this fact, we can see that when x goes to the infinity, (Vg)(x) will go to 0,
and lim, ., |z|(Vg)(|z|0) exists for a fixed § € S? which does not guarantee that
lim, o |2|(Vg)(x) exists. Notice that

/S/ L(RG)(0, 5)| dsde—/ / QTOLGT((RG)(Q,l/(QT))N dr df
_ 5072 /S/O 1210, (r(Vg) (r6)) 2 dr df
_ 3902 / 012l (V) @) da
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In R3, by Theorem 2.2 the Radon transform has the isometry

G(X)2 dX = %/ / 10.(RG)(6, 5) ds db
R3 ™ Js2 J-

- /S 2 /0 0.(RG)(0, 5)* ds db.

[ 16eORax = [ (o@lel’)? (/1) de = | (alg(e))? da,

Since

therefore
/ (lelg(x))? de = 872 / 0, (zlo(, )2 da.
R3 R3
]

Since V is an isometry, one can compute the inverse of V if one could determine
the adjoint V' of V in the associated inner-product corresponding to a weighted L2

space. Specifically, we have

(9,9) = Vg, Vg) = (VVg,9),  Vge AR")

and hence
9=Y"Vg
where V' represents the adjoint of V in the appropriate inner product. Towards com-

puting V', we compute the L? adjoint of V.

Proposition 4.1 (L? adjoint of V in R3). When n = 3, the L* adjoint of V is given

by

(Vo) (z) = (Ro)(z/)zl, |z]/2), Vo e . Z(R?), z € R

4 ||
Proof. Let g(x) € Z(R?), v(z,t) be the solution of the IVP (1.6) (1.7) when n = 3.
Then

Vo)) = vl o) = (M) o o) = ol i | o) s,

47 |x|?
1

— . —_ 2
=3 Rgg(yﬁ(?w y—|yl*) d
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So for any ¢ € . (R?), using the L? inner product, we have

(Vg)(a), () = ;ﬂ / o) [ sz -y = lyP) dy da
/¢ )0(2x -y — [y[*) dz dy.

Therefore

Vo) = 5= [ ole)ste-y—lyP) da

2
_ L / 6()0 Iyl /] — lol/2) do
1
= G RO/ 0l 1l 2).
O

Having obtained the L? adjoint of V we now construct the inverse of V. We

give two inversion formulas for V.

Theorem 4.2 (First inversion formula for V in R?). For any g € %,(R?) we have

g(x) = _WV* 07 (2*(Vg) (@),  zeR’
where r = |x| and V* is the adjoint operator defined in Proposition j.1.

Proof. Notice that for any smooth function h(z) on R",

o-h -
(@) Z 8@ r
and for any hy(z), ho(x) € C°(R™) N L*(R") such that Vhy, Vhy € L*(R™) and

lim " hy (r0)ha(rf) do = 0

r—00 Sgn—1
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we have

8 hl / / n 18 hl 7"0 hg 7'0) dr do
Sn—1

= lim "L hy (1) hy(r6) d@—/ / hi(r0)0,(r" *hy(r0)) dr do
sn-1Jo

T—00 Sn—1

/ / hl r"T 1h2 7”9)) dr do
Sn—1.J0

/ r"T lhl r0)( )hg(ré) dr df
Ssn=1J0 r

= - (o), @+ "y <>>

In R3, by Theorem 4.1 and the linearity of V, we have

(lzlg(@), |2lo(2)) = 8(0:(|z[(Vg)(2)), 0, (|2|(V9)())), Vo € F(R?).

Note that |z|(Vg)(z), |z|(V¢)(x) € C*(R™), and from (4.1) in the proof of Theorem
A1,

21(Va)(r) = - (RG) /Il 1/ (2Je]).
[2|(V9) ) = - (R®)(x/lal 1/(2la).

where G(x) = g(z/|z[*)/|2]*, ®(z) = ¢(z/|z[)/|x|*. Hence

Or (|| (Vg)(x)) = 873T2(0s(720))(56/|~’6|,1/(2\Sv|))~

By Theorem 3.1, G € #(R"), hence RG € #(S? X R). Therefore

tim 1 (12](V) (16) 0| (Vo) (9)) = —

(R®)(0,0)0s(RG)(0,0).
Notice that
(R®)(0,0) = (RP)(—6,0)

and

as(RG)(ev 0) = _85<RG>(_‘97 O>’

SO

lim [ 7*(|z|(Ve)(r0) 0,(|z|(Vg)(r0))) db =0,

T—00 S2
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and
(0:(]z|(Vg) (2)), 0, (|7| (Vo) (2))) = — <(ar + g)&(lxl(m(as)% III(V¢)(w>>
= (Jel@ + 20)(s| Vo)), Vo))
=~ (v (@2 + 2ol vo) ) o))
= =V (82(Jz[*(Vg)(2))) , p())-

Since

(lg(@), |zlo(2)) = (|2*g(x), o(2)) = =8(V" (9} (|2[*(Vg)(2))) , é(2)).

we have

o(z) = —%v* (2122 (Vg) (1)) -

Note that in R3, from (4.1) in the proof of Theorem 4.1, we have

2
(RG)(6,s) = g(Vg)(%), Vo € 5% 5> 0,

where G(X) = g(x)|z]*, X = x/|z|?. Since the inverse formula for the Radon transform
is known in R?, this identity gives a more direct way to find the inverse of V without

using the adjoint operator.

Theorem 4.3 (Second inversion formula for V in R?). For any g(z) € S(R?)

we have

|;<|4 / (Vg)(x.9> 3
LA AMLLA P <. X4 R
g(x) 1. OX e X0 do, x €

where X = x/|x]?.
Proof. For any 6 € S?, s> 0, define = . For g(x), define G(X) = g(x)|z|*. Then

(RG)(6.5) = dlal(Vo) (x) = 2 (V) (5.).

Fix 6 € $%. For any X € R?, if X -6 > 0, then (RG)(0, X - 0) = 2= (Vg)(55)-
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If X -6 <0, noting that RG is even, we have

27 0
—~ V)G

(RG)(6, X - 0) = (RG)(—0,—X - 0) =

Therefore, for any X € R3, we have

27 0

(RG)O.X ) = 1 5r(Vo) g7 )

By the inversion formula for the Radon transform in R3,

G(X) = —#AX /SQ(RG)(H,X .0) do
6

1 27
:——A - -
82 X/S2 X0V Gox ) ¥

1 (V9)(5x5)
__EAX/S2—|X-9| do.

Therefore

4 0
o) = o0l = B [ B0kl gy

where X = z/|z|?. O

4.2 The inversion of U

We now study the inversion of U and we start by proving that U is an isometry.

Theorem 4.4 (Isometry identity for ¢/ in R?). We have

/RS (%)2 do = Q/RS <(M{:E)|(x))2 dr, Ve %(R®). (4.2)

Proof. For f(z) € % (R?), by Theorem 2.1, the solution u(z,t) of the IVP (1.4) (1.5)

is given by
u(z,t) = 0, ((MSf)(z, |t]), V(z,t)€R®xR.
Define
F(X) = f(X/IXI)/IXP, X eR%;
by Theorem 3.1, F(X) € ./,(R?). Since

1 1 2 42
MO = o [ w0 aS, = g [ Sy o =)y o,

 Ant]?
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when ¢t > 0, we have

utet) = 0, (e 0) = 50, [ oty =l - ) dy)

SO

ute.t) = o0 ([ 10 =1y o) ay

=L [ e~y =P dy

For any x € R3, 2 #£ 0, let 0 = z/|z|, s —ﬁ then

wlel) =2 [ 584l 1y = o) dy
:m&ﬂWWW%MU@
”’tﬂ>CWWyM| 9) d

o LTyl = 5)

= o L AWIYENYIS0-Y =) (/Y Py

1

- A|x| Jgs

_ #ﬁdas (/R FY)5(0-Y — s) dY>

—1 -5
47T| ’ (RF)(97 S) = %88(RF)(0,8),

™

- 47 |x|

FY)5'(0-Y —s)dY

that is,
2w 0 9
as(RF)<073) = _?<uf)(2_$)’ Vo e S ;8> 0,

or equivalently,
—2r29,(RF)(0,1/(2r))) = (RFYY(0,1/(2r)) = —4xr(Uf)(rd), VO e S, r >0,

where (RF)®) means the first order derivative with respect to the second variable.
For fixed § € S?, when r goes to the infinity, (RF)™M(6,1/(2r)) will go to a
finite constant (RF)™M(6,0). Since —4nr(Uf)(rf) is in C=(R) as a function of r,

lim —4mr(Uf)(r0) = (RF)Y(8,0).

T—00
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From this fact, we also know that lim, .. (U f)(z) = 0 and lim,_, || (U f)(]x|€) exists,
which does not guarantee that lim, . |z|(U f)(x) exists.

When r goes to 0, since both (U f)(rf) and (RF)(0,1/(2r)) will go to 0, we
have

(RFYD(,1/(2r)) = —4nrUf)(rf), VO € S*r e [0,00]. (4.3)

So we have
/S/ S(RE)(6, )] ds dH—/ /Oo (2r%0,(RF)(6,1/(2r)))’ (Q%)dr do

—87T/g2/ UF)(@))? dr df
= Ag(u{ozf )) -

Now, in R3, for the Radon transform, we have the isometry identity (see Theorem 2.2)
1
|F(X)]? dX = —/ / 10,(RE)(0,s)|* ds df
R3

J(RF)(0, s 2dsd6’
471'2/32/0 )’

2/723 (W'J;)‘(“"))Q dx—/ X)|? dX = / D)e)? 1))zl de
:/RS <%) dz.

Proposition 4.2 (The L? adjoint of U/ in R®). The L? adjoint of U is

SO

W) = g0 (Ro(/le ol/2). 6 € H(E),
where ¢.(y) = ¢(y)ly| and r = |z|.

Proof. For any f(z) € #(R?), by (4.3) in the proof of Theorem 4.4, we have

Wf)(a 'x'/ F)8 2y — yl?) dy,
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and

(.o = [ o) [ eyl dy s

]R3

=/ fy) |x’<b( )8'(2x -y —|y|*) dvdy  interchange x,y
R3 R3 T

= [ s [ Moy - jop) dy as

So
wow = [ Moy - o) ay
!zl 3(y)8'(2r0 -y — 1?) dy
= a2 /Rg Ylo(y)a'(0 -y —r/2) dy
- 4;326) (/Rg lo(y)o(0 -y —7/2) dy)
= 30 (Ro.(0,7/2),
where r = 2,0 = z/|z|. D

Now we use the L? adjoint of & and the isometry to construct the inverse of U.

Theorem 4.5 (First inversion formula for U/ in R?). If f(z) € #(R3) then
Ur)(x)
—9 27 1% (
o) = 2aur (D).

where U* is the L? adjoint of U defined in Theorem 4.2.

Proof. By Theorem 4.4 and the linearity of U, for any ¢(x) € .#(R?), we have

(10,60 _, (D) woe))

I

Since

(U0 @)Y (WD 100 (g (DR ),

]
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and

(19:0) (i ).

Fla) = 22U (%) .

we have

Note that in R3, from (4.3) in the proof of Theorem 4.4, we have

0s(RE)(0,5) =

27
s

0
(Uf)(z—), V0 e 5?5 >0,

s
where F(z) = f(z/|x|?)/|x|?. From this relation, we can recover F and f from U f.
Theorem 4.6 (Second inversion formula for ¢ in R3). If f(x) € S(R3), then

10 =55 [ o (Gungn)|  a

s=X-0

where X = x/|x|?.
Proof. Define

F(z) = f(x/|=*)/|=]*
By Theorem 3.1, F € #(R?). We have

0.(RF)(0,5) = —2?” i

UN(5), Ve S s>

When s < 0, plug (=6, —s) into the above identity, we have

OA(RF) (0, 5) = —%(uf)(%), Vo e 52,5 < 0.
Therefore,
27 0 9
ORF)0,5) =~ 2 UN(5), Wes seR
So
P(RF)(0, ) — 20, (§<Uf)(21;>>  Wie S scR
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In R3, by Theorem 2.4, the Radon transform RF has the inversion formula

F(X) = ~g3 [ ERENO.5)x0 00,
SO
1 1 0
= [ o (Runh) o
and
X 1 0
=5 Lo Gung)|_,, @
where X = x/|z|?. O

4.3 The isometry and inversion of VW
Having proved the isometry for ¢/ and V and constructed their inverses we can

write an isometry for YW and construct its inverse.

Theorem 4.7 (Isometry for W). If f(x),g(z) € S (R?) and w(x,t) is the solution
of the IVP (1.1) (1.2), then

[tz + (1) |
= [ 2@ (eltwta o ~ e —fal))? + 5 (M g,

Theorem 4.8 (First inversion formula for W). If f(z), g(z) € S(R?) and w(z,t)
is the solution of the IVP (1.1) (1.2), then

o) = e (ML g

|z

V(0 (|l (w(z, |2]) —w(z, —|2]))), = €R,

4

g(z) = BE

where U*, V* are the operators defined in Proposition (4.2) and Proposition (4.1) re-

spectively.
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Theorem 4.9 (Second inversion formula for W). If f(z),g(x) € S(R?) and
w(z,t) is the solution of the IVP (1.1) (1.2), then

f( ) — ’XP/ ) w(%?ﬁ) +w(2%7_ﬁ) 26
8T 92 ® S X0 ’
(l’) _&A / w(%’ﬂ;ﬂ)_w(Z}?@a_Q‘;m) d@
= S X o ’X : 9| )
where X = x/|x|?.
Proof. Define
t) =
e, ) otn ),
~w(z,t) —w(z, —t)
v(x,t) = 5 )

Then u(x,t),v(z,t) are the unique solutions of the IVP (1.4) (1.5) and the IVP (1.6)
(1.7) respectively, and the proof follows immediately follows from Theorem 4.2, Theo-

rem 4.3, Theorem 4.4 and Theorem 4.5. O
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Chapter 5

INVERSION OF U, Vv AND & WHEN n > 3 IS ODD

In Chapter 4, we studied the inversion of &,V in R3. In this chapter, we find
their inverses for R", n odd with n > 3. As before we prove U,V are isometries and
then use it to construct their inverses. We give two proofs of the isometry, one direct
using the Radon transform and the other which uses the isometry obtained for R3. We

first study the operator V and then the operator U.
5.1 The inversion of V
We first show that V is an isometry.

Theorem 5.1 (Isometry identity for V). For any g(x) € A (R™), n odd, we have

[ (eltory =g [ RALECOEE

|x|n—3

where r = |x|.

We prove the isometry two different ways - the first using the Radon transform

and the second using spherical harmonics and the isometry proved for R3.

Proof. (Using the Radon transform) Since n is odd we have n = 2m + 1 for some
integer m > 1. If v(z, t) is the solution of the IVP (1.6) (1.7) then, from Theorem 2.1,
v(z,t) is given by

0

3

v(x,t) = () (ﬁ)("’?’)/2 ("2 (Mg)(z,[t])), V(z,t) € R" x R.
When t > 0,
(Mo)(et) = s [ aw)slly —af* ~ ) dy.
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So we have

v(z,t) = QI\‘/(Z) (%)(n?’)/2 (tnd(Mg)(xat))

i ( [ stw)ily -~ ) dy)

B wn—lr<%)

- % . 9"y — =|* = £*) dy.

Since
o272
Wpo1 = Sn—l — —,
1= 9" ()
we have
(_1)m_1 m—1 2 2
(Vg)(x) = v(x, |z]) = o1 9(y)o (ly — z|* — |=|%)
T Rn
_ (_1)m1/ m—1 2
= gt [ 9wyl = 2w y) dy

For any g(z) € #(R™), define

G(X) = g(X/|X)/1X|""

then by Theorem 3.1, G(X) € #(R"). For any x # 0 € R", let § = z/|x|, s = 5.

Noting that 6™~!(-) is a homogeneous function of degree —m,
(=2)" 2 2" (V) (@)
— [ szl (i - 20-y) dy
gl

= | 9" NG =y dy

/n 20| x|
— [ o5 sty ~0-v) dy

R

o JyPPm Jyf?
=/ gY/IYP)Y Prem=t(s —0-Y) (1/[Y[")dY
]Rn

= [ ) (s—0-YV)dy
Rn

= 8;”—1/ GY)o(s—0-Y)dY

=0 (RG)(0, 5),

41

dy

2r

let Y =y/|y|>



that is,
(—1)mHiogm 0

o5

For fixed § € S™7', when s goes to 0, 9™ '(RG)(0,s) will go to a finite constant
(RG)™=1(6,0). Since w(]}g)( ~) is continuous when s > 0, as s — oo, the
limit of &(Vg)( ) exists and equals (RG)™~1(6,0).

When s goes to the infinity, both of 91 (RG)(6, s) and W:#(Vg)(%) will

I RG) (6, s) = ), Vo€ S s>0.

go to 0. Therefore

(_1)m+l2ﬂ.m [

V9)(5;

o1 (RG)(0.5) = o).

Vo e S" 1 s €[0,00]. (5.1)

Sm

From this fact, we can see when z goes to the infinity, (Vg)(x) will go to 0, and
lim, o 78(Vg)(r0) = 0 for any k < m and lim, ., 7™(Vg)(rf) exists which is a finite
constant.

Noting that r = %, SO
OM(RG)(0, s) = (—=2)"27™r20,(r™(Vg)(r)).

Hence

#/S 1/oo|ag%(7zc;)(e,s)|2 ds do

22m+5 2m

2(2m)nt /S / 1oL (™ (V) (rd))[* ds do

—S/Sn 1/ 210,(r™(Vg)(r0)))* dr db
_8/n 0, (121”2 (Vo) (@))|? dr.

’xln 3

When n = 2m + 1, the Radon transform R obeys the isometry identity

e V'(RG = G(X)|7dX
2(27_‘_)”71 /Snl [oo ’as ( )(07 S)| ds de R ’ ( )| d )
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therefore

B, (lef" Vo)), 1 ST
8/n |z|n—3 dr = (2m)n 1 /Sn_l/o 10 (RG) (0, s)|” ds df

1 . 2
~ 202m) / / 1O (RG)B. ) ds db

| e
/Rn (9(x)
X

X)|?dX
|

[ (1/]a)*)da

[[g(x))* da.

]

Now we give another proof of Theorem 5.1 using spherical harmonic expansions
and the isometry obtained in the n = 3 case. Similar ideas can be used to obtain an

isometry for all even n > 4 from the isometry for the n = 2 case.

Proof. (Using spherical harmonic expansions) Below, for any x € R", = # 0, let
0 = x/|x| and r = |z|.

Suppose {¢x(6)}72, is the complete orthonormal set of spherical harmonics on
the unit sphere S"~! in R", where ¢ (0) is the restriction of a homogeneous harmonic
polynomial of degree dj, onto S™~!. Since g(z) € C®(R"), v(z,t) € C°(R" xR). They

have the spherical harmonics expansions

Z g (1) r¥ gy (6
t) = Z ar(r, ) r%* ¢r(6),

where g (r)r fsn L g(r0)ér(0) db, ay(r,t)rd = fsn,lv(re,t)gbk(@) df, and gx(r),
ag(r,t) are smooth.

Applying the Laplacian to v(z,t), and using (2.10), we have

Av(z,t) = Z (8fak(r, t) + M&ak(r, t)) % . (6). (5.2)
k=0
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Since v(x,t) satisfies the wave equation (1.6), by the orthonormality of the
spherical harmonics {¢(0)}72,, we have that, for each £ > 0, ay(r,t) and gx(r) satisfy

2d -1
w%—w%—_i%l—@%:q (r,t) € [0,00) x R, (5.3)
ag(r,0) =0, Owar(r,0) = gr(r). (5.4)

Taking even extensions of gi(r) and ax(r,t) when r < 0, we extend the above equations

to the whole space:

2dk+n—1

Otay, — 0Pap — ———-0,a;, =0, (r,t) € R xR, (5.5)
r
ag(r,0) =0, Orak(r,0) = gr(r). (5.6)
We try to find an isometry between gi(r) and ax(r,|r|) for any dy = 0,1,.... The

idea arises from the isometry identity of V in R3. When n = 3, we have an isometry
identity between v(z, |z|) and g(x), which in turn gives an isometry between ay(r, |r])
and g(r) in the n = 3 case. Notice that for any odd n > 3, n = 2m + 1, we can write
2di, +n—1=2(dp,+m —1)+3 —1 for any dy, =0, 1,..., which will give us the idea
that the isometry in R? will help us to find a similar isometry for any odd n.

Consider the IVP

&Mﬁﬂ—&dnﬂ—ﬂja&dnﬂzo,(nweRxR, (5.7)
a(r,0) =0, 0&wa(r,0) = h(r), (5.8)

where h(r) € #(R), [ > 0 is an integer. Using any spherical harmonic function ¢;(6)

of degree [ in S?, we can construct a function in % (R?):
(@) = gi(rf) = h(r)r'e:(0),
and a function in .#H(R? x R):
v(x,t) = v (rh,t) = a(r, t)r'e(6).
Then g;(z), v(x,t) satisfies the IVP in R? x R:
Otvy(x,t) — Av(z,t) =0, (z,t) € R® x R,

v(z,0) =0, Jwu(zx,0) = g/(x).
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By the isometry identity of the forward operator V in R?, we have

/Rs (|$|gl(x))2 dr = 8/]Rs |ar(|$|vl(x, |x|))|2 de.

Notice that

\

[ telata

2
. (|z|h(r)r'¢(0))” dx

/ d9 / 2l+4 hQ
5’2

and

[ outiatute.la) de = [ [or (lalatr ' on) |
:/52(@(9)) d9/0 r ‘& (7“ a(r, ]7’]))’ dr.

By the orthonormality of the spherical harmonics on S?, we have

/ r2 AR (r) dr = 8/ 19, (ra(r, |r))) ‘2 dr. (5.9)
0 0

That is, when A(r) € .#(R), for any integer [ > 0, the solution a(r,t) of the IVP (5.7)
(5.8) has the isometry identity (5.9).

Now consider the IVP (1.6) (1.7) in R™ where n = 2m + 1. If g(z) € .#(R")
has the spherical harmonics expansion with only one term g(z) = gx(r)r@ ¢ (), where
dr > 0 is an integer, gx(r) € #(R), then the solution v(x,t) of the IVP (1.6) (1.7) has
the form v(z,t) = ay(r, t)r¥ ¢, (0) for some function ag(r,t). And ax(r,t), gi(r) satisfy
the IVP
2(d+m—1)+2

r
ai(r,0) =0, Owak(r,0) = gi(r), (5.11)

at2ak (Ta t) - afak (Ta t) o

Orag(r,t) =0, (r,t) eRxR  (5.10)

which has the form of the IVP (5.7) (5.8). So by (5.9), we have

/0 P2 0200y 8/0 r? [0, (r¥tmay(r, |r|))‘2 dr. (5.12)
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Now consider any g(z) € . (R™) with the spherical harmonics expansion

Z g (r)r® ¢, (0

Let v(z,t) be the solution of the IVP (1.6) (1.7) with the spherical harmonics expansion

t) = ap(r,t)r ¢ (0).
k=0

By the orthonormality of the spherical harmonics, gx(r), ax(r, t) satisfy the IVP (5.10)
(5.11) for any k > 0. Therefore, gi(r), ax(r, t) satisfy the equation (5.12), for any k& > 0.

Now

00 2

Z e (r M ag(r, 7))ok (0))

k=

= Z O, (r™ ™ ay(r, [r])) O: (r® " ay(r, |])) b1 ()41 (6)

k,1=0

Hence using the orthonormahty of {¢x(0)}72, we obtain

a,,, :L‘m i 7L m— m 2
/n| (| ||x|2751 2| | dl‘—Z/ 1—(2m—2) ‘3 dk+ M))‘ dr

_Z/ 2 |0, (r+ g (r, ) dr.

While, again using the orthonormality of {¢x(6)}72,, we obtain

[ el do= | (Z >>2 &a

=) /OO At 22 g, () gu(r) dr Or(0)n(6) dO
0

k,1=0 snt

0 00
— § :/ T’2dk+2m+29z<7’) dr.
k=0 0

For each k > 0, we have the identity (5.12), therefore we have proved the theorem. [

10, (J|™ v (2, [])]

Remark 5.1. For future use we note a relation obtained in the first proof of Theorem
5.1. For any odd n > 3, g(x) € C®(R™) such that g(z/|z|*)/|z|"™! € (R™), we have
1)z 277

855 (RG)(0,s) = (T(Vg)(%), Vo € S% 5 > 0.

We will use this relation again when characterizing the range of V.



We now construct the L? adjoint of V with the goal of using it and the isometry

for V to construct an inverse for V.

Proposition 5.1 (The L? adjoint of V). The L? adjoint of V is given by

1
)m

Viole) =~

0% (Re)(w/lal,|2/2), Vo € Fo(R™).

Proof. Denote n =2m+ 1. Let g € .#(R"). Then from (5.1) in the proof of Theorem

5.1, we have
(_1)m—1
2™

(Vg)(x) =

For any ¢ € A (R"),

[ tw)a gl = 22 dy.

(Vg)(2), o(x)) = | (Vg)(z) o(x) dx

R"
_1\ym—1
N % / ¢(x) /ng(y) 0" M (|yl* = 22 - y) dy da
_1\ym—1
B % / 9w) | o) 0" H(ly* = 22 - y) da dy,
therefore
_1\ym—1
vow =55 (2)6" Y (yl? = 22 - ) da.
R"
Interchange x, vy,
_1\ym—1
(V*¢)(x) = % ¢(y)5m—1(|x|2 — 9. y) dy.
Rn

Let us see the meaning of this integral.

For any z € R", let r = |z|,0 = «/|z|. Then

s o(y)d" M|z — 2z - y) dy = 5 o(y)d" " (r* = 2r6 - y) dy

1 _
=— | o) (r—20-y)dy
T R™

1
=" | p(y)d(r—20-y)dy
T Rn

= gm0 [ )60y = 1/2) dy

Cogpm T

= Lo (Re)0.1/2) .

Coopm T

47



So

Vo) = 0 Lo (o6 /2)
= CUopt (Roy(6.1/2).

4gmyem T

]

We now use the isometry for ¥V and the L? adjoint of V to construct an inverse

for V.

Theorem 5.2 (First inversion formula for V). If n = 2m+ 1 with m > 1 then for

any g(x) € S(R"™) we have

g(z) = —%v* (2= &2 (| (Vg) (),

where V* is the L? adjoint of V given by Proposition 5.1.

Proof. For g(z) € S (R") where n = 2m + 1, by Theorem 5.1, we have

/n (lz]g(x))* dx = 8/n O (|z[™(Vg)(x))

E
For fixed § € S"~!, by Remark 5.1, we have

2

dx.

1
(_2>m+17-rm

" (Vg)(rf) = (051 (RG))(0,1/(2r)), ¥r >0,

where G(z) = g(z/|z|?)/|z|"*!, G € A(R™), RG € #(S™! x R). Hence

V) = gt O (RE)(O.1/ )
VIO e O (RG))6.1/(21).

Therefore, for any ¢ € % (R"),

0,(|2" (Vg) ()
o[22
_ ! (07 (RG))(6,1/(20) (0" (RD))(6,1/(2r).

(_ 2)2m+3ﬂ-2m,r2m

|z[" (Vo) ()
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where ®(z) = ¢(z/|z]?)/|z|""*. When r — oo,

tim 1t OO 1 00) 19) = s (O (RG))(0,0)(07 (R®)(6,0).

Since (0™(RG))(6,0) and (071 (R®))(6,0) has opposite even-odd parity with respect
to 0, that is,

(0 (RG))(0,0)(0" (RP))(0,0) = —(95"(RG))(=0,0)(9:" " (RD))(—0,0),

SO

/ (O™ (RG)) (8, 0)(@™ (R®))(6,0) db = 0,
Snfl

and

10| (Vg)(10))

|x|2m—2

lim 2| (Ve)(rf) df = 0.
T—00 Sgn—1

Then by the linearity of V, we have

(lelg(), [e|é(2)) = 8 <8r<|x‘|;g_gl><x>>, ar<|x’r;5nv_@<x>>>

V@)
= (2D o, o)

= -5 (0. + =L o))

(70, + (a1 ) PR (1)

|x|2m—2

. <V* ((Tmar e Drm_l)(ar(rx\m(vm(x)))> ,¢(x)>

’$‘2m72

== =8 (V" (J[" (|2 (Vg)(x)))  o(x))

While
(|zlg(x), |z|o(x)) = (Jz*g(2), p(2)),

therefore

9(z) = —%v* (e[ 02 (2™ (Vg) (2))) .

Using Remark 5.1, we can give another direct inversion formula for V.
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Theorem 5.3 (Second inversion formula for V). Let n = 2m + 1 with m > 1,

then for any g(x) € SH(R™), we have

- |X|2m+2 / — 1 0
g(l‘) - 92mm gn—1 as Sm_1|8| (Vg)<28)

where X = x/|x|?.

s=X-0

Proof. Define
G(X) = g(X/|X[)/1X|"

Then by Remark 5.1 we have

Fl):#(]}g) ( 20

" HRG)(9, s) = 5 VBE S s >0,

When s < 0, plug (=6, —s) into the above identity, we have

_{)mtiggm g
(=)™ 2r (Vg)(—-), Voe 8% s<0.

" H(RG) (0, —s) = E 95

Since

T RG) (=0, —s) = (=1)" 107 H(RG) (=0, —s) = (=1)" 97" (RG)(0, ),

and
(—1)mFiggm -0 (=L)7" K2
(_S)m (Vg)<_28) - gm (Vg)<28)7
SO
m—1 - (_1)m+12ﬂ.m ﬁ n—1
IMHRG)(0,s) = e Ts (Vg)(zs), Vo e S", s € R,
and
n—1 _ am+1 (_1>m+12ﬂ.m i n—1
N RG)(0,s) = 0. (—sm1\5| <Vg)(23) , Yoe S seR.

By Theorem 2.4, the Radon transform RG has the inversion formula

Gcrw=(‘”m(LmJ@PRRGxasn$Xﬂda

2(2m)2m
hence
1 1 0
X)=-— e — do.
60X =gz [ o (o)) |
Therefore
X / T 0
g(l’) 92mgm gn-1 s sgm—1 |S| (Vg)( 28> —x0 )
where X = x/|z|?. O
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5.2 The inversion of U
Now we study the inversion of U. As before we first obtain an isometry identity,

construct the L? adjoint and then use these two to construct the inverse of I.

Theorem 5.4 (Isometry identity for U). If n is odd, we have

[ () woma [ (M09 e e

Proof. Since n is odd, we write n = 2m + 1 for some integer m > 1. If u(x,t) is the

solution of the IVP (1.4) (1.5) then by Theorem 2.1, u(z,t) is given by

u(a.t) = QF@)%M%)("W (2 (MP @), Viat) €R” xR

When ¢t > 0,

o) = S5 )" (M)
- 2 ([ fity = o - ) a0)
SRS [ sy =t = ) ay
— S ey - ) dy
So
Uf)(z) = D" f@)o™(|y|> — 2z - y) dy, Vo e R™, z #0. (5.13)

T R™
For any x € R", 2 # 0, let § = z/|x|, s = ﬁ and define

F(X) = f(X/IX")/1x]"

o1



then by Theorem (3.1), F(X) € #(R™). We have

(=Dm2m i |z U f) () = . F)|22™ 0™ (jyl* — 22 - ) dy

[ i ml _ 2 gy

20| x|

s F)o™ (slyl* — 0 -y) dy

f()
= §™M(s—0-—2)d let Y = 2
/Rn e (s |y\2) Y y/lyl

= /Rn /Y P)YPre2m(s = 0-Y) (1/[Y]*)dY
:/ FY)6"(s — 0 Y) dY

=" (RE)(0,5),

that is,

(—1)m27m

O™(RF)(0,s) = D (Uf)(%), Vo e S s> 0.

For fixed 6 € S™ !, when s goes to 0, O™(RF)(0,s) will go to a finite constant
(RF)™)(6,0). Since (&(L{f)( 2 is a continuous as a function of s, hence the
limit of ﬂ(bff)( ) exists which is equal to (RF)™(6,0).

When s goes to the infinity, since both 07*(RF')(0, s) and (—(Z/{f)( ~) will
go to 0, therefore
—1)m27™ 0
IM(RE)(,s) = ()S—m”(w)(%), Vo € S™L, s > 0. (5.14)

From this fact, we can see that when x goes to the infinity, (U f)(x) will go to 0, so
as |x[F(Uf)(x), for any k < m, and the limit of r™(U f)(rf) exists when r goes to the
infinity.

Since

0 0
/ / O (RF) (0, )2 ds d9:/ / O (RF)(—0,—s)2 ds df et t — —s
Ssn—1J 00 Sn=1J 00
—/ / 0P (RE)(—0,4)[2 dt df
sn-1Jo

_ / / O (RE)(6,0)[2 dt do,
sn-1.Jo
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SO

: "o 2 _ Som $)|? ds
somin [ ey sr s = o [ [T arweyo s is ao

When n = 2m + 1, the Radon transform has isometry identity (see Theorem 2.2)

2 _ 1 / /OO m 2
[ FOOPaX = gy [ 10 RE)@,s) ds b

and since
2
|F(X ’2 dX = / ||~ o) (1/’$‘2n)d1’:/ (M) dr,
- o \ 1]

therefore

f@))? 1 / /°° p 1

N S (RE lot r— L

/” ( || e (2m)n=1 Jgn- 07 (RF)(0,5)|" ds db et r =5

27r)n 1 /Sn 1/ |(=2m)™2|z|"u(x, |xm ( )dr ”
/sn_1 /OO " lu(z, |2])* dr o

Remark 5.2. We showed in the proof that if n =2m + 1 > 3, f(x) € C*(R") such
that f(z/|z|*)/|z|" € S (R™), then
(—1)m27™

Sm

Il
[\]
o

I
N

]

I(RF) (0, s) = (Z/{f)(%), Vo € S™1, s > 0.

We will use this relation again when characterizing the range of U.
Now we find the L? adjoint of U.
Proposition 5.2 (The L? adjoint of U). Ifn is odd then the L* adjoint of U is given

by

(—1)’%1

2T |$|§

where ¢.(y) = ¢(y)|y| and r = |z|.

(U ¢)(x) = T (Ro)(/lal,|e]/2), Yo € AR, xR,
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Proof. Let n =2m + 1 and f(z) € S (R"). From (5.13) in the proof of Theorem 5.4,

we have
unte) = S fsuf 2 0) dy

For any ¢(z) € S (R"),

(Uf)(@),¢(x)) = | US)(x) ¢(x) dx

Rn

- <_7T1n3m - [z|p(z) . f(y) 5m(|y|2 — 2z -y) dy dx
N (;Qm /nf@) | lalé(@) ™ (Iyl* = 22 - ) da dy,

therefore

(U P)(x) = = DIyl (Jal* =22 -y) dy = y)0™ (|2 —2z-y) dy

Let us see the meaning of this integral.

For any x € R™, let r = |z|, § = x/|z|. Then

s G (y)0™(|x]* = 22 - y) dy = s G (y)6™ (1 — 210 - y) dy

1
= . Gu(y)o™ (r — 20 - y) dy

Terl

1
it [ oot —26-y) dy

27am+l T/ ¢« (y)0(0 -y —7/2) dy
O (R.)(0,1/2).

N
So we have

U o)) = 5o (R6.) (0,1 2),
where ¢.(y) = o(y)lyl. O

Now we obtain the inverse of U.

Theorem 5.5 (First inversion formula for U). If n is odd then

f(z) = 20U (W'ng)) . Vfe AR, zeR"

where U* is the L* adjoint of U given by Proposition 5.1.

o4



Proof. By Theorem 5.4, we have

2 2
[ (1) s [ (00",

re \ |7 AN

By the linearity of U, for any ¢(x) € S (R™), we have

<f(x) ¢>(fﬂ)> _y <(Uf)(fv) (U¢)(w)>

x| 7 |l I

(408, o

(o (4012) )

Since

(19.9) (83

fta) = 2hafee (L4

therefore

]

From Remark 5.2, there is a direct relation bewteen RF and U f, where F'(x) =

f(x/|x]?)/]z|"~t. Using this fact, we can obtain another inversion formula for U.

Theorem 5.6 (Second inversion formula for /). Let n = 2m+1 withm > 1. For

any f(z) € S (R"™), we have

s = o [ o (Gungn)

a6,
s=X-0

where X = x/|x|?.

Proof. Define
F(z) = f(z/]2]*)/|z]""".
By Theorem 3.1, F' € #(R"). By Remark 5.2, we have

(—1)m 27

Sm

O (RE)(0, 5) (Llf)(%), W0 e S5 5> 0.
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When s < 0, plug (—6, —s) into the above identity, we get

I RE) (0, 5) = #(w)(%% Vo e S s <0,
Therefore

O (RF)(0, 5) — #(w)(%), Vo e S s € R,
and

P (R0, 5) = (—1)"2rm g (Sim(uf)(%)) . VAeS, seR.

By Theorem 2.4, in R™ of odd dimension, the Radon transform RF' has the inversion

formula
—1)m
F(X) = % /Snl D2 (RE)(0, s)|s=x.0 do.
Therefore,
1 w1 0
P00~ i [ (meni) |
and
B |X|n—1 m 1 0
fle) = (4m)m /Snl % (S_mWf)(z_S)) s=X-0 “

where X = z/|z|?.

5.3 The isometry and inverse for W

Having the isometries and inverses for &4 and V we can easily construct the

isometry and inverse of W.

Theorem 5.7 (Isometry for W). If f(z),g(x) € S (R™) and w(x,t) is the solution

of the IVP (1.1) (1.2), where n = 2m + 1, then

[ elgtey?+ (%) dz

|x’m—1

B / 2<8r(|:c!m(w(:c,|:c|)—w(:c,—\:c!)))) 1 (w(x, 2]) + w

o6



Theorem 5.8 (First inverse formula of W). Let f(z), g(z) € S (R™), w(z,t) be
the solution of the IVP (1.1) (1.2), where n =2m + 1 > 3 is odd. Then we have
w(xa ’.CC‘ + w(a:, —’.CED

|z 7

o(2) = — gV (|82 (ol (e, [a]) — e, —[a])) ).

|z

o) =lafur

where U*,V* are the operators defined in Proposition 5.2 and Proposition 5.1 respec-

tively.

Theorem 5.9 (Second inverse formula of W). Let f(x),g(x) € S (R"), w(z,t)
be the solution of the IVP (1.1) (1.2), where n =2m + 1 > 3 is odd. Then we have

9 0 9 9
o 2mHm Jou s X0
m b 0y _ (L 8
g(x) = _M/ gl w(Zs’ 2|s|> 7“0(237 2|s|) 20
2 sm s X0

where X = x/|x|?.

Proof. Define

w(z,t) +w(x, —t)
2 9

w(z,t) —w(x,—t)
2

u(z,t) =

v(x,t) =

Then wu(z,t),v(x,t) are the unique solutions of the IVP (1.4) (1.5) and the IVP (1.6)
(1.7) respectively, and the proof immediately follows from Theorem 5.2, Theorem 5.3,

Theorem 5.4, Theorem 5.5 and Theorem 5.6. O
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Chapter 6

THE RANGES OF ¢/ AND YV WHEN n IS ODD.

In Chapters 4 and 5, we studied the inversion of ¢,V when n is odd. We found
isometries and inversion formulas for &/ and V. In this chapter, we characterize the
ranges of U,V when n is odd. We obtain necessary conditions on the range of U,V if
the domain of U and V is restricted to .#,(R"™). For U and V with domains restricted
to C*°(R"™), n odd, we give sufficient conditions for functions to be in the ranges of U

or V. Unfortunately, we do not have complete characterizations of the ranges of & and

V.

6.1 The Range of V
In this section, we characterize the range of V. The idea is to use the fact that,

if n = 2m + 1, then from (5.1) we have

_1\m+1 m
CU 2 ) () = 0 (RG)(0,5), W6 € 5, 520

where G(X) = ¢g(X/|X]?)/|X|""!. Since the range of the Radon transform has been
characterized, we can use it to characterize the range of V. Unfortunately, it is difficult
to analyze the relationship between the behavior of g at oo and G at the origin, which

is the reason for our incomplete characterization of the range of V.

Theorem 6.1 (Necessary conditions on the range of V). If n = 2m + 1 and
g(z) € AR then (Vg)(x) € C°(R"™) and, for § € S*, we have

o lim, ,..7*(Vg)(r6) =0, Vk=0,1,...m—1,
o lim, " (Vg)(r0) exists,

o [LrF2r|(Vg)(r) dr =0, Vk=1,2,...,m—1,
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o [o T%M(Vg)(re) dr = pi(0) is the restriction to the unit sphere of a homogeneous
polynomial of degree k, for any k =0,1,....

Proof. 1If we define
G(X) = g(X/|X])/1X[",

then by Theorem 3.1, G(X) € .#(R") and, by Theorem 2.3, RG is in . (R"). From
(5.1) in the proof of Theorem 5.1, we have

O RG)(0,5) = M(Vg)(i), Vo € S"t s €0, 00].

s™m 2s

When s < 0, noting that (RG)(0,s) = (RG)(—0, —s),

07 H(RG)(0,5) = 07 (RG) (=0, —s)) = (—=1)" 107" (RG)(—0, —s)

= C2 ),
therefore
I REG) (0, 5) = %o}g)(%), W0 € 57 Vs € [—o0,00],  (6.1)
equivalently,
(V)(r8) = — O (RG)(0,5) sy W0 € S, W € [0,00],

(_2)m+17[-mfram s

1 m— n
(Vg)(x) = (_2)m+17rm‘x’m85 1(RG)(:E/|$|7S)|S=1/(2|x\)7 Vr € R".

Since RG € .7(S"! x R), similar to the proof of Theorem 3.1, it is not hard to show
that (Vg)(z) € C°(R™). Furthermore, for fixed § € S"~!,

k—m

(_;W—Hwaé“(RG)(ﬁ, $)az1/2r), VO € S™Y, Wr € [0, 00].

r*(Vg)(rt) =
Hence

lim 7*(Vg)(r) =0, Vk=0,1,...,m —1,

o RG)™=1(H,0
rlirilor (Vg)(rf) = ( (_)2)m+17(rm )
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Now consider [, s*07 1 (RG)(0,s) ds. Since (RG)(0,s) € S (S"* x R),

S

im 10 (RG)(0,8) =0, Vi keZ,.
Hence, when k£ =0,1,...,m — 2, using integration by parts,
/R sF 0" (RG) (0, 5) ds = s 0" (RG)(0,5)|7, — k /R PO (RGN (0, 5) ds
_ k /R L (RG) (6, ) ds

=k(k—1) / "2 O 3(RG)(0, 5) ds

= (—1)*KIOm2F(RG)(6, 5)|[=, = 0

and

m+127.r Iz
k —
ts= [+ S g

— (e [ Ve () s

/ I LYRG) (6, s)
R

that is, for any k =1,2,...,m — 1, for any § € S" 1,

O:/ ! (Vg)(zi)ds let r = 5

r S*|s] s

- /R 2521 |(Vg) (r6) dr

When k> m — 1,

/R £ YRG0, 5) ds = (—1)™! /R (015 (RG)(0, 5) ds

k‘ k—m+1
(k—m—l—l)!/RS (RG)(8,s) ds,

= (-1
which is a homogeneous polynomial of degree £ —m + 1 in . Noting that

Skferl [

Vo)

/R & YRGB, 5) ds = (—1)"H 1277 / ) ds,

R |5’
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therefore, for any £ = 0,1, ...

(9)—/S—k(V )(i) ds let r =
PRI Lo Ts1 s i
1

= Vg)(rf) dr
R
is a homogeneous polynomial of degree k in 6. O

Remark 6.1. There is a difficulty to show these necessary conditions for (Vg)(x) are
also sufficient. By (6.1) in the proof of Theorem 6.1, we have

-1 m+12 m
o RG)0.9) = XTI ) 1), e s s e oo,

Suppose there is a function v(z) € C®(R™) satisfying the necessary conditions

in Theorem 6.1, we can construct a Radon transform q(6,s) such that

(e g
0 al0,5) = sm1|s| U(QS

), VO€ S Vs €[00, 0]

But the difficulty, if we require v(x) satisfies only the conditions in Theorem 6.1, it is
not enought to show that the function q(6,s) we obtained is in #(S" ' x R), therefore,
there may be not a function G € .7 (R"™) such that ¢ = RG and we may not construct

g using the relation
g(z) = G(/|=f*) /]|
such that

m—1 _ (_1)m+12ﬂ.m7 i n—1 o
O (RG)(0,s) = =T 0(25), Vo e S", Vs € [—o0, 0],

To overcome this difficulty, we need to impose stronger conditions on Vg.

Now we restrict the domain of V to C*°(R") and seek good sufficient conditions

for a function to be in the range of V.

Theorem 6.2 (Sufficient conditions for the range of V). Suppose n is odd and
n=2m+ 1. For any v(x) € C*(R") with

(a) v(rf) € S (S" 1 x R) as a function of (6,r) € S ! x R;
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(b) [or*2|r|o(r0) dr =0, VO€ S k=1,2,....,m—1;

(c) Ja r,}‘klﬁ(re) dr = pr(0) is a homogeneous polynomial of degree k for any k =

there is a g(x) € C*(R™), such that (Vg)(z) = v(x).
Proof. For use below, we show that

o0 _ \m—2—k2 0
/ %Q_}(—)Ch’:o, Vhy = 0,1,2,...,m— 2.

o TTT| o

For any ks =0,1,2,...,m — 2,
m—2—ko

/_OO w@(%) dr — _ZX;: (m —2—ky)! )'<_S>m2k2l/R T _(i> ir

o  TTUT| N(m—2—ky—1)! Tm_1|7'|v 27

m—2—ko
(m—2—k:2)' ok l/ 1 _ 0
_ _gym2keel [ 2 5 Ty g
; Tm—2— =i gy 4

Using hypothesis (b), which is equivalent to

0
/ sy =0, Woest, k=12, m—1,
R 2s

s*s]
each term of [, WT)(%) dr is equal to 0, hence

) _ g\m—2—ks
/ u@(e)dT:Q Vky =0,1,2,...,m —2.

o  TTUT| 2

For any 6§ € S" ! s € R, define

° _1)m+1lgm
102 = ﬁ /_OO(S B t>7ﬂ_2%v(%) dt
I Dy D Gl i
N (m —2)! /_Oo =1t U(g) dt.

We show that ¢(6,s) = (RG)(0, s) for some G(X) € .7(R").

First we show ¢(f, s) € (S"! x R"). Using hypothesis (a) and taking s = o,
by Theorem 3.1 5(£) € .#(S"! x R) as a function of (6, s) € S"~! x R, so it is not
hard to see that ¢(6,s) € C®(S"! x R). Now we show that, for any k = 0,1, ...,

skq(0, s) goes to 0 as s goes to the infinity.
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For any £k =0,1,...,

sq(0,s) = w (Sk /s w@(ﬁ) dt)

(m—2)! ey
I e P
-Gy ([ S @)

When ¢ — oo, since 0(%) € (S x R), we have [t*"™5(£)| < 1 when ¢ is large

enough. Therefore

5%9(0,5)] < % ( / )

goes to 0 when s goes to the infinity.

skwﬂ(ﬁ)‘ dt) < fl/:ol dt

=1t 2t m—2)! J,

Now we show that for all ki, ks = 0,1,..., as s goes to the infinity, s¥10%2¢(6, s)
will go to 0. Notice that when bk, =0,1,...,m — 2,

s B (_1)m+12ﬂ_m /s (S - t)m—2—k2_ ﬁ
08 = T ey e T

o0

and when ky > m — 1,

o _ (=pmHi2gm ko —m-+1 L i
95a(0, 5) = (m—2—k2)!as sm—1|s|v(25) '

Since we have shown that ffooo %@(%) dt =0forany ks =0,1,...,m—2

and any s € R, Using the fact that o(Z%) € #(S"' x R), we can show that for

all ki, ke = 0,1,..., as s goes to the infinity, s*0%¢(f,s) will go to 0. Therefore,
q(0,5) € Z(S"1 x R).
Secondly, we show ¢(6, s) is even, that is, q(6, s) = q(—0, —s). Consider

B (_1)m+12ﬂ_m /—s (—S _ t)m72_ _9
a(=0, =) = (m —2)! tm=1|¢| o 2t ) dt
Let 7 = —t, we have
(s —t)"2_ 0 /°° (r—s)m™2 0
— (=) dt = - 9(—) dT.
[ S s [ e
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Therefore

(=pmiam 7 (s )" 0
- (m—2)! /_ =1t U(g) dt
_ (e < (=m0
- (m-2) / (T ar) ¢

[,

(m —2)! 17| 27
(_1)m+12ﬂ.m /s (S o 7_)m—2 ~ Iz
= —) d
(m —2)! oo TTT| U(QT) g
=q(0, s).

Finally, we show [, skq(0, s) ds = pp(0) is a homogeneous polynomial of degree k in 6.

Noting that
(—=1)m+i2x™ 9

m—1 _ 7
as q(97 8) - 8m71|8‘ ’U(ZS)’
for any £k =0,1,..., we have
- k! m—1 qm—
/RSkQ(Q,S) ds = (—].)m lm / Sk+ 188 1(](0,5) ds
k127m™ /
k +m—1! Jg s |

hypothesis (c) is equivalent to the statement that

[ o gs) = #(6)

is a homogeneous polynomial of degree k for any £ =0,1,2---. Hence

/R $*q(0, 5) ds = py(0)

is a homogeneous polynomial of degree k in 6. Therefore, from Theorem 2.3, ¢(0, s)

Taking s =

2r’

is in the range of the Radon transform, and ¢(6,s) = RG(0,s) for some function

G € L (R"™). Define
9(x) = G/l=*)/ ]|

then, as in the proof of Theorem 3.1, we can show g(z) € C*°(R"). Applying Remark

5.1 we have

(—1)m+igqm
Smfl |S’

(Vg)(i Vo € 8"l Vs e R,

oI (RG) (0, 5) = o)
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Noting that

(_1)m+12ﬂ.m ~ 9

m—1 _ Am—1 _ e n—1 R
I RG)(0,s) =0 q(0, ) 5] U(ZS), Vo e S", Vs e R,

we have

o(z) = Vg)(z), VxeR"™

6.2 The Range of U
We now attempt to characterize the range of Y. Again, we rely on the connection

between U and the Radon transform - if n = 2m + 1, then from (5.14) we have

(=1)m27x™

orRE)0.9) = TL T ), vees szo

First we find necessary conditions on the range of U if U is restricted to . (R™).

Theorem 6.3 (Necessary conditions on the range of U). Suppose n = 2m + 1.
If f(z) € S(R™) then (USf)(z) € C*(R™) and, for 6 € S"~', we have

o lim, o 7" (USf)(r0) =0, Vk=0,1,...,m—1,
o lim, . 7™ (Uf)(r0)ezists,
o [LrFEUS)(r0) dr =0, VE=1,2,...,m,

o [o = (US)(r0) dr = pip(0) is a homogeneous polynomial of degree k, k = 0,1, ...
Proof. For any x € R", let r = |z|,0 = z/|z|. Define
F(X) = f(X/1XP)/1X",

where X = z/|z|%. Let RF be its Radon transform. Then from (5.14) in the proof of
Theorem 5.4, we have

(—1)m27m

O (RF)(0,5) = —— (L{f)(%), Vo e S s € [0, o0).

When s < 0, define t = —s > 0. Noting that
' (REF)(O,s) = 0 (RF) (=0, —s) = (=1)" " (RF)(=0,1)

(—1)m27m 2y

= UN(5;
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therefore

—1)m2x™

OMRE)(0,s) = ( (L{f)(%), Vo € S s € [—o0, 00],

Sm

equivalently,

U @) = R/ lal,5) ooy Vo € R

o 2m+1ﬂ-m|x|m s
Since RF € .#(S" ! xR), it is not hard to show that (U f)(z) € C°°(R™). Furthermore,
for fixed § € S™ 1,

(_ 1)m7,.k—m
om+1m

Tk(”f)(re) = 8?(RF)(9’ S)lszl/(Z\xDa Vr e [0’ OO]
Hence

lim r*(Uf)(r0) =0, k=0,1,...,m—1

lim @) 00) = L R0 0,0)

Consider [, s*07"(RF)(0,s) ds. Since RF(0,s) € .7(S" " x R),
im s*0P(RF)(0,s) =0, Va,BeZ".
So when £k =0,1,...,m —1,
/R s* O (RF)(0,s) ds = s* 9" Y (RF)(0,s)|™, — k /R LMY RE) (0, 5) ds
" /R L g (RF) (0, 5) ds
— (k- 1) /R 2 M2 RF)(6, 5) ds

= (=D KIO7 U RE)(0, 5)% =0,

and
sT O (RE)0,s)ds = (—1)™2n — US) (=) ds,
R R S™ 2s
that is, for any k =1,2,....m
/i(w)(ﬁ) ds=0, Ve s
g Sk 25’ 0T '
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Equivalently,
[ unesyar=o. =12 m
R

When k£ > m,

/Rsk OM(RF)0,s)ds = (—1)™ /(8:”‘31“)(RF)(0,$) ds

o k!

which is a homogeneous polynomial of degree K — m in . Noting that

/ £ ORE (0, 5) ds = (—1)m2™ /
R

R

FUP) ) ds

—1)mgm 1
= S5 | o) a
so, for any k= 0,1, ...
1
[ o) dr = o)

which is a homogeneous polynomial of degree k in 6.

(k —m)! /Rsk_m(RF)(H, s) ds,

let r = L+
S

]

Remark 6.2. As in Remark 6.1, we encounter similar issues when we attempt to show

the necessary conditions in Theorem 6.1 are sufficient. To overcome these issues, we

need to impose stronger conditions on U f.

Now, we find good sufficient conditions for a function to be in the range of U/ if

U is restricted to C°(R™).

Theorem 6.4 (Sufficient conditions for range of U). Suppose n = 2m + 1. If

u(x) € C®°(R™) such that
(a) u(rf) € S(S" ' x R) as function of (6,7) € S"! x R.,
(b) [or*?u(rd) dr =0, V0e€ S" ! forany k=1,2,...,m,

(c) [g ﬁﬂ(r@) dr = pr(0) is a homogeneous polynomial of degree k, k =0,1,2,---

then there is a f(x) € C®(R™) such that (Uf)(x)
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Proof. For any § € S"! s € R, define

00.9) = 5 [ -0 B an

(m—1)!J_ tm 2t
(=D o (s—tymt g

We want to show ¢(0, s) is in the range of the Radon transform.

Firstly, we show ¢(6,s) € Z(S"' x R). Since u(rf) € S(S"! x R) as a
function of (6,7) € S"™' x R, by Theorem 3.1, a(£) € .#,(S" ! x R) as a function of
(0,s) € S x R, so it is not hard to show ¢(6, s) € C°(R").

For any k = 1,2...m, using the hypothesis (b), which is equivalent to

/ Ladyas—o, woes,
R

sk og
we have
®(r—s)m _ (m—1)! / ™ ad
—Vdr = —s)™ —u(=—) d
/_OO ™ u(27_) ’ ;l! (m—l—l)!( 2 RTmu(27_) T
m—1
(m—1)! 11/ 1 _,0
— —g)™ 2V d
— l! (m—l—l)!( 2 RTm_lu(ZT) T
=0, VseR.

Hence (0, s) goes to 0 as s goes to the infinity. Similar to the proof of Theorem 6.2,
we can show that, for any ki, ks = 0,1,2, ..., when s goes to the infinity, s¥9%2¢(0, s)
will to 0. Therefore, ¢(6,s) € (5" x R).

Secondly, we show ¢(0, s) is even. Consider

B (=1)m2r™ [T (=s—t)™ -0
Q(_97 _S) - m /_OO t—mu(Q_t) dt.
Let 7 = —t, we have
) e N SN Gt o
/_Oo ™ u(g) dt —/S = u(;) dr.
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So

2=, —s) = (=1)m27x™ /°° (1 — sim a2y dr

-1
(m — 1)! (=)™ \2r
-1 9

2™ (1 —s)m!
B _(m— 1)! /Oo rm-l1 U(Z) dr

_ (=hr2am / (=" O

(m—1)! ™ 2r

=q(0, s).

—00

Finally, we show that for any k = 0,1,..., [, s"¢(0,s) ds = px(0) which is a homoge-

neous polynomial of degree k in 6. Noting that

a0, = "L,
for any £ =0,1,..., we have
/Rskq(H,s) ds = (—1)m(k+k—!m)!/Rsk+m0?q(9,s) ds
— %/}Rska(%) ds let r = 21_3
- 2k(l]z!1mm)! /Rrklﬁa(re) dr

= pi(0)

is a homogeneous polynomial of degree k in 6, where we use the hypothesis (c¢). Ther-
fore, q(6,s) € .Z(S"! x R) is in the range of the Radon transform, that is, there is a
function F' € .#(R"), such that ¢(0,s) = (RF)(6,s). Define

f(@) = F(x/|al*)/|=[""".

Then f(z) € C*(R"). Let (Uf)(x) be the forward operator defined in (1.8). By
Remark 5.2,

I (RF)(0, 5) — (_Ds—m%(uf)(%), Vo e S Vs € R.
Noting that
m m (_1)m2ﬂ.m_ 0 n—1
OM(RF)(0,s)=0"q0,s) = ———u(=), VeSS, VseR,

sm 2s
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we have

a(z) = UF)(z), YzeR.
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Chapter 7

INVERSION OF YV WHEN n =2

In Chapter 5, we found isometry identities and inversion formulas for ¢/ and V
when n was odd. In Chapter 6, we studied the ranges of &/ and V when n was odd.
Now our goal is to study these questions for & and V when n is even. As in Chapter
5, we hope to get an isometry when n = 2 and use that to obtain an isometry when n
is even, n > 2. The trace on ¢t = |z|, of solution of the IVP for the wave equation, for
the odd n case is a surface integral on a sphere through the origin, but, for the even n
case it is a an integral on a ball whose boundary passes through the origin. This makes
it harder, when n is even, to establish a connection between the trace of the solution
and the Radon transform. So the results for the even n case may be more complicated
and not as appealing as the odd n case. Perhaps further manipulations may result in
appealing results for the even n case but we have not obtained them yet. When n = 2,
the inversion formula for ) is not too complicated and we derive that and an isometry
identity in this chapter.

We have the following inversion formula for )V when n = 2.

Theorem 7.1 (Inversion formula for V when n = 2). For any g(z) € % (R?) we

have

(Vg)(10)

9(@) 2/1/9 Sa a/s /7
\/_77 s x|a:| slz|? 0s s L

ds df.

Proof. For g(z) € #(R?), let v(z,t) be the solution of the IVP (1.6) (1.7). By Theorem
2.1, v(z,t) is given by

o(z 1) = /Ot TMI@IT) 4 et e R2 xR

t2—7'2
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Define
G(X) = g(X/|X])/|X]%;

then by Theorem 3.1, G(X) € #(R?). For any z € R?, let r = |z|,0 = z/|z|. When

x # 0, we have

" T(Mg)(x,7)

(Vg)(x) = (Vg)(r6) = / 0

0 A r2 — 12
1 [ T
= — ppy—————— 5 2_ - de
- = [ s =y =) dy ar
1 " T
= L §(r* — |y — a|?) dr d let p = 72
= Lo [ i = e dr ctp=r

5(p— |y — z|?) dp dy.

Lo [
21 Jre o Vri—p
Noting that

H(r*—|y—=z?)  H@2r0-y—|y]?)

’I’2 1
—S(p—|y— ) dp= = ,
/o Ve —=p e dp vV =ly—azf 20y —y?

where H(-) is the Heaviside function. Hence, for r > 0, § € S, we have

1 9(y) Y 1 2
Vo)r8) = 5- | oL - Lyay ey =y
21 Jre V2rlyl, /6 - # - = lyl>  2r
1 G(Y) 1
— HH- Y — —)dY
27/ 2r /]1@2 lo.y — gi ( 2r)
| % 5a—0-Y)
- | G T dady
2T\ 2r JRr2 ( )/217« o — 2L ¢
1 /OO (RG)(6.a)
N 2w\ 2r L [a — 2L ’

which is the 1/2 order (right side) Riemann-Liouville integral of (RG)(6,1/(2r)).
From this we can see that for fixed § € S, (Vg)(r0) is a continuous function of

r. Since v(z,t) € C*(R? x R), (Vg)(r0) = v(r6,r) is continuous in 7, . Furthermore,
(RG)(0,a
Va3,
Vr(Vg)(rf) will go to a finite constant ﬁ [ (RGO, 7)//T dr.

when r — 00, since 2m1/§ f;ro ) da will go to 0, hence (Vg)(r0) will go to 0, and
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When r — 0%, 1/(2r) will go to oo, and

27“/_/ %:)da :%/m%dagiém(RG)(e,a)da

which will go to 0, and (Vg)(rf) will go to v(0,0) = ¢g(0) = 0, therefore
(RG)(0, a)

ﬂ-\/— \/ 27"

Integrating both sides with kernel 1/+/r — 7, we get

(Vg)(rf) = da, VO S', rel0,o0].

) 4a dr let b= L

/o %Cﬁ/or?iﬁ:(riﬂf L ﬁ

(RG)(0, —) db dr

1 1
TT/O \/_7’—7'_/0 V32T — b 2b

1.1 1
iw | R0 | NN
:_/ (RG)(0. ) b,

dr db

4 b3/2
Take derivative with respect to r for both sides, we get

1 0 " (Vg)(10)

) =432 / NIV g
o) =y ( V=7 )
where both sides are continuous functions of r for fixed 8 € S*.

When 7 goes to the infinity, (RG) (6, —) will go to a finite constant (RG)(8,0),

’2r

(RG)(0,

hence the limit of the right hand side also exists and will also go to(RG)(6,0).
When 7 goes to 0, both sides will go to 0. Therefore
1 d, " (Vg)(r0)
9—:43/2—/—d €S .
(RG)(,%) r 57“( Ny 7), Vo€ S, rel0,00]

Let s = %, then we have

(RG)(0,5) = 2B ( [ Wo)@h) 1y

73



When s < 0, noting that (RG)(0,s) = (RG)(—6, —s), we have
(RG)(0,s) = (RG)(—0,—s)

_ o, [7% (Vg)(—10)
=) T

— _ov3s / = o)

Therefore

B (Vg)(16) 1
(RG)(0, s) 24/2| @S \/j dr), voeS' seR (7.1)
25

In R?, the Radon transform (RG)(#, s) has the inversion formula

/51/ QX—S S’

so we have

G(X)—_L//;ﬁ / Wo)t)
Vo2 Ja Jr 0 X —s0s 83 /
25

where the integral is a Cauchy principal value integral, and it can be expressed as

s=X-0+q
1 //l Q( / Vg )(79) ) dq db.
2v2r2 Jor Jr q \ Os 83

s=X-0—q
Therefore

ds db),

9(x) = G(z/|z*)/|=|?
Vg )(70)

= Vo /5/0 o] - 596338( 85/25 iz T)

ds df.

]

As for odd n, we have an isometry identity for V in R?, which we hope to extend

to the general n case.
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Theorem 7.2 (Isometry identity for V in R?). If g(z) € % (R?) then

2
w2 3/2 2 B o [ Ja o [ Vg )(70)
Z/Sl/R(|S| g(s0))” ds dQ—/SI/]R 2 | maa/ d da | ds db.

Proof. For any X € R? define G(X) = ¢g(X/|X|?)/|X]*. By (7.1) in the proof of

Theorem 7.1, we have

(RG)(0,5) = —2:/2]s as/ Vg T 4 voest seRr

Denote Di/*(RG)(6, s) to be the 1/2-th order Riemann-Liouville fractional derivative
of (RG)(0, s) with respect to s:

DY2(RG)(0, s) — \lf aas / S % da

V20 ’ / (Vg)(18)
/T Os \/ ada / '
2a
By Theorem 2.2, the 1/2-th order Riemann-Liouville fractional derivative obeys the
identity

/ /|D;/2<RG)(9,S>|2 ds d0:47r/\G(X)|2dX,
ST JR R

noting that

2
2 Vg )(70)
//|D1/2RG )(0,5)> ds d§ = = //( / dr da) ds df
! ) 0 ,/—_ da /7
S s S s—aoda 2a

and
/R|G(X)]2 dX :/R(\aﬂg(x))2 dr = /S1 /000 s*g(s0)|* ds df

1
! / / 15Plg(s0)* ds db,
2 Js1 Jr
we have

2
2 Vg )(70)
. 3/2 —
/Sl/ s| 59 ? ds df = /51/(88 —s—af)a/ dr da) ds df.

]
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One can attempt to extend the above inversion formula and the isometry iden-
tity for n = 2 case to the general even n case. Unfortunately, the isometry for V for the
n = 2 case is too complicated to easily extend to the general even n case and the inver-
sion formulas for the general even n case are complicated involving Riemann-Liouville
fractional derivatives. The inversion formula for ¢/ is also more difficult. We give some

calculations for the readers’ consideration.

Remark 7.1. For any f(x) € S (R?), let u(z,t) be the solution of the IVP (1.4) (1.5).
By Theorem 2.1, when t > 0, u(x,t) is given by

W@ t) = 0, (/Ot%ds)
o ([ = [ 1050~ =) dy as)

o ([ a0 [ ﬁw ~ly—of?) dy s

f(y)
- —3t d
5 ( . *w_ B — |y — ) y)
1 tf( ) 1 tf( )
R? — |y — |2 2 Jp2 (/12 = |y — z]?)?

where H(-) is the Heaviside function.

For any x € R?, let r = |z|, 0 = z/|z| and define

F(z) = f(z/|2])/|z].

By Theorem 3.1, F € #(R?). When t = |z|, we have

efel) = utrtry = & [ HIOPCR WD) g, [ OO L),

T Jp2 \/27’9«y—|y|2 Y 21 SR

(V2r0 -y — |y|?)?

let Y =y/|y[
73/2 FY)H(O-Y — 3) 7)
= E&« /]R2 m ay | — 47T\/_/ —\/7)3 dr
/2 C(RF)(O,T) 0,7)
— E&n . —7 = % dr 47?\/_/ —2T)3 dr,

76

Ht* — |y —

z[?) dy,



where the first term is related to the right side 1/2-th order Riemann-Liouville fractional
derivative of (RF)(0,1/(2r)) with upper limit oo, and the second term is related to the
Riemann-Liouville fractional integral of (RE)(0,1/(2r)) of a negative order, which

needs reqularization to make it well defined.
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Chapter 8

SPHERICAL MEANS OVER SPHERES THROUGH THE ORIGIN

In this chapter, we study the problem of recovering a function on R" given the
spherical averages of this function over all spheres through the origin (spheres centered
at an arbitrary point z and of radius |z|). Using geometrical inversion across the unit
sphere, this problem reduces to inverting the Radon transform of a function which

results in an isometry and an inversion formula for the problem under consideration.

Mh(x,|x|) is provided for all x,
we need to recover h from Mh(x,|x]).

Figure 8.1: Spheres centered at = of radius |z]|.

We first establish a connection between spherical averages over spheres through

the origin and the Radon transform. Recall that the operator (Mh)(a,r) represents
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the spherical average of h over the sphere of radius r centered at a and (Rh)(0, s)

represents the Radon transform of A over the plane x - 6 = s.

Lemma 8.1. Given h € #(R"™), if we define H(X) = h(X/|X[?)/|X]*"2, X € R",

then
1

Wy—17" !

(MB)(z, |2]) = (RH)(, 2%), vz € R

where r = |x| and 0 = z/|x|.

Proof. For any x € R", x # 0, let r = |z|, 0 = x/|x| we have

1
h = h(y) dS.
Ao o) = o [ hw) as,
2
=—" / h(y)o(Jyl> —2r0 - y) dy let Y =y/lyl
Wn_lr Rn
2 RY/IY]?) ., 2r 1
= ) ——0-Y)dY
Wp—17""2 /n |Y|?n (|Y|2(2r )
1 1
= — HY)(——-0-Y)dY
Wn 1™ e () (27“ )
1 1
=— (RH)0, —).
ot (R0, 50)
Since (RH)(0,s) € (5" ! x R), when r goes to 0, W(RH)(H, 5-) will go to 0

for any § € S*~1. Also, since (Mh)(z, |z|) is a continuous function of z, when z goes
to 0, (Mh)(z, |z|) will go to h(0) which is equal to 0. Hence

L (rm)0, )

Whp_1T"1 2r

(Mh)(z, |z]) =
holds for any = € R"™. O]

Remark 8.1. For future use we make the following observations. Since h € %, (R"™),
as x approaches 0, (Mh)(x,|x|) and all of its derivatives approach 0 faster than any

polynomial. Also, from Lemma 8.1, we can deduce that

1
Ii H)(#,—) = (RH)(
lim (RH)(6, 5-) = (RH)(6,0)
and
) L ) |‘,L,|k+lfn 1 .
lim |z|¥(Mh)(z,|z|) = lim (RH)(0,—) =0, ifk=0,1,--- ,n—2.
T—00 T—00  Wp_1 2r
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We now show the isometry between a function h and (Mh)(z, |z|) - the spherical

averages of h over spheres through the origin.

Theorem 8.1 (Isometry for spherical means). Let h(z) € S (R™). For odd n we

have

[ e = ity [ (0 (et ) ) oo

and for even n we have
/ (h(g;)\xyn—2)2 dr =
Rn

n—l 0 1 0 1 .
23” 4F2 (n/2) /s 1/ (/ s—l—t)’2]s+t|)(Mh)(2t |2t \)dt> ds db.

Proof. For h € #(R"™), define

H(X) = h(X/|X]") /| X[,

From Lemma 8.1, for any 6 € S*!, s € R, s > 0, we have

Wn—1 0 1

(RH) (97 S) = (2(9)”,1 (Mh)<2_sﬁ 2_5

).
When s < 0, noting that

(RH)(0,s) = (RH)(—0,—s)

o Wn—1 0 1
~ (—2s)n1 (Mh)(Zs’ —23)7
we obtain
Wn—1 0 1 -1
H — " R.
(RH)(0,s) = PRE *1(Mh)(23 |23\) Ve S"T s e

By Theorem 2.2, when n is odd, R H has the isometry
H(X)? dX = ;/ /
RN 221"t Jonr Ji

o ax = [ e pde= [ @) dn

R

n—1 2
8.2 (RH)(0,s)| ds db.

Since

30



2
(0, s) ds df = =

on- 2/5n /( W= 1(Mh)(%,|2%l)))2 ds do,

Sn=1 JR

we obtain

/Rn (h(@)|z["2)" do = = 23n G /S /( s|n 1(Mh)(2%,‘2%|)>)2 ds df

— 8n- 4r2 231-112(n /2) /S /( s 1(Mh)<2%’|2%|)>)2 ds do.

By Theorem 2.2, when n is even, RH has the isometry

/n(H<X)) dX = ”_1 /S / (/ )0, 5+ 1) (RH)(6, 1) dt) s ds do.

Since

/Sn 1/ (/(RH)(QvSJFt)(RH)(Q,t) dt) s~ ds df
22” 2/5n 1/ (/ se—kt)’zlsiﬂ)(/\/‘h)(i |21t\) )s” ds db,

= A (/Rwh)(msi i 37 T M G ) dt) s sl

we obtain
n—2\2
/ (h(x)|x| ) dr =

(=12 (n —1)! 0 1 6 1 .
29n4T2(n/2) /sn—l /R (/R<Mh)(2(8 +1) 2|s + t|)(Mh)<§’ @) dt) s dsdb.

]

Next we show how to recover a function from its spherical mean values over all

spheres through the origin.

Theorem 8.2 (Inversion formula). Let h € . (R™). For odd n we have

o (_1)%1 o1 (Mh>(2572L|)
h( >— 22n_27rn/2—1p(n/2)|x|2n—2 /Snl Osn—1 ( | |n !

df,

s=X-0
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and for even n we have

hz) = (-1 / / 1 ovt (M) (55, 515)
22n— 27Tn/21" n/2 |:L.|2n 2 gn-1 Rann 1 | |n 1

where X = x/|x]?.

dq do.

s=X-0+q

Proof. For h € %(R"™), define H(X) = h(X/|X|*)/|X[*"72; then H(X) € /(R"). By
Lemma 8.1, we have

(RH) (0, 217> — o " MBY (0, 1), WO €SP € [0, o).

Let s = 2—1r, then

Wn-1 (Mh)(‘) 1y s

(25)n-1 25’ 2s

(RH)(0,s) =

When s < 0, noting that (RH)(0,s) = (RH)(—6, —s), hence

Wn—1 0 1
(RH)(8,s) = (RH)(0,s) = W(Mh)(%’ —_25>’ Vs < 0. (8.1)
Hence
(RH)(0,5) = —2 (MB)(2, =), ¥s>R
’ (2|s])n1 25’ 2|s|”’ -

The Radon inversion formula (see Theorem 2.4) for odd n is

—1

H(X) = % /S T RH)(0. )]s b

Therefore

h(z) = (1T war ot (M55 57)
<x>_22n—1ﬂ-n—1|x|2n—2 it D51 B

_ (—1)"= / o=t [((Mh)(3;, 2|s|)
- 22n72ﬂ-n/27lr‘(n/2)|x‘2n72 gn-1 Osn~1 ’S’n 1

when n is odd.

do,
s=X-0

When n is even, the Radon inversion formula is (see Theorem 2.4)

% anl
/S 1/q68n _(RH)(0,5)|s—x.04q 6,
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which is a Cauchy principal value integral. So when n is even, we have the inversion

formula

h(z) = )% Wn1 / /1 ot (M) i)
x 22n 17Tn’$‘2n 2 gn-1 qasn 1 | ‘n 1

T / / 1ot (M 5)
22n 27Tn/2r 71/2 |x|2n 2 gn-1 qasn 1 | |n 1

dq db.

s=X-0+q
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