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ABSTRACT

The research of this thesis lies in the area of extremal combinatorics. The word
“extremal” comes from the kind of problems that are studied in this field. In fact, if
a collection of finite objects (numbers, subsets, subspaces, graphs, etc.) satisfies some
restrictions then the following questions are of interest from the perspective of extremal
combinatorics: what is the maximum (minimum) size of those collections? what is the
structure of the collections of maximum (minimum) size?

For example, in extremal set theory one studies these questions for subsets of
n] ={1,2,...,n} subject to conditions such as the families of subsets are intersecting,
anti-chain, included in another family of subsets, etc. This field has seen a tremendous
growth in the past few decades. Remarkably, some of the results obtained in extremal
set theory can be generalized when, instead of subsets, other objects are considered.
The main results in this thesis are analogues of theorems in extremal set theory where,
instead of subsets, objects like groups and subspaces are considered. First, we focus on
generalizations of the Erdos-Ko-Rado theorem for permutation groups. In particular,
for the group PG L(2, q) we prove that intersecting families of maximum size are stable.
Moreover, for the group PSL(2,q) we prove that every intersecting family of maximum
size is a coset of a point stabilizer. Secondly, we study rank resilience property of
higher inclusion matrices of r-subsets vs. s-subsets. We prove that a ¢g-analogue of
this property holds, that is, the rank of the higher inclusion matrices of r-subspaces
vs. s-subspaces is also resilient. Furthermore, we prove that this resilience property
holds over any field in the set case and over any field of characteristic coprime to ¢ in
the vector space case.

It is well known that, in general, these analogues of classical results are hard

to prove. In fact, most of the proof ideas used to prove results in extremal set theory

Viil



cannot be applied in a straightforward way. The main tools used here to prove our
results come from representation theory.

Representation theory is a branch of mathematics that studies algebraic struc-
tures by representing their elements as linear transformations of vector spaces. In-
deed, one of the objectives of this thesis is to highlight how some tools provided by
representation theory can be used to prove analogues of classical results in extremal

combinatorics.

1X



Chapter 1

INTRODUCTION

Extremal combinatorics is an area of discrete mathematics. The word extremal
comes from the kind of problems that are studied in this field. In fact, if a collection
of finite objects (numbers, subsets, subspaces, graphs, etc.) satisfies some restrictions
then the following problems are of interest from the perspective of extremal combina-

torics:
I What is the maximum (minimum) size of those collections?
II What is the structure of the collections attaining the maximum (minimum) size?

IIT What is the structure of the collections whose size is close to the maximum (min-

imum)?

Problem I is known as the upper or lower bound problem. In Problem II the
objective is to characterize the structure of extremal (in terms of size) collections,
therefore, this problem is known as the characterization problem. Similarly, in Problem
IIT the objective is to characterize the structure of the collections whose size is close to
the maximum. If the structure of these “almost” extremal collections is similar to the
structure of the collections of maximum size, then we say that the extremal collections
are stable. Hence, Problem III is know as the stability problem.

In particular, the area of extremal set theory studies the above three problems
for subsets of a finite set X subject to conditions such as the families of subsets are
intersecting, anti-chain, included in another family of subsets, etc [33]. This field
has seen an astonishing growth in the past few decades. As a consequence, many

proof techniques have been used and developed to solve extremal set problems; for



example, the pigeonhole principle, inclusion-exclusion, induction, double-counting and
more recently the probabilistic and linear algebra methods.

Remarkably, some of the results obtained in extremal set theory can be gener-
alized when, instead of subsets, other objects are considered. The main results in this
thesis are analogues of extremal set theory theorems where, instead of subsets, objects
like groups and vector spaces are considered.

The Erdos-Ko-Rado (EKR) theorem [18] is a classical result in extremal set the-
ory. It states that if & < n/2, an intersecting family of k-subsets of [n] = {1,2,...,n}
has size at most (Zj), equality holds if and only if the family consists of all k-subsets
containing a fixed element from [n]. Intersecting families of maximum size are called
extremal families. Note that the EKR theorem solves Problems I and II for collections
of k-subsets of [n] constrained to be pairwise intersecting.

Some decades later, Frankl [19] completed the above program. He proved that
the extremal intersecting families of k-subsets are not only unique, but also stable: any
intersecting family of size close to the maximum is “close” in structure to an extremal
family. Here, we prove analogues of these characterization and stability results for
permutations groups. In particular, we consider the natural right actions of PGL(2, q)
and PSL(2,q) on the set of points of PG(1,q), where ¢ is a prime power.

A general approach in mathematics is to associate an algebraic object with
the problem we want to study. The idea is that properties of the algebraic object
may give valuable information that can be helpful to solve the problem. This general
approach has been applied with success in extremal set theory where the notion of
higher inclusion matrices has been used to prove many results 9, 19, 20, 23, 29, 38,
57, 58]. In this thesis we consider the following definition of higher inclusion matrices

of r-subsets vs. s-subsets.

Definition 1. Let n > r > s > 0 be integers and F a family of r-subsets of [n]. The
higher inclusion matrix W,i, is a (0, 1)-matrix with rows indexed by the r-subsets in F

and columns indexed by the s-subsets of [n]: the entry corresponding to R € F and



S e ([Z})l is equal to 1 if S C R and 0, otherwise. If F = ([jf}) we shall write W,

instead of Wfs

Let F be a family of r-subsets of [n]. The s-shadow of F, denoted by 0..F,
consists of all s-subsets of [n] that are contained in some element of F. A fundamental
result in extremal combinatorics, the Kruskal-Katona theorem, gives a sharp lower

bound on the size of 0/_;F. In order to state the theorem, we note that for positive

integers m and r there are always unique integers m, > m,_; > --- > m; with j > 0
such that m = (":T) + (7::*11) N (T;LJ)

Theorem 2. (Katona, [35]) Let r > 1 and m > 1. For every F C ([Z]) with m = |F|

r my my_q1 m]’
Fl > '
- ‘—<T—1>+<r—2>+ +(j—1>

The inequality is best possible for every r and m < (:f) Furthermore, if m = (":f),

we have

then equality holds if and only if F = ():), where X is a m,-subset of [n].

The following classical result in extremal combinatorics is known as the Lovasz

version of Kruskal-Katona theorem.

Theorem 3. (Lovdsz, [{4]) Let F be a family of r-subsets of [n] such that |F| = (7).
If s < r then |0LF| > (i) Equality holds if and only if x is an integer and there exists
a subset X of [n| of size x such that F = ()f)

The above theorem can be proved in several different ways. Keevash [38] showed
that Theorem 1 follows immediately from the following result on the rank of higher

inclusion matrices.

Theorem 4. (Keevash, [38]) For every r > s > 0 there is a number n, s so that if F
is a family of r-subsets of [n] with |F| = (%) > n,s then rankg(W7,) > (2). Equality
holds if and only if x is an integer and there exists a subset X of [n] of size x such that

F=0).

T

1" We denote by ([Z]) the family of s-subsets consisting of all s-subsets of [n].



To see how Theorem 3 follows from Theorem 4 (for large x), one simply observes
that rankQ(WT];) is less than or equal to the number of nonzero columns of Wfs (which
is the size of the s-shadow). In order to prove Theorem 4, Keevash [38] showed that
the rank of the matrix W, ; is resilient or robust, that is, one can remove many rows

(in an arbitrary way) of W, s without lowering its rank.

Theorem 5. (Keevash, [38]) Suppose 0 < s <1 and 2r +s < n. If F is a family of
r-subsets with |([’Z]) \ F| < (2)71 (,",) then rankg(W;,) = rankg(W, ).

Keevash went further to ask whether Theorem 5 remains true under the as-
sumption |([:]) \ F| < (’Z:j) This question was answered in the affirmative by Grosu,
Person and Szabé [29] for n large compared to r and s. Furthermore, Theorem 5 im-
plies that the s-shadow of every family of r-subsets of [n] whose size is close enough to
(Z) is equal to ([Z]) (although this observation follows immediately from the definition
of s-shadow). In the end of [29], the authors remarked that the resilience property of
the higher inclusion matrices has not been studied over fields of positive characteristic.
In this thesis we prove that the rank of W, , is resilient over any field K.

Moreover, we prove an analogue of Theorem 5 where instead of consider fam-
ilies of r-subsets we consider families of r-dimensional subspaces of a vector space of
dimension n over F,.

Experience in extremal combinatorics has shown that these analogues of classical
results are hard to prove in general. In fact, most of the proof ideas used to prove results
in extremal set theory cannot be applied in a straightforward way. The main tools used
in this thesis to prove our results come from representation theory.

Representation theory [53] is a branch of mathematics that studies algebraic
structures by representing their elements as linear transformations of vector spaces.
Indeed, one of the objectives of this thesis is to highlight how some tools provided by
representation theory can be used to prove analogues of classical results in extremal

combinatorics. We expect to provide enough evidence to support our claim that the



representation theory method is another powerful tool to attack problems in extremal

combinatorics.

1.1 Main Results of the Thesis
1.1.1 Stability of Intersecting Families in PGL(2,q)

We consider the right action of the 2-dimensional projective general linear group
PGL(2,q) on the projective line PG(1,q). A subset S of PGL(2,q) is said to be an
intersecting family if for every gy, go € S, there exists © € PG(1, q) such that z9 = z92.

In [45], Meagher and Spiga studied Problems I and II for the group PGL(2,q)
acting on the set of points of the projective line PG(1,q). These authors proved that
the maximum size of an intersecting family in PGL(2, q) is ¢(¢—1). Furthermore, they
also solved the characterization problem: Every intersecting family of maximum size
in PGL(2,q) is a coset of a point stabilizer.

In this thesis, we prove that intersecting families of maximum size in PGL(2, q)
are also stable; that is, an intersecting family in PGL(2, q¢) whose size is close to ¢(¢g—1)
must be close in structure to a coset of a point stabilizer. This result is stated more
precisely in Theorem 40. Moreover, in Theorem 41 we use this stability result to show
that if the size of S is close enough to g(¢ — 1) then S must be contained in a coset of
a point stabilizer. Note that our stability result completes the program for PGL(2, q),
that is, Problem I, IT and III have been solved for PGL(2, q).

The main tools used to prove this result are the eigenvalue method and analysis
of Boolean functions on PGL(2,q). The eigenvalue method was introduced by Lévasz
[43] as a new way to prove the EKR theorem. Since then, it has been used many times to
prove analogues of the EKR theorem [15, 26, 45, 57]. The analysis of Boolean functions
on finite groups has been an active research area especially in theoretical computer
science. A lot of work has been done in recent years to characterize Boolean functions
whose Fourier transforms are highly concentrated on some irreducible representations.
Friedgut, Kalai and Naor [22] proved that a Boolean function on ZJ whose Fourier

transform is close to being concentrated on the first two levels, must be close to a



dictatorship (a function determined by just one coordinate). Furthermore, similar
results have been obtained for other abelian groups [1, 31]. Recently, Ellis, Filmus and
Friedgut [16] showed that similar results can be obtained for the symmetric group S,,.
Specifically, they proved that if the Fourier transform of a Boolean function f is highly
concentrated on the first two irreducible representations of S, and % D owes, f(T) =

O( %) then f must be close to a union of cosets of points stabilizers.

1.1.2 Characterization of Intersecting Families of Maximum Size in PSL(2, q)

This work is in collaboration with L. Long, P. Sin and Q). Xiang.

We consider the action of the 2-dimensional projective special linear group
PSL(2,q) on the projective line PG(1,q). A subset S of PSL(2,q) is said to be an
intersecting family if for any ¢y, g2 € S, there exists x € PG(1, ¢q) such that 29 = x9.

In this thesis, we study Problem II for the group PSL(2,q) acting on PG(1,q)
when ¢ is an odd prime power?. It is known, from the combined results of [3, 45], that
the maximum size of an intersecting family in PSL(2,q) is q(q¢ — 1)/2. However, it
is only a conjecture that all intersecting families of maximum size are cosets of point
stabilizers. (See the second part of Conjecture 1 in [45].) In Theorem 46, we prove this
conjecture in the affirmative for all odd prime powers q.

To prove Theorem 46 we apply a general method for solving Problem II for
some 2-transitive groups. This technique was proposed by Ahmadi and Meagher in [3]
and they called it “The Module Method”. This method reduces the characterization
of intersecting families of maximum size to the computation of the C-rank of a matrix

whose definition is given below.

Definition 6. Let X be a finite set and G a finite group acting on X. An element
g € G is said to be a derangement if its action on X is fixed-point-free. The de-
rangement matriz of G acting on X is the (0, 1)-matrix M, whose rows are indexed

by the derangements of GG, whose columns are indexed by the ordered pairs of distinct

2 The case when ¢ is a power of 2 was already solved in [45] because when ¢ is even
one has PGL(2,q) = PSL(2,q).



elements in X, and for any derangement g € G and (a,b) € X x X with a # b, the
(g, (a,b))-entry of M is defined by
1, if a9 =0,
M(g, (a,b)) =

0, otherwise.

The Module Method states that, under certain conditions, if the rank of the
derangement matrix M of G acting on X is equal to (|X| — 1)(]X| — 2), then the
cosets of point stabilizers are the only intersecting families of maximum size in GG. This
technique has been applied to show that the cosets of points stabilizers are the only
intersecting families of maximum size for the symmetric group [26], the alternating
group [4], PGL(2,q) [45], and many others groups [3].

Thus, in order to prove Theorem 46 by applying the Module Method, it is
enough to show that the rank of the derangement matrix M of PSL(2,q) acting on
PG(1,q) is equal to g(q — 1). This result is proven in Theorem 47.

Our main tools in the proof of Theorem 47 are the representation theory of
PGL(2,q) and character sums over finite fields. We use representation theory to reduce
the problem of computing the rank of M to the problem of showing that ¢ character
sums over PGL(2,q) are not equal to zero. It turns out that these character sums can
be written in terms of Legendre and Soto-Andrade sums (see Section 2.7). This is not
a surprise; it is well known that these finite fields character sums appear in connection
with the complex representation theory of PGL(2,q) [34]. To prove that the values of

these character sums are not equal to zero the following facts will be crucial:

1. The Legendre and Soto-Andrade sums (see Definitions 24 and 25) on F, form
an orthogonal basis in the inner product space ly(F,, m) [34], where m is the

measure assigning mass ¢ + 1 to the points £1 and mass 1 to all other points.

2. The Legendre sums may be expressed in terms of hypergeometric functions over
finite fields (see Section 2.5). These functions were introduced by Greene in [25]

and Katz in [37] and since that they have been extensively studied [2, 24, 34].



1.1.3 Rank Resilience of Higher Inclusion Matrices

This work is in collaboration with (). Xiang.

We generalize Theorem 5 in two directions. First, we prove that the rank of
W, s is resilient over any field K. In fact, Theorem 65 shows that if the size of F is
close to () then ranky (W, ;) = rankg (W7,). Furthermore, a similar result is proven
for higher inclusion matrices of r-subspaces vs. s-subspaces whose definition is given

below.

Definition 7. Let ¢ = p' with ¢ a positive integer and p a prime number. We denote
by I, the finite field with ¢ elements and by F/ a n-dimensional vector space over F,.
Let n > r > s > 0 be integers and F a family of r-dimensional subspaces of Fj. The
higher inclusion matrix of r-subspaces vs. s-subspaces, denoted by Wr,};(q), is a (0,1)-
matrix with rows indexed by the r-dimensional subspaces of F and columns indexed
by the s-dimensional subspaces of Fj such that the entry corresponding to R € F and
S € [Ff] is equal to 1 if S is a subspace of R and 0, otherwise. In the case when

F = [Fﬂ we shall write W, ,(¢) instead of W7, (q).

In Theorem 75 we prove that the K-rank of W, (¢) is also resilient or robust
over any field K with char(K) # p. Therefore, if the size of F is close enough to ["]
then ranky (W, s(¢)) = rankg (W;,(¢)). This result implies that the s-shadow of every
family of r-subspaces of Fj whose size is close enough to m is equal to [IFSZ;].

Our techniques to prove these resilience results are different from those used by
Keevash in [38] and Grosu, Person and Szab¢ in [29]. The main tool we use here to
prove Theorem 65 is a basis which provides a diagonal form for the higher inclusion
matrix W, ;. This basis was found by Bier in [9]. Remarkably, if the size of F is close
to (Z) then it also provides an almost diagonal form for the matrix Wri We shall use
this property to compute the rank of W7,.

To prove Theorem 75 we proceed as in the proof of Theorem 65. Unfortunately,
to the best of our knowledge there is no g-analogue of Bier basis available. To deal with

this difficulty we use some results from representation theory of GL(n,q). The work



of James [32] and Frumkin and Yakir [23] explicitly shows a connection between the
rank of higher inclusion matrices and the Specht modules of GL(n,q). We apply some
properties of Specht modules of GL(n,q) to prove that the column space of W,fs(q)
contains at least ranky (W, s(¢)) linearly independent vectors. This result is enough to
prove Theorem 75, because the rank of Wfs(q) is clearly bounded above by the rank
of W, 5(q).

1.2 Organization of the Thesis

In Chapter 2 we recall some definitions and results that will be used in later
chapters. In the process we also introduce our notation. Section 2.6 requires some ad-
vanced knowledge of number theory. The reader may focus on the result of Proposition
23 and skip the rest of this section since only that result will be used later. In Chapter
3 we introduce EKR-problems for permutation groups. Furthermore, we give a brief
review of some techniques that have been used to solve these problems such as the
eigenvalue, module and Fourier analysis methods. In Chapter 4, applying the Fourier
analysis method we prove a stability result for intersecting families in PGL(2,q). In
chapter 5 we characterize intersecting families of maximum size in PSL(2,q) by ap-
plying the module method. In Chapter 6 and 7 we prove the resilience property of
the higher inclusion matrices W, ; and W, 4(q), respectively. We conclude the thesis in

Chapter 8, raising some open problems related to the work developed here.



Chapter 2

PRELIMINARIES

In this chapter we recall some definitions and results that will be used in later
chapters, in the process we also introduce our notation. We start by reviewing standard
facts about general representation theory and Fourier transform on finite groups. We
continue reviewing some properties of the groups PGL(2,q) and PSL(2, q), and their
complex irreducible characters. Finally, we present a brief introduction to the study
of hypergeometric functions over finite fields and their connections with Legendre and

Soto-Andrade sums.

2.1 General Representation Theory
In this section we recall some basic notions and results from representation

theory. For more background, the reader may consult [53].

Definition 8. Let GG be a finite group and K a field. A K-representation of GG is a pair
(p, V), where V is a finite dimensional K-vector space and p is a homomorphism from
G to the group of linear automorphisms of V. In this context, the vector space V is
called a G-module. Moreover, if dim(V') = n then we say that (p, V') is a representation

of G of degree n.

Assume that (p, V') is a K-representation of some finite group G. A subspace
W of V is said to be a submodule of V' if it is closed under the action of GG; that is, for
any w € W one has p(g)w € W, for all g € G. The G-module V contains at least two
submodules, W =V and W = {0}. These are called the trivial submodules. We say
that V is a reducible G-module if it contains a non-trivial submodule. Otherwise, V

is said to be irreducible.

10



Definition 9. Let V and W be G-modules. A G-module homomorphism is a linear
transformation 6 : V' — W such that 0(p(g)v) = p(g)f8(v) for all g € G and v € V.
If 0 is a bijection then we say 6 is a G-module isomorphism and that V and W are

isomorphic G-modules.
The following fact follows directly from Definition 9.

Lemma 10. Let V and W be G-modules and 6 : V — W a G-module homomorphism.

Then the kernel and image of 0 are G-submodules of V' and W, respectively.

Remarkably, G-module homomorphisms of irreducible modules are easy to char-

acterize. A classical result in representation theory deals with this characterization.

Lemma 11 (Schur’s Lemma). Let Wi and Wy be two irreducible G-modules. If 0 :

Wi — Wy is a G-module homomorphism, then either
1. 0 is a G-module isomorphism, or
2. 0 is the zero map.

Let (-,-) be an inner product defined on V. Let W be a subspace of V. We

define the orthogonal complement of W by
W ={veV:{vw) =0 forall wec W}.
We say that (-, ) is invariant under the action of G if it satisfies that,
(gv, gw) = (v,w) for all g € G and v,w € V.

Moreover, the next lemma establishes that when W is a G-submodule of V' and the
inner product (-,-) is G-invariant then W+ is not only a subspace of V but also a

submodule.

Lemma 12. Let V' be a G-module, W a submodule of V', and (-,-) an inner product

invariant under the action of G. Then W+ is a G-submodule.

11



We denote by K[G] the vector space of K-valued functions on G. We equip
K|[G] with the following inner product
1 S
evle =5 D x(9)¥(9)
geG
where x and ¢ are functions in K[G]. For a representation of G, we define the character

of the representation as follows.

Definition 13. Let (p,V) be a K-representation of G. We define the function yx,

associated with p as the map given by

Xp: G — K
g = Tr(p(g)),

where T'r denotes the trace of a linear transformation. We say that x, is the character

associated with p.

If p is an irreducible representation then we say that , is an irreducible char-
acter. These functions have been extensively studied [53]. In particular, we recall the

orthogonality relations for characters.

Lemma 14. Let p; and py be non-isomorphic irreducible representations of G. Then

their irreducible characters x,, and x,, are orthogonal, i.e. (Xpy, Xps) = 0.

For the rest of this section we consider complex representations. It is well known
that there exists a finite number of non-isomorphic complex irreducible representations
of G. The following result implies that every complex representation of GG is isomorphic

to a direct sum of irreducible representations.

Theorem 15 (Maschke’s Theorem). Let G be a finite group and let V' be a nonzero
G-module over C. Let {Vi,...,V,} is a complete set of non-isomorphic irreducible

representations of G. Then
V V@ml o) ‘/2@7”2 BD---P Vn@m” (21)

where each m; is a non-negative integer called the multiplicity of V; in V.
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We will usually denote by V, the G-module associated with an irreducible char-

acter y of G. Let x1,...,xn be the characters associated with irreducible representa-
tions (p1, Vi, )s-- -5 (Pns Vi), respectively. We can rewrite equation (2.1) in terms of
characters,

Xp = MiXx1 + Mmaxz + -+ MyXn-

Furthermore, there is a nice formula to express the integers m; in terms of the characters

X, and ;. In fact, we have
m; = (X, Xi)
for any irreducible character y;.
Let H be a subgroup of G and x a character of G. We can easily note that if
we restrict xy to H then we get a character of H. We denote the restriction of x to H

by Resg (x)- On the other hand, if v is a character of H then we can get a character

of G using the following formula:

Indff(w)(g):ﬁ z; (e ga).

x lgreH

The character Ind% (1) is called the character induced by ¢ from H to G. The following

result relates inner products of restricted and induced characters.

Theorem 16 (Frobenius Reciprocity Law). Let H < G. Let x and ¢ be characters of
H and G, respectively. Then

<77Z)7 Ind?{(X»G = <R€3g(¢)a X>H

where the inner product on the left is calculated in G and the one to the right in H.

2.2 Fourier Analysis

Let G be a finite group. We denote by C[G] the vector space of all complex

valued functions on G.

13



Definition 17. Let R be a complete set of non-isomorphic irreducible matrix repre-
sentations of G. The Fourier transform of f € C[G] is a matrix-valued function on

irreducible representations. Its value at the irreducible representation p € R is

We apply the Fourier transform to decompose the vector space C[G] into a direct
sum of subspaces indexed by the irreducible representations of G. For every p € R, we
denote by ‘7,) the subspace of C[G] consisting of all functions whose Fourier transform
is supported only on p, more precisely,

~

‘7,,: {f €C[G]: f(p)) =0, for all o' # p, p' € R}.

Since the Fourier transform is an invertible linear transformation, we can write
cle) =V,
pPER

By abuse of notation, we will sometimes use pr to denote ‘7p where X, is the irreducible

character afforded by p.

Remark 18. In the previous section, we define V), as the G-module associated with

the irreducible character x,. There is a close relation between V, = and XA/XP, in fact

VngvXp@'”@VXg

n t??nes
where n is the degree of p. Therefore, if the degree of p is n then V, is a module of

dimension n and V,, is a module of dimension n2.

Recall that we can make C[G] an inner product space. For any f, g € C[G] we
define

1 _
(f,9)c = €] > f@)g(x),

zeG

and we denote by || f||¢ the Euclidean norm induced by this inner product

1 2
T \/@ngn .

geG
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Let U be any subspace of C[G] and f € C[G]. We denote by U~ the orthogonal
complement of U and by Py(f) the projection of f onto U. Thus, we can write

f=Pu(f) + Py (f).

For every 2-transitive group G, the vector space C[G] contains a subspace V, _,,
associated with an irreducible representation called standard representation. We review
some basic facts about this representation. Let X = {1,...,n} be a set and C[X] be
the vector space of all C-valued functions defined on X. For every ¢ € X, we define
e; as the function on X which takes the value 1 at ¢ and O elsewhere. Let G be a
group acting on X on the right. This action turns C[X] into a representation of G of
degree n. Indeed, this representation is produced by a linear extension of the (left)
action defined by g(e;) = e;,-1 for all ¢ € G and i € X. The vector subspace V, ,,
spanned by the vectors {) ", z;e; : > x; = 0} is a subrepresentation of C[X] of degree
n — 1, known as the standard representation of G. We denote by x4 the character
afforded by the standard representation (we will refer to x4q as the standard character
of G). Tt follows by definition that for every g € G, the value xga4(g) corresponds to
the number of elements in X fixed by g minus one. Furthermore, if the action of G on

X is 2-transitive then x4, is an irreducible character and there exists a subspace ?Xst 4

of C[G] of dimension (n — 1)2.

2.3 The Groups PGL(2,q) and PSL(2,q)

Let F, be the finite field of size ¢ and Fg . its unique quadratic extension. We
denote by [ and e the multiplicative groups of IF, and F 2, respectively. Let GL(2,q)
be the group of all invertible 2 x 2 matrices over F, and SL(2,q) the subgroup of all
invertible 2 X 2 matrices with determinant 1. The center Z(GL(2,q)) of GL(2,q) con-
sists of all non-zero scalar matrices and we define PGL(2,q) = GL(2,q)/Z(GL(2,q))
and PSL(2,q) = SL(2,q)/ (SL(2,q) N Z(SL(2,q))). If ¢ is odd then PSL(2,q) is a
subgroup of PGL(2,q) of index 2, while if g is even then PGL(2,q) = PSL(2,q).

We denote by PG(1,q) the set of 1-dimensional subspaces of the space Fg of

row vectors of length 2. Thus, PG(1,q) is a projective line over I, and its elements

15



are called projective points. An easy computation shows that PG(1, ¢q) has cardinality
g + 1. From the above definitions, it is clear that the GL(2, ¢)-action on Iﬁ‘f] by right
multiplication induces a natural right action of the groups PGL(2, q) and PSL(2,q) on
PG(1,q). The action of the subgroup PSL(2,q) is 2-transitive, that is, given any two
ordered pairs of distinct points there is a group element sending the first pair to the
second. The action of PGL(2,q) is sharply 3-transitive, that is, given any two ordered
triples of distinct points there is a unique group element sending the first triple to the

second.

2.4 The Character Table of PGL(2,q)

We briefly describe the character table of PGL(2,q). We refer the reader to [48]
for a complete study of the complex irreducible characters of PGL(2,q). We start by
describing its conjugacy classes. By abuse of notation we will denote the elements of
PGL(2,q) by 2 x 2 matrices with entries from F,.

First note that, the elements of PGL(2, q) can be collected into four sets: The set
consisting of the identity element only; the set consisting of the non-scalar matrices with
only one eigenvalue in F,; the set consisting of matrices with two distinct eigenvalues
in Fg; and the set of matrices with no eigenvalues in F,. Recall that the elements of
PGL(2,q) are projective linear transformations so if {x1, x5} are eigenvalues of some
g € PGL(2,q) then {ax,axs} are also eigenvalues of g for any a € F;. Hence, the
eigenvalues of elements in PGL(2,q) are defined up to multiplication by elements of

The identity of PGL(2,q), denoted by I, defines a conjugacy class of size 1.
Every non-identity element of PGL(2, ¢) having only one eigenvalue in F} is conjugate

to
1 1

0 1

The conjugacy class of u contains ¢ — 1 elements. The elements having two distinct
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eigenvalues in F, are conjugate to

for some x € F; \ {1}. Moreover, d, and d, are conjugated if and only if z = y or
x =y~ The size of the conjugacy class containing d, is q(q + 1) for z € F} \ {1}
and g(q + 1)/2 for x = —1 (note that when ¢ is even there is no element of order 2 in
7). Finally, the elements of PG'L(2, q) with no eigenvalues in F; are conjugate to
0 1
o —rlte 4 pa

for some r € F7, \ F;. The matrices v, have eigenvalues {r,r?}. Hence, v, and v,, lie
in the same conjugacy class if and only if [, = roF; or rF, = ry 115‘2. The size of
the conjugacy class containing v, is ¢(¢ — 1) if r € F, \ (F; U jF;) and g(q — 1)/2 if
r € jF;, where j is an element of e such that j2 € F; (again when g is even there is
no element of order 2 in F, /F7).

The complex irreducible characters of PGL(2,q) are described in Table 2.1.
They also come in four families. First the characters A\; and A_; correspond to repre-
sentations of degree 1. Here \; is the trivial character and the values of A\_; depend
on a function ¢ which is defined as follows: §(x) =1 if d, € PSL(2,q) and §(x) = —1
otherwise, similarly, 6(r) = 1 if v, € PSL(2,q) and §(r) = —1 otherwise (note that
A_; arises only when ¢ is odd).

Secondly, the characters 1, and t_; correspond to representations of degree
q. The character 1, is the standard character which is an irreducible character of
PGL(2,q). Thus, for every g € PGL(2,q), the value of ¥1(g) is equal to the number
of projective points fixed by ¢ in PG(1,q) minus 1. The values of ¢_; depend on the
function ¢ defined above and it arises only when ¢ is odd.

The third family of irreducible characters is known as the principal series of

PGL(2,q). These characters correspond to representations of degree ¢ 4+ 1 and their
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Table 2.1: Character table of PGL(2,q)

I u d, d_1 (g odd) Uy v; (q odd)
A1 1 1 1 1 1 1
A1 (g odd) 1 1 d(z) 5(—1) o(r) d(7)
I 7 |0 1 1 1 1
o1 (godd)| ¢ | O o() 6(=1) —o(r) —0(i)
UL g—1|-1 0 0 —pB(r) = B(r?) | —2p()
Yy g+1] 1 [y(@)+y@ )] 29(=1) 0 0

values depend on multiplicative characters of IF,. In fact, the label v in Table 2.1 runs
through all the homomorphism ~ : F; — C of order greater than 2 up to inversion.

Finally, the fourth family is known as the cuspidal characters of PGL(2,q). They
correspond to representations of degree ¢ — 1 and their values depend on multiplicative
characters of F2. In fact, the label 8 in Table 2.1 runs through all homomorphism
o Fzg / I, — C of order greater than 2 up to inversion. Note that every 3 corresponds
to a unique multiplicative character of F2 which is trivial on Fy.

We define some subsets of multiplicative characters of F, and [F 2. We use these

sets as indexes for the irreducible representations of PGL(2,q).

Definition 19. Assume that ¢ is an odd prime power. We denote by A and B a fixed
selection of characters v and (3, as defined above, up to inversion of size (¢ — 3)/2
and (¢ — 1)/2, respectively. Therefore, the principal series and cuspidal irreducible

characters of PGL(2,q) are given by {v,},ca and {ns}sep, respectively.

2.5 Hypergeometric Functions over Finite Fields

A (generalized) hypergeometric function with parameters a;, b, is defined by

ay az

Ont1 | = Z (a)k -~ (@nga)r 2"
7 —

n Fn PR
+ (b)) -~ (bp) K

b, --- b, o1
where ag = 1 and for k > 1 (a)r = ala+1)---(a+ k — 1) is called the Pochhammer
symbol.
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Hypergeometric functions over finite fields were introduced independently by
John Greene [25] and Nick Katz [37]. In this paper, we consider Greene’s hypergeo-
metric sum, however, note that the two definitions differ only in a normalizing factor
for cases related to our discussion.

In this section and throughout this thesis we denote by € and ¢ the trivial and
quadratic multiplicative characters of IF,, respectively. Also, we adopt the convention
of extending multiplicative characters by declaring them to be zero at 0 € F,. Let
Y0, 71, V2 be multiplicative characters of Fy, and x € F,. Greene defines the following

finite field analogue of a hypergeometric sum

oM 7172
oF D asq| = e(x Z% (e DL =y (1 —ay).  (22)
Y2 y€eF,

Since the seminal work of Greene and Katz a lot of work has been done on
special functions over finite fields, in particular generalized hypergeometric functions.
In this section, we recall some definitions and results that we will use later in this
thesis.

Following Greene [25], we introduce other ,,11F,, functions inductively as follows.

For multiplicative characters Ay, Ay,..., A, and By, ..., B, of F, and z € F,, define

Ay Ay - A,
nt 17 ; Tyq| =
Bl n
Aan 1 AO Al An—l
=Y > wFus s Y| An(y)AnBa(1 - y)
q yEF, Bl anl

The following lemma is a generalization of Lemma 2.2 in [2].

Lemma 20. For any non-trivial multiplicative character v of F,

-1
Y ¢ 9
q4F3 D Lig| = oY), ; yiq | o P Yiq

€ € € yeF, € €
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Proof. The lemma follows from the recursive definition of ,,.1F,,. First,

-1 —
Tyl 99 vyt ¢
q4F3 CLg| = o(=1))) ] d(@)e(l — ) 5, ; wiq
€ € € zeF: € €
-1
v
= —ZZ¢ (1 —2)9(y)o(1 — y)oIF ) TYiq
a:G]F*yGIF* €

Now replacing y with y/x, x with xy and using equation (2.2) we get,

S B I 1 v oyt
q4F3 CLgl o= =) e(l- é)d)(l — zy) ()2l ;Y g

€ € € qerF;yelF; €

¢ ¢ v
= Y dy)sF P Y q | 2 ) Yiq

yeF, € €

Like their classical counterparts hypergeometric functions over finite fields sat-
isfy many transformation formulas [24, 25, ?]. In particular, the next one will be useful

for our purpose.

Lemma 21. (Greene, [25]) For x € F, with x # 0 we have,

¢ ¢ ¢ ¢ 1
oIy ; wiq| = o)l L
€ €

2.6 Some Related Arithmetic Results

We first introduce some more notation. Let p be an odd prime and K a finite
Galois extension of Q unramified at p and Ok the ring of algebraic integers of K. Then
at each prime ideal p of O above p, the quotient O /p = F, is a finite field extension
of IF, of size ¢ = p® for some s > 1. Note that for every p and s it is possible to realize I,
in this way. Let Q be the algebraic closure of Q and G := Gal(Q/K) be the absolute
Galois group of K. Let ¢ be a prime and Q, be the local f-adic field. Below, we will

use some results in finite dimensional /-adic Galois representations. A dimension-m
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representation p of G is a continuous homomorphism from Gk to GL,,(L) where L =
Qy or an extension of (Q,. When such a representation p arises from algebraic equations
(or varieties), it ramifies at only finitely many prime ideals of Og. To describe p up to
semisimplification, it is sufficient to compute all p(Frob,) for unramified p where Frob,
denotes the (geometric) Frobenius conjugacy class of Gk at p. (Frob, is the inverse
of the arithmetic Frobenius Fr,, which on the residual field level sends x to x©/?l)
For example, the (-adic cyclotomic character ¢ : Gg — Qj which is a 1-dimensional
representation defined by e,(Fr,) = p for each prime p # ¢. For more details, see [54].
An important source of Galois representations arises from modular forms. Instead of
giving the precise definition of modular forms which are graded by their weights, we
will point out a few things most relevant to our discussion. It is customary to express
modular forms as Laurent series in ¢ = ¢*™* (not to be confused with the prime power
¢). The Dedekind eta function is defined by 7(z) := ¢ I, (1 —¢"). A typical
example of modular form is A(z) = n(z)**. The function A(z) is of weight k = 12
and satisfies A(z + 1) = A(z). We use 7, to denote its nth Fourier coefficient. It is
known due to Ramanujan and Mordell that for each prime p and natural number n,
the following recursion holds: 7, — 7,7, + p*~'7, = 0. This means A(z) is a Hecke
eigenform (and other Hecke eigenforms satisfy similar Hecke recursions). Ramanujan

12-1)/2 — 9p1/2 for each prime p. Motivated by Ramanujan’s

conjectured that |7,| < 2p(
observation and based on the pioneering work of Eichler-Shimura, Deligne obtained
the following important result. For each integral weight k& > 2 (cuspidal) modular
form f with Fourier coefficient {a,(f)},>1 (we assume the character is trivial) and
prime ¢, there is a 2-dimensional representation p, s : Gg — GLo(L) (where L is the
completion of Q(a1(f),az(f),---) at any place above ¢) such that for almost all primes
p, the characteristic polynomial of py ;(Fr,) is of the form T2 — a,(f)T + p*~! with

two eigenvalues, denoted by v, (5, each having complex absolute value p*=1/2 Thus

| Tepe, g (Frp)| = [ap(f)] < 2p*1/2,
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To motivate the later discussion, we will review the relation between the hy-
11

pergeometric function oF) 202 ; x| and its finite field analogues. For each fixed
1

r € Q)\ {0,1}, the cubic equation E, : t* = s(s — 1)(1 — zs) in two variables s,
defines an algebraic curve over Q whose compatification is a genus 1 curve. It is
known as an elliptic curve and possesses an abelian group structure as topologically

the curve over C is isomorphic to C/A, where A, is a rank-2 Z-lattice. It has a

unique up to scalar holomorphic differential w, := % = —4 __ and for |2] < 1,
s(s—1)(1—=zs)
11
fol Wy =7 oF 202 ; x|, see [5]. Let £ be an auxiliary prime, for any integer n > 1,

1
the subgroupE, [("] of ¢"-division points of F,, is isomorphic to (Z/¢"Z)?. As all tor-

sion points of £, have coordinates in Q, the group G acts as group automorphisms
on the group E,[¢"]. Upon choosing generators of E,[¢"], one has a homomorphism
from Gg to GLo(Z/¢"Z). As n varies, the division points E,[("] vary compatibly using
the multiplication by ¢ map [{] : E,[("™'] — E,[("]. Taking the inverse limit of E,[("]
and tensoring with Q, one obtains a representation p,p, : Go — GL2(Q). This
representation is unramified for almost all primes p and at each unramified prime p,
Trpy g, (Frob,) = p + 1 — #(E,/F,), which is denoted by a,(E,). By [47] by Ono, it
¢ ¢

is known that when « # 0,1 mod p, a,(E,) = —p2F : 2:p|. In other words,

€
there exists a 2-dimensional representation py g, of Gg such that for almost all primes

b,

¢ ¢
—p ol ; ;p| = Trpe g, (Frob,). (2.3)

€
By the Taniyama-Shimura-Weil conjecture (now a Theorem and it implies the Fermat
Last Theorem), there exists a weight-2 Hecke eigenform f such that py g, is isomorphic

pz/, s> the dual of py ;. Consequently, for almost all primes p,

o ¢
poFy casp| | = lap(B)| = la,(f)] < 2p™2.
€
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¢

This can be generalized from [F,, to I, naturally since if —p I, ;Typl = a6y
€

¢ ¢
then —qoF, ; x;q| = ay+ B, following from the fact that the conjugacy classes

€
Frob, and Frob) agree, where |Ok /p| = p°.

For other generalized hypergeometric functions, the roles of the elliptic curves
E, are replaced by the so-called hypergeometric motives described in [37, 52]. In [8],
Beukers, Cohen and Mellit gave a realization of hypergeometric motives defined over Q
on explicit hypergeometric varieties based on toric varieties. A different way to realize

hypergeometric motives over any number field was given in [24]. Following [8], for
1 n-1 1 1

noono 2 ; 1| with n = 2, 3, 4 or 6, the following varieties can be used to
1 11

replace the roles of E, above respectively:

1Fs

1‘1+.’L’2+1’3:l'4+$5+$6:$7+£E8+$9:$10+l’11+$12:0

Wanas 8,.2,.2,.2,.2
2°01X5 507 = T2T3T5TeTIT9L11T12
L1+ Lo+ T3+ 24 =25+ Te+ X7 =Tg+ Tg+ T1o =0
W2’2’3 394,.3,.2 .2
3°2° X TEXG = —XoX3T4X6T2T7L9T 10
L1+ To+ T3+ 24+ 25 = Tg+ T7+ Ts =0
W2’4 10,4 .2
27V g = —XoT3T4T5T7 TR
e I1+J/’2+I3+JZ4+I5:ZL‘6+J]7+ZL‘8:0
2,6

)

308,.6,.2 __ .3
3°2°07x§ = T5T3T4T5T7Tg.

Now we state the needed result from hypergeometric motives due to Katz [37]
and Rodriguez-Villegas [52] which is analogous to (2.3) for the E, case. Let n = 2,3,4,6
and assume K contains Q((,), where ¢, denotes a primitive nth root of unity. This

implies ¢ =1 mod n and hence [, has a primitive order n character -,.

Theorem 22 (Katz, Rodriguez-Villegas). Notation as above. Let n = 2,3,4, or 6

and assume K contains Q((,) and € be any fized prime. There exists a 3-dimensional
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continuous representation oy, @ Goc,) — GL3(Qe(Cn)) such that at each prime ideal p
coprime to 2n - £ and the discriminant of K with residue field size q,

—1
Y Yy ¢ O
—q¢° - 4F; P i Liq| = Tr oun(Froby)

€ € €
where v, denotes any primitive order n character of F,. Moreover, o4, ts isomorphic
to a direct sum of pen1 and pen2 of Go,) with dimension 2 and 1 respectively. The
characteristic polynomial of pen1(Frob,) (resp. pen2(Froby)) is a degree-2 (resp. 1)
polynomial whose coefficients are in Z[(,| and with each roots of complezx absolute value

¢** (resp. q).

Here, we give some idea on how to obtain it explicitly from numeric data. In

[37], Katz described (-adic representations oy, of Gg associated with the given sets of

1111
n’ n 272

hypergeometric data, which are } and {1,1,1,1}. Here we only consider

the semisimplification of oy,. The corresponding character sums, up to normalizing
W % OO

factors agree with ¢3- 4[5 1;¢|. The dimension of the representation,

€ € €
is determined by the local zeta functions defined by

WP

€ € €

fe’e) ’Yp
exp | Y ¢* - 4Fy Lg*| T°/s
s=1

By Dwork, these zeta functions are rational functions in 7" of the same degree for
generic p. In these cases, they are degree-3 polynomials from which we know oy, is
3-dimensional. Also data reveal that for p coprime to 2nf the characteristic polynomial
of o4,(Frob,) has three roots, two of them of absolute value ¢*/2 and one has absolute
value ¢. For the claimed decomposition of oy, the existence of py, 1 is shown in the

next proof.

Proposition 23. Notation as the above theorem. For each n = 2,3,4 or 6, there
is weight-4 Hecke cuspidal eigenforms f, which gives rise to a 2-dimensional Galois

representation py 5, of Go such that pg 1 = pzfn the restriction ofp}ffn to Goc,);

|G@<cn) ’
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Pen2 is isomorphic to 52_1|G@(<n) ® Xa, where g, denotes the (-adic cyclotomic character
and d,, = —1,-3,—1,2 for d = 2,3,4,6 respectively and xq, notes the character of
Ga(c,) with kernel Go g .- Consequently,

~1
Y Y @ O
¢ - 4T s Ll + o(—Dym(—1)q| < 262

€ € €

The final conclusion is a generalization of Theorem 2 in [2].

Proof. We first determine py,, 1 geometrically and then py,, 2.

Note that it is possible to realize the Galois representations oy, as Galois rep-
resentations arising from étale cohomology groups of algebraic varieties W,,. Using
the recipe of [8], the W, is computed as Was29, Waas, Way, Wag for n = 2,3,4,6
respectively. According to [7] by Batyev and van Straten, the smooth model of each
W, is a rigid Calabi-Yau threefold defined over Q. (Calabi-Yau three-folds are higher
analogues of elliptic curves which play important role in String theory. A Calabi-Yau
threefold is said to be rigid if its h*' Hodge number equals 0.) The construction of [8]
implies that Galois representation of Ggc,) arising from the third étale cohomology of
W,,, which is 2-dimensional py, , is isomorphic to a subrepresentation of o,. In [2§],
Gouvea and Yui showed that each py, is modular in the sense that it is isomorphic
to the dual of a 2-dimensional f-adic Deligne representation associated to an explicit
weight-4 cuspidal Hecke eigenform f,,. Knowing these modular forms explicitly allows
us to compute the values of the traces of pg,, 1 (Frob,), which agree with the pth Fourier
coefficients a,(f,,) of f, for primes p coprime to 2nf. For each W,,, the restriction of the
Deligne representations associated with f, to Ggc,) will be pgy,1. In [55], van Geemen
and Nygaard showed that f, = 1(22)%n(42)* where 7(z), is the Dedekind eta function
introduced before. (The same result for a different algebraic model of W5 was obtained
in [56] by Verrill and in [2] by Ahlgren and Ono.) Similarly f; = -2 Also fs
(resp. fs) corresponds to the Hecke eigenform labelled by 36.4.1.a (resp. 72.4.1.b) in
the LMFDB database [40] respectively. See also [51, 59| for related discussions.
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Now we turn our attention to py, 2. Firstly, by Theorem 22

T % PP

Pen,2(Frob,) = —p3 - 4lF3 s Lip| — ap(fn)

€ € €

for p = 1 mod n from which we observe that p;,(Frob,) € Z as both the finite
hypergeometric sums and a,(f,)’s are integers. Also py o is the restriction of a Galois
representation of Gg restricted to Gg,), as each W, is defined over Q. Combining

with Theorem 22, we know py, o is isomorphic to e~ tensoring another character

1

|G@<cn)
Xd,, which has order at most 2. By its construction, oy, is unramified outside of 2n/,
SO pen2 1s also. Knowing the ramification allows us to nail down the possibilities for
the character xg4, readily.

Note that the final conclusion of the proposition is a direct consequence of the

previous ones. ]

2.7 The Vector Space (*(F,,m)
Let m : F, = C be m(z) = 14+ ¢D1(x) + ¢D_1(x) where D,(z) is 1 if x = a and
0 otherwise. We denote by ¢*(F,,m) the vector space of complex-valued functions on
F, equipped with the Hermitian form
(fi e = file) fa(z)m().
z€Fy

Note that the following character sums are elements of ¢(F,, m).

Definition 24. For any multiplicative character y of F, the Legendre sum with respect
to v is defined as
(a) = — Z v(z)p(x* — 2ax + 1), for all a € F,.

q z€F;
Definition 25. For any multiplicative character 3 of F2, the Soto-Andrade sum with
respect to [ is defined as

Rala) = ﬁ S BI)S((r + 712 — 2a+ 1)), for all a € F,

TEFZQ
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The Legendre and Soto-Andrade sums have appeared several times in the liter-
ature in connection with the irreducible representations of PGL(2,q) [34]. In fact, we
will encounter them in Section 4 in our study of some character sums over PGL(2, q).
In this section, we recall some properties of these sums that will be useful for us in the
coming sections.

The next lemma shows that the Legendre and Soto-Andrade sums form an

orthogonal basis of ¢(F,, m).

Lemma 26. (Kable, [34]) The set
qg—1
C= P~ = PuP Ry €A BER

is an orthogonal basis for the space (*(F,,m), where A and B are the sets introduced

in Definition 19 with |A| = 52 and |B| = 4. The square norm of the elements of
this basis are as follows:
o] - 2
€ q » q )
2
g —1
1Pl = 2
q—1
Pl = —,
12 2 .
+1
IRl = * =

If we normalize the basis given by Lemma 26 then we can easily obtain an
orthonormal basis of ¢*(F,,m). We denote the elements of this orthonormal basis by
{P,P,,P,Ry: v€A,B€E B}

The next lemmas list some elementary properties of the Legendre and Soto-
Andrade sums that we will need later. Lemma 27 implies that the Legendre sum with
respect to the trivial character is easy to evaluate. This is not true for Legendre sums
with respect to characters of higher orders. On the other hand, Lemma 28 shows that
the Legendre and Soto-Andrade sums are easy to evaluate at +£1. Lemma 29 implies

that the values of these sums are real numbers.
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Lemma 27. The values of the Legendre sum with respect to € are,

2 fa=+£1,
Pea)=q *
—2, dfa# =+l

Lemma 28. Let v and [ be characters from the sets A and B, respectively. Then
P,(1) = —1/q and Rs(1) = 1/q. Moreover,

where 1 € IFZQ satisfies that i* € IF;.

Lemma 29. For every y € A, B € B and a € F, we have
P,-i(a) = Py(a) and Rg-1(a) = Rs(a).

The following result establish a relation between Legendre sums and hypergeo-

metric sums over finite fields. This fact will be crucial later in this paper.

Lemma 30. (Kable, [34]) If v is a nontrivial character of F, and a € F, \ {£1} then

-1
Y 1—a
Py(a)ZQFl ; 9 4

€
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Chapter 3

ERDOS-KO-RADO PROBLEMS

In this chapter we introduce EKR-problems for permutation groups. Further-
more, we give a brief review of some techniques that have been used to solve these
problems.

Let X be a finite set and G a finite group acting on X. A subset S of G is
said to be an intersecting family if for every g1, g, € S there exists an element z € X
such that x9 = x92. Like in the original EKR-problem, we call intersecting families of
maximum size extremal families. Moreover, intersecting families whose sizes are close
to the maximum are called almost extremal families.

The following problems about intersecting families in G are considered to be

the basic problems in EKR theory.
I (Upper Bound) What is the maximum size of an intersecting family?
IT (Characterization) What is the structure of extremal families?
IIT (Stability) Are almost extremal families similar in structure to the extremal ones?

The above three problems were solved for the symmetric group S,. Indeed,
Deza and Frankl [21] proved that the maximum size of an intersecting family in S,
is (n — 1)!. Moreover, they conjectured that the cosets of points stabilizers are the
only extremal families. This conjecture turned out to be rather harder to prove than
one might expect. It was first proved by Cameron and Ku [11], and independently by
Larose and Malvenuto [41]. Finally, the stability of extremal families in .S,, was settled
by Ellis [14], who proved that for any ¢ > 0 and n > N(e€), any intersecting family of

size at least (1 — 1/e + €)(n — 1)! must be strictly contained in an extremal family.
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In [45], Meagher and Spiga studied Problems I and II for the group PGL(2,q)
acting on the set of points of the projective line PG(1,q). These authors proved that
the maximum size of an intersecting family in PGL(2,q) is q(q¢ — 1). Furthermore,
they also solved the characterization problem: Every intersecting family of maximum
size in PGL(2,q) is a coset of a point stabilizer. In [46], they went one step further to
solve Problems I and II for the group PGL(3, ¢q) acting on the points of the projective
plane PG(2,q).

In the next sections we go over some techniques to solve these EKR-problems

for permutation groups.

3.1 The Eigenvalue Method

The eigenvalue method has been used several times to get upper bounds on the
size of intersecting families for EKR-type problems. The first step of the method is to
reformulate the problem in graph theory terminology. Indeed, the problem of finding
the maximum size of an intersecting family in a group G is equivalent to the problem
of finding the maximum size of an independent set in a certain graph. Then, we can
apply a classical result in spectral graph theory, known as Hoffman’s bound, to get an
upper bound on the size of an independent set. The following variant of Hoffman’s

theorem will be enough for the purposes of this thesis.

Theorem 31. (Hoffman’s bound, [43]) Let T be a k-reqular, n-vertex graph. Let A be
the adjacency matrixz of I' and let \,;, be the minimum eigenvalue of A. If S is an

independent set in I", then
|S| _>\min
Pl Zmm
n — k- AInin

If equality holds then the characteristic function 1g of S satisfies:

lse Vi@ Vy

min

where Vi is the vector space spanned by the all-ones vector and V_. s the Amin-

etgenspace.
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To associate every intersecting family in G with an independent set of a graph,

we introduce the notion of Cayley graph.

Definition 32. Let Y be an inverse-closed subset of G. The Cayley graph on G
generated by Y is the graph with vertex set GG such that there is an edge between
g1, 92 € G if and only if g1g;* € Y. We denote this graph by Cay(G,Y).

Recall that an element g € GG is a derangement if for any x € X we have that
x # x9. Denote by D the set of derangements in G. We define I" as the Cayley graph
on GG with generating set D. This graph is known as the derangement graph of G. Note
that every independent set in I' corresponds to an intersecting family in G. Hence, an
upper bound on the size of independent sets in I' is also an upper bound on the size of
intersecting families in G.

To apply Hoffman’s bound, we need to compute the eigenvalues of I'. Note that
the set of derangements D is a union of conjugacy classes and inverse-closed. A result
of Babai and Diaconis-Shahshahani shows that under these conditions the eigenvalues

of I' are closely related to the irreducible characters of G.

Lemma 33. (Babai [6], Diaconis-Shahshahani [12]) Let G be a finite group, and let R
be a complete set of irreducible representations of G. Let Y C G be inverse-closed and
conjugation invariant, and let Cay(G,Y) be the Cayley graph on G with generating set
Y. For every p € R, the vector subspace 17Xp of C[G] is an eigenspace of Cay(G,Y)

with eigenvalue

1
Xp(l) ZXp(y)a

yeyY

where X, s the irreducible character of p. Moreover, if X is an eigenvalue of Cay(G,Y)
corresponding to the irreducible representations {p1,...,ps} C R then the dimension

of the A-eigenspace is > ;| Xp;(1)%.

Since I' satisfies the conditions of Lemma 33, we conclude that to compute the
eigenvalues of I" we just need to evaluate the character sum ﬁ Y owe D, x(x) for every

irreducible character x of G.
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For example, consider the natural right action of PGL(2, q) on PG(1, q). Meagher
and Spiga [45] applied the eigenvalue method to find an upper bound on the size
of intersecting families in PGL(2,q). First, using the character table of PGL(2,q)
(Table 2.1) and Lemma 33, it is possible to compute the eigenvalues of the graph
I' = Cay(PGL(2,q), D,) for every q where D, is the set of derangements of PGL(2, q).

q even A U ng | vy
eigenvalues qQ(q;l) —q(q,; Diglo
q odd A A1 (0 Y1 | ng | vy
eigenvalues qQ(‘;_l) —q(qz_ D! —q(q; D! Q;zl g | 0

Note that when ¢ is even the smallest eigenvalue arises only from ; which is
the standard character of PGL(2,q). Moreover, when ¢ is odd the smallest eigenvalue
arises from ¢, and A_;.

Now it follows from Hoffman’s bound that the maximum size of an intersecting
family in PGL(2,q) is q(¢ — 1). Since the cosets of point stabilizers in PGL(2, q) are
intersecting families of size ¢(¢ — 1) this implies that the upper bound is tight. Thus,

intersecting families of maximum size in PGL(2, ¢q) contain exactly ¢(¢ — 1) elements.

3.2 The Module Method

The module method developed by Ahmadi and Meagher [4] is a technique to
characterize intersecting families of maximum size in a 2-transitive group G acting on
a set X. As was remarked at the Introduction, the main ingredient of this method is
the computation of the rank of the derangement matrix M of G (see Definition 6). In
this section, we briefly explain the main steps of the module method.

For every x,y € X, we denote by T, the coset of a point stabilizer sending x
to y. Note that because G is 2-transitive it is easy to conclude that |T,,| = |G|/|X].
Furthermore, T, , is an intersecting family for every z,y € X.

We say that G has the EKR property, if the size of any intersecting subset of G
is bounded above by the size of a point stabilizer in G. Further, G is said to have the
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strict EKR property if the only maximum intersecting subsets of GG are cosets of the
point stabilizers. The module method can be used to prove that a 2-transitive group
has the strict EKR property.

The standard character xyq is an irreducible character for any 2-transitive group

(see Section 2.2). Therefore, the vector space C[G] can be decomposed as

ClG] = Vi & V., & PV
X

~

where V;, V... are the vector subspaces of complex-valued functions on G whose Fourier

transform has support on the trivial and the standard representation, respectively, and

x runs over all irreducible characters of G except for the trivial and standard ones.
Let 17, , be the characteristic vector of T} ,. It was proved in [4] that 17, , lies

in 171 &) ?xst , for any z,y € X. In fact a stronger result was proven.

Lemma 34. (Ahmadi and Meagher, [4]) The vectors {1z, , : v,y € X} form a spanning
set for Ve ‘7x

std *
Let I" be the derangement graph associated with the action of G on X and D

1D
| X]—1

the set of derangements in G. It follows from Lemma 33 that — is an eigenvalue

of I' because

1 3 D]
Xstd\g) = — s
Xstd(lG) geD ! ( ) ‘Xl —1

|D|
|X[—1

where 1 is the identity of G. Now, if — corresponds to the smallest eigenvalue
of I' then Hoffman’s bound implies that the maximum size of an intersecting family is
|G|/|X|. Therefore, if the eigenvalue arising from the standard character is the smallest
then the cosets of points stabilizers are intersecting families of maximum size.

Now, we are ready to state the module method.

Theorem 35. (Ahmadi and Meagher, [4]) Let G be a 2-transitive group acting on X.

Assume the following conditions hold:

1. the mazimum size of an intersecting family in G is |G|/|X|,
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2. the characteristic vector of any intersecting family of mazimum size lie in the

vector subspace Vi @ \A/Xstd of C[G].,

3. the rank of the derangement matriz M of G is (|X| —1)(|X]| — 2),
then G has the strict EKR property.

If a group G acting on X satisfies conditions 1 and 2 then the module method
reduces the problem of characterizing intersecting families of maximum size in G to the
computation of the rank of M. In particular, if the rank of the derangement matrix
M is (|]X] — 1)(|X| — 2) then the only intersecting families of maximum size are the
cosets of point stabilizers.

The module method has been applied to characterize intersecting families of
maximum size for the symmetric group, the alternating group, PGL(2,q), Mathieu
groups, etc. Moreover, as was remarked at the Introduction we will apply this method
to characterize extremal families in PSL(2, q).

For example, let’s apply the module method to prove that the cosets of points
stabilizers are the only extremal families in PGL(2,q). From the previous section
we already know that the maximum size of an intersecting family in PGL(2,q) is
q(q — 1). Therefore, the cosets of point stabilizers in PGL(2,q) are extremal families
and PGL(2,q) has the EKR property. Moreover, Hoffman’s bound gives information
about the characteristic function of any extremal family. Indeed, if S is an intersecting
family of maximum size then its characteristic function 1g is contained in \A/,\1 S XA/%
when ¢ is even, and in XA/,\1 D ‘71#1 D ‘7>\,1 when ¢ is odd. In the next lemma, we show

that it is possible to improve this result in the case when ¢ is odd.

Lemma 36. Let g be odd. Let S C PGL(2,q) be an intersecting family of size q(qg—1)

and denote by 1g its characteristic function. Then
1g € ‘7,\1 ) ‘71/,1.

To prove Lemma 36, we will need the following result proved by Meagher and

Spiga in [45].
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Lemma 37. (Meagher and Spiga, [45]) Consider the natural right action of PSL(2,q)
on the projective points of PG(1,q). Let Dpgy, be the set of derangements of PSL(2,q).

FEvery independent set of maximum size in Cay(PSL(2,q), Dpsr) has size q(q — 1)/2.

Proof of Lemma 36. We already know that 15 € ‘/7,\1 D ‘A/wl D ‘A/,\_l. The vector space

17)\_1 is one dimensional so ‘7,\_1 = spanc{A_1}. Hence, it is enough to show that
(1s,A_1) = 0.

Recall that PSL(2,q) is a subgroup of G,. The irreducible character A_; is a
function on G, such that A_y(g) = 1 if ¢ € PSL(2,q) and —1, otherwise. Therefore,
(1g,A_1) = 0 if and only if exactly half of the elements in S are in PSL(2,q).

From Lemma 37 it follows that he maximum size of an intersecting family in
PSL(2,q) is q(q — 1)/2. Therefore, at most g(q — 1)/2 elements of S are contained in
PSL(2,q).

Since PSL(2,q) is a subgroup of index 2, there exists ¢’ € G, such that G, =
g'PSL(2,q)UPSL(2,q). Assume to the contrary, that more than ¢(¢ — 1)/2 elements
of S are contained in ¢’ PSL(2,q). If we multiply each of these elements by ¢’ then we
get an intersecting family in PSL(2,q). This is a contradiction because the maximum
size of an intersecting family in PSL(2,q) is ¢(¢ — 1)/2. Therefore, exactly half of the
elements in S are contained in PSL(2,q). O

From Lemma 36 we conclude that the action of PGL(2,q) on PG(1,q) satisfies
conditions 1 and 2 of Theorem 35 because 1 is the standard character of PGL(2,q).
Thus, to prove that PGL(2, ¢) has the strict EKR property is enough to show that the
derangement matrix M of PGL(2, q) acting on PG(1, q) has rank ¢(¢ —1). For details
about the computation of the rank of M see [45].

3.3 The Fourier Analysis Method
The Fourier analysis method has been used in the area of analysis of Boolean
functions with great success in recent years [1, 22, 31]. The main idea is very simple:

study the Fourier transform of a Boolean function to conclude something about its
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structure. Indeed, given a group G and a Boolean function f € C[G], if we know that
the Fourier transform of f is highly concentrated on some subset of the irreducible
representations of G then, what can we say about the structure of f7

It turns out that the Fourier analysis method can be used to solve EKR stability
problems. Let G be a group acting on a set X and V) . the eigenspace corresponding
to the smallest eigenvalue of the derangement graph of GG. The spectral method consists

on two steps:

1. Fourier characterization: Prove that the Fourier transform of the characteris-
tic function of every intersecting family in G whose size is close enough to the

maximum is highly concentrated on V; @ V)

min *

2. Structural characterization: Prove that the structure of Boolean functions whose

Fourier transforms are highly concentrated on V; @V, . is similar to the structure

of Boolean functions whose Fourier transforms are completely supported on V; &

Vi

min *

For example, in [16] Ellis, Filmus and Friedgut applied the Fourier analysis
method to solve the stability problem for intersecting families in the symmetric group
Sn. We describe the main steps of their work.

Consider the natural action of S,, on [n]. As was remarked earlier, Deza and
Frankl [21] proved that the maximum size of an intersecting family in S, is (n — 1)!.
Moreover, the cosets of points stabilizers are the only extremal families (this was first
proved by Cameron and Ku [11], and independently by Larose and Malvenuto [41]).

Let I';, be the derangement graph of S, acting on [n|. For any 7,5 € [n] we
denote by T} ; the coset of a point stabilizer sending ¢ to j. It follows from Hoffman’s
theorem that the characteristic function 1r, ; of any coset of a point stabilizer lies in the
subspace V1 ® Vi, where Vi, is the eigenspace associated with the smallest eigenvalue
of I',,.

The following lemma is known as the stability version of Hoffman’s bound.
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Lemma 38. (Ellis, [13]) Let I be a k-regular, n-vertex graph with eigenvalues k =
Al > A > > Ay = Aine Let K = max{i : \; > Apin}. Let S be an independent
set in I'. We denote by U the direct sum of the subspaces Vi and Vi, where Vi is the
subspace spanned by the all 1’s vector and Vy s the eigenspace associated with the

Amin €tgenvalue. Let Py denote orthogonal projection onto U. Then

s~ Pe(is)lP = = 3 15(0) — Pois)(w)P <

vev(T)

(1 — )| Amin| — ko
|>‘min| - |)‘K|

where o = |S|/n.

Note that we can apply Lemma 38 to solve the Fourier characterization step of
the spectral method. To do this we need to know the spectrum of the derangement
graph T',. This task was accomplished in [50] by Renteln. This author proved that
the minimum eigenvalue A\, of I'), arises only from the standard character ygq and
is equal to —d,, /(n — 1), where d,, is the number of derangements in S,,. Furthermore,
from his work it is also possible to conclude that \x = O(d,/n?), where K is the
integer defined in the statement of Lemma 38. Also, note that applying the principle
of inclusion-exclusion we get that d,, = n!(1/e + o(1)).

Now, let S be an intersecting family in S,, such that |S| = an!. Using Lemma

38 we conclude that
115 — Pu(19)]15, < (1 —an)(1+O(1/n))a (3.1)

where U = V; & ‘A/Xsm.

Since we know that the maximum size of an intersecting family in S, is (n —1)!
then o < 1/n. If the value of « is close to 1/n then S is an intersecting family whose
size is close to the maximum. On the other hand, Equation 3.1 implies that if « is
close to 1/n then the Fourier transform of 1g is highly concentrated on the trivial and

standard representation. Therefore, the characteristic function of every intersecting

family in S,, whose size is close enough to (n — 1)! is highly concentrated on U.
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The second step of the Fourier analysis method requires to study the structure
of Boolean functions whose Fourier transforms are highly concentrated on some irre-
ducible representations. For this particular case we need to study Boolean functions
in C[S,] whose Fourier transforms are highly concentrated on the trivial and standard
representation. The following remarkably theorem deals with the characterization of

these Boolean functions.

Theorem 39. (Ellis, Filmus and Friedgut, [16]) There exists absolute constants Cy, €y >
0 such that the following holds. Let S C S, with |S| = an!, where o < 1/n, and let
ls € C[S,] be the characteristic function of S, so that |1s||§ = . Let Py(lg) denote
the orthogonal projection of 1s onto U = Vi @ ‘7X5td. If |1s — Pu(19)||3, < e, where

€ < €, then there exists i,j € [n] such that
1 = Tiyll3, < Cole* +1/n)/n.

In fact, Theorem 39 is a particular case of a more general theorem proved by the
authors in [16]. Theorem 39 proves that every Boolean function with squared norm less
than 1/n and whose Fourier transform is highly concentrated in U is close in structure
to a coset of a point stabilizer. Since the characteristic function of every intersecting
family whose size is close to (n — 1)! has squared norm less than 1/n and a Fourier

transform concentrated in U, the stability result follows from Theorem 39.
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Chapter 4

STABILITY FOR INTERSECTING FAMILIES IN PGL(2,q)

In [45], Meagher and Spiga proved that the maximum size of an intersecting
family in PGL(2,q) is ¢(¢ — 1). Furthermore, they also solved the characterization
problem: Every extremal family in PGL(2,q) is a coset of a point stabilizer. In this
thesis we prove that extremal families in PGL(2, q) are also stable, that is, an almost
extremal family in PG L(2, ¢) must be close in structure to a coset of a point stabilizer!.

We make this statement explicit in the following theorem.

Theorem 40. There exists an absolute constant Cy such that the following holds. Let
S C PGL(2,q) be an intersecting family with |S| = (1—38)q(qg—1), where 0 < < 1/2.
Then there ezists a coset of a point stabilizer T C PGL(2,q) such that

1
ISAT| < Cy (51/2 + —) 1S,
q+1
where /\ is the symmetric difference of sets.

Using Theorem 40 and some properties of intersecting families in PGL(2, q) we

get the following stronger result on almost extremal families in PGL(2, q).

Theorem 41. There exists an absolute constant 69 > 0 such that the following holds.
If S € PGL(2,q) is an intersecting family with |S| > (1 — do)q(q — 1), then S is

contained within a coset of a point stabilizer in PGL(2,q).

Theorem 41 is a direct analogue of the Cameron-Ku conjecture proved by Ellis

in [14].

1A point stabilizer in PGL(2,q) is a subgroup that fixes a particular element of
PG(1,q).
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The proof of Theorem 40 is an application of the Fourier analysis method (Sec-
tion 3.3), therefore, it is divided into two parts. First, we prove that the Fourier
transform of the characteristic function of the almost extremal families are highly con-
centrated on two irreducible representations of PGL(2,q). Second, we use this Fourier
characterization of almost extremal families to get structural information. In particu-
lar, we note that most of the ideas used in [16], can be used to characterize Boolean
functions on PG L(2, q) whose Fourier transforms are highly concentrated on the trivial
and standard representations of PGL(2,q). This partially answers a question of Ellis,
Filmus and Friedgut in [17]. These authors asked if there were others groups (besides
Sy) for which there is an elegant characterization of Boolean functions whose Fourier
support is concentrated on certain irreducible representations. Actually, in Section 4.2,
we explain that 3-transitive groups satisfying certain extra conditions have a similar
characterization.

The proof of Theorem 41 follows from Theorem 40 and some basic properties

of intersecting families in PGL(2, q).

4.1 Fourier Characterization

Let S be an intersecting family of maximum size in PGL(2, q). It follows from
Section 3.2 that the Fourier transform of 1g is supported only on the irreducible rep-
resentations affording the characters A; and ;. In this section, we prove that the
characteristic functions of almost extremal families in PGL(2,q) have Fourier trans-
forms highly concentrated on the irreducible representations affording the characters
A1 and . To do this we apply a stability version of Hoffman’s bound (this term
was coined by Ellis in [13]). The next two lemmas show that if an intersecting fam-
ily S € PGL(2,q) satisfies that |S]| is close to g(¢ — 1) then 1g must be close to
U := \7,\1 & ‘A/wl.

Lemma 42. Let S be an intersecting family in PGL(2,q). If q is a power of 2 then,

, SN e
1P (1o < (1= 12 ) Msloan
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Proof. First, to ease notation we will denote by (-, -) and [|-|| the inner product and norm
in C[PGL(2,q)]. Let A be the adjacency matrix of the graph I' = Cay(PGL(2,q), D,)
where D, is the set of derangement in PGL(2, q). Let {x1,...,2x} C C[PGL(2,q)] be
an orthonormal basis of real eigenvectors for A (recall that A is symmetric). Let 60; be
the eigenvalue of A such that Ax; = 6;x;, for 1 < i < N. Note that,

o 1lg= Zfil e;x; where ¢; = (1g,x;) for every i = 1,..., N.

N
o [[1s]® =223l €

o (15, 1) = [|1s]]* = e1.

Let 1 be the all 1’s vector with eigenvalue ¢*(¢ —1)/2. Since every intersecting

family corresponds to an independent set in the graph I we get

N
—1
0=15Alg =) bl =015+ > el — ala—1) Yoo (@
=1

i:iilveiiAmin 7;:61':)\min
where A\pin = —q(q —1)/2.
Recall that the second smallest eigenvalue of I' is zero. Therefore, from equation

(4.1) we obtain the following inequality

—1
0.)|15|* — % e <0. (4.2)
itei:)\min
By definition we have
| Pre(1s)]1* = €,
i:i#lzai#)‘min
hence

> =1l = llLs)* = 1Py (L)1 (4.3)

izei:Amin

Combining (4.2) and (4.3) we get
S|
Pri(19)P < (11— |— 1s]?.
PP < (1= 2
[l

The next lemma deals with the case g odd. The proof is a little more complicated
because in that case the minimum eigenvalue of I' is afforded by two distinct irreducible

characters, ¢ and A_;.
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Lemma 43. Let S be an intersecting family in G, such that |S| = (1 —d)q(q — 1),

0 > 0. If q is an odd prime power then

9| Y
Pyi(19)]3 < (1= g q+1) -
1P (19) o < ( o 1>> sleore + (q+ 1)

Proof. Using the notation introduced in the proof of Lemma 42 we get
q2(q2— 1) T Q(Q; 1) | Y @< (4.4)
i:0;=Amin

Recall that the vector space XA/,L1 is one dimensional. Hence, we denote by
r)_, the only eigenvector in the set {x;}¥, contained in V_,. We claim that &, =
(Ls, 20" < (6/(¢+ 1))

Note that z,_, is the irreducible character A_;. Hence, x,_, is a function on
PGL(2,q) such that z)_,(g) = 1 if ¢ € PSL(2,q) and —1, otherwise. Besides, note
that SNPSL(2,q) and SN(PGL(2,q)\ PSL(2,q)) have size at most ¢(¢—1)/2 because
the maximum size of an intersecting family in PSL(2,q) is ¢(¢ — 1)/2. Putting all the

above remarks together

Ei_l = <157 x>\71>2

- TraEEaE(S N PSLE.0I - 1SN (POLER.0)\ PSLE.0))

< (%)2 . (4.5)

By definition we have

1Poe(to)lP = D> a+ea,,
Zl;'él»ez;é)‘mzn

hence

Yo a@ =l = sl = 1P ()P + & (4.6)

Combininig (4.4), (4.5) and (4.6) we get

o asie < (1 A e (25)

42



4.2 Structural Characterization

In this section we give a characterization of the structure of Boolean functions
on PGL(2,q) whose Fourier transform is highly concentrated on U. The technique
used to prove this result is from [16]. In that paper, Ellis, Filmus and Friedgut proved
that if a Boolean function on S, has Fourier transform that is highly concentrated
on the first two irreducible representations of S,, (which correspond to the trivial and
standard representation) then it must be close to a union of cosets of points stabilizers.
Their proof is only based on the fact that the action of S,, on [n] is 3-transitive.

Let G be a group acting 3-transitively on a set X. It is well-known (and easy to
show) that the standard representation is irreducible for any 2-transitive group. Also,
recall that V; and szt , are the vector subspaces of complex-valued functions on G
whose Fourier transform have support on the trivial and the standard representation,

respectively. The following proposition is a generalization of Theorem 1 from [16]%.

Proposition 44. There exist absolute constants Ci,e; > 0 such that the following
holds. Let G be a finite group acting 3-transitively on a set X of sizen. Let S C G with
S| = (1= 6)|G|/n, where 0 <6 < 1/2. Let U =V, & V,_,,. If |[Pre(1s)]|% = €153,
where € < €1, then there exists T C G such that T is a coset of the stabilizer of an
element of X, and

ISAT| < Cy (el/2 + %) 5],

The proof of this proposition is exactly the same as the proof of Theorem 1
n [16]. Since the action of PGL(2,q) on PG(1,q) is 3-transitive, Proposition 44 can
be used to characterize Boolean functions on PGL(2,q) whose Fourier transform are
highly concentrated on U. Recall that U is the vector subspace of all of complex-
valued functions on PGL(2, q) whose Fourier transform has support on the trivial and

the standard representation.

2 Actually, Proposition 44 is a generalization of a special case of Theorem 1 from [16].
To fully generalize that theorem we need to consider S C G with |S| = ¢|G|/n, where
c=o(n).
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Corollary 45. There exist absolute constants Cy,e; > 0 such that the following holds.
Let S C Gy with |S| = (1 —6)q(q — 1), where 0 < 6 < 1/2. If ||PUL(]_S)||?3GL(2’(1) =
€‘|1SHQPGL(2,(1) where € < €1, then there exist o, f € PG(1,q) such that T, g satisfies that

1
< vz, - .
[SAT, 5] < C, (e o 1) H

Now we are ready to prove Theorem 40.

Proof of Theorem 40. First, to ease notation we will denote by || - || the norm in
C[PGL(2,q)]. We choose Cy = max(%,\/?C’l) where C) and €; are the absolute
constants from Corollary 45. With this choice of Cy, if €,/2 < 6 < 1/2 then the
statement of the theorem holds trivially with any choice of a coset of a point stabilizer
T.

Now, we consider the case where 0 < €;/2. By assumption we know that
|S| = (1—0)q(g—1). Thus, it follows from Lemmas 42 and 43 that || Py (15)|* < d|/15]|?
when ¢ is even and ||[Pyi(1g)||* < 26||15||* when ¢ is odd. This implies that the
characteristic function 1g is highly concentrated on U. Hence, we can apply Corollary
45 to conclude that

ISAT| < C, (51/2 + qu1> 5],

where T is some coset of a point stabilizer. O

Theorem 40 implies that almost extremal families are almost contained in a
coset of a point stabilizer. Furthermore, we can refine this result to conclude that

almost extremal families are fully contained in a coset of a point stabilizer.

Proof of Theorem 41. First assume that ¢ < 4Cy—1, where Cj is the absolute constant
from Theorem 40. Note that we can choose §; > 0 small enough such that for all

q < 4Cy — 1 we have
(1—=061)q(g—1)>ql¢g—1) -1

Hence, if S is an intersecting family of PGL(2,q) with |S| > (1 — 6;)q(¢ — 1) then

|S| = q(q — 1). Therefore, by the characterization of intersecting families of maximum
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size in PGL(2,q) given in [45], we conclude that S must be equal to a coset of the
stabilizer of a point.

Now, we assume that ¢ > 4Cy — 1. It is clear that if we choose d, such that
0 < dy < 1/(16C%) then

2, 10 1

From Theorem 40 it follows that if |S| > (1 — d2)g(¢ — 1) then
1
SAT| < C 5””+———>53 4.8
5671 < o (8 + 7 )19 (45)

where T is a coset of a point stabilizer. Combining (4.7) and (4.8), we get that |[SAT| <
3a(g —1).

Suppose without loss of generality that T' = T, , for some a € PG(1,q). Assume
for a contradiction that there exists g € S such that o = § with 5 € PG(1,q), 8 # a.
We use this assumption to estimate the size of T, , \ 5.

If h € SNT,, then g~'h contains at least one fixed point (recall that S is an
intersecting family). Hence, the elements h € T, , such that g~ 'h is a derangement
must be contained in T, , \ S.

We compute the number of derangements in g_lTa,a = Ts4. The number
of derangements in 7, , is zero. Thus, the @ derangements in PGL(2,q) are
contained in (J; ., T5,- Using the 2-transitivity of the action of PGL(2, ¢) on PG(1, ),
we get that the number of derangements in T, is the same for every § # a. Indeed, for
any two distinct 0,0" € PG(1,q) with §,6" # «, let m € PGL(2,q) such that o™ = «
and 8™ = ¢’. Then the bijection ® : PGL(2,q) — PGL(2,q) : g — m 'gm satisfies
®(D,) = D,, and ®(T5s,) = Ty o, 50 [T5 .0 N Dy| = |P(T50 N Dy)| = |T5.0 N Dyl

Therefore, the number of derangements in Tp, is ¢(¢ — 1)/2. Hence, there are

at least ¢(¢ — 1)/2 elements in T, , \ S which implies

ST, .| > 111,

Thus, we get a contradiction. Finally, we choose the universal constant §y to be equal

to min(51,52). ]
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Chapter 5

INTERSECTING FAMILIES OF MAXIMUM SIZE IN PSL(2,q)

Throughout this chapter we assume that ¢ is an odd prime power. It is known,
from the combined results of [3, 45], that the maximum size of an intersecting family
in PSL(2,q) is q(¢—1)/2. However, it is only a conjecture that all intersecting families
of maximum size are cosets of point stabilizers. (See the second part of Conjecture 1
in [45].) In this paper, we prove that the second part of Conjecture 1 in [45] is true for

all odd prime powers gq.

Theorem 46. Let S be an intersecting family in PSL(2,q) of maximum size. Then

S is a coset of a point stabilizer.

To prove Theorem 46 we apply a general method for solving the characterization
EKR-problem for some 2-transitive groups. This technique was proposed by Ahmadi
and Meagher in [3] and they called it “The Module Method” (see Section 3.2). This
method reduces the characterization of intersecting families of maximum size to the
computation of the rank of a derangement matrix (Definition 6 ). Recall that the
derangement matriz of G acting on X is the (0, 1)-matrix M, whose rows are indexed
by the derangements of GG, whose columns are indexed by the ordered pairs of distinct
elements in X, and for any derangement g € G and (a,b) € X x X with a # b, the
(g, (a,b))-entry of M is defined by

1, ifa% =0,

M(g, (a,b)) = .
0, otherwise.

The Module Method states that, under certain conditions (given in Theorem 35),
if the rank of the derangement matrix M of G acting on X is equal to (| X|—1)(|X|—2),
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then the cosets of point stabilizers are the only intersecting families of maximum size
in G.

Since it is known that the maximum size of an intersecting family in PSL(2, q) is
q(¢—1)/2 and that the characteristic function of every intersecting family of maximum
size lies in the subspace Vo f/m , of C[PSL(2,q)], then in order to prove Theorem 46
by applying the Module Method, it is enough to show that the rank of the derangement
matrix M of PSL(2,q) acting on PG(1,q) is equal to g(¢ — 1). Therefore, Theorem 46

follows directly from the next theorem.

Theorem 47. Let M be the derangement matriz of PSL(2,q) acting on PG(1,q).
Then the C-rank of M is q(q — 1).

Exactly the same statement for PG L(2, q) is proved in [45, Prop. 9], so we must
first examine why the proof does not immediately carry over to PSL(2,q). In [45] the
matrix M " M represents a certain PGL(2, ¢)-module endomorphism of a permutation
module. The main calculation is to show, for each irreducible constituent character of
this module, that the image of M "M is not annihilated by the corresponding central
idempotent. Consequently, the image also contains the character as a constituent,
and the rank result follows due to the fact that the module in question is almost
multiplicity-free, in the sense that, with one exception, each irreducible constituent
character occurs with multiplicity one. If one attempts to follow the same procedure
for PSL(2,q) one runs immediately into the problem that the PSL(2, ¢)-constituents
of the permutation module have high multiplicity. Fortunately, this obstacle can be
sidestepped by observing that although we are working in PSL(2,q), our sets and
permutation modules admit the action of PGL(2,q), and for the larger group the
permutation module has the property of being almost multiplicity-free. A more serious
difficulty arises when one attempts to show that the central idempotents have nonzero
images in the permutation module. As for PGL(2,q), the problem boils down to
showing that certain sums of character values are not zero. For PGL(2, q), these sums

could be estimated by elementary arguments. However, the sums for PSL(2, q) appear
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to be much harder to deal with, and our proof proceeds by reformulating the sums
as character sums over finite fields and applying some deep results on hypergeometric
functions over finite fields. The finite field character sums which appear are Legendre
and Soto-Andrade sums (see Section 2.7). This is not a surprise; it is well known that
these sums appear in connection with the complex representation theory of PGL(2,q)
[34].

The rest of this Chapter is organized as follows. In Section 5.1, we show that
the rank of the derangement matrix M is equal to the dimension of the image of a
PGL(2, g)-module homomorphism. We use this fact to reduce the problem of comput-
ing the rank of M to that of showing some explicit character sums over PGL(2, q) are
not equal to zero. In Section 5.2, we find some formulas to express those character
sums over PGL(2,q) in terms of Legendre and Soto-Andrade sums. Finally, in Section

5.3, we prove Theorem 47.

5.1 A PGL(2,q)-module Homomorphism

In this section we show that the rank of the derangement matrix M of PSL(2, q)
is equal to the dimension of the image of a certain PG L(2, ¢)-module homomorphism.
Actually, we will show that N = MTM is a matrix representation of a PGL(2,q)-

module homomorphism. We will use this fact to compute the rank of M.

5.1.1 The Matrix N

We identify the points of the projective line PG(1,q) with elements of the set
F, U {o0}, by letting a € F, denote the point spanned by (1,a) € F2 and denoting by
oo the point spanned by (0,1). We consider the natural right action of PGL(2,¢) on
PG(1,q). Let a € F,U{oo} and g € PGL(2,q). We use a? to denote the element in
PG(1, q) obtained by applying g to a. The action of PGL(2,q) on PG(1,q) is faithful.
Hence, we can associate with each element of PGL(2,q) a permutation of the ¢ + 1
elements of PG(1,q). Moreover, recall that an element g € PGL(2,q) is said to be a

derangement if its associated permutation is fixed-point-free.
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Definition 48. Let 2 be the set of ordered pairs of distinct projective points in
PG(1,q). The matrix N is a ¢(q + 1) by ¢(¢ + 1) matrix whose rows and columns
are both indexed by the elements of Q; for any (a,b), (¢, d) € © we define

Niap),(c.qy = the number of derangements of PSL(2,q) sending a to b and c to d.

Note that the above definition of N agrees with our former definition, N =
MTM. Hence, basic linear algebra implies that ranke(M) = rankc(N). The next

lemma gives information about the entries of N.

Lemma 49. Let a,b,c,d € F,U{oco}. Then,

(q—1)
TR

1. N(a,b),(a,b) = V((l,b) e .

2. Nap)(ed) =0, ifa=c,b#d ora##cb=d.

0, if g =1 mod 4,
3. N(a,b),(b,a) = V(CL, b) e Q.
(g—1)/2, if g =3 mod 4,

(¢g—1)/4, if¢=1 mod 4,
4. (a) N0,50),(1,0) =
(¢ —3)/4, ifq=3 mod4.
_g—3 ¢(1-d) 1 e
(b) No,o0),(1,d) = 1 5 1 Z o((x+ 271 —4d), Vd#0,1,00.

z€Fy
Moreover, the value of N(ap) (ca) for any (a,b),(c,d) € Q is given by one of the above

ETPTesSSIOnS.

Proof. Let g be an arbitrary element in PGL(2,q). Note that for every h € PSL(2,q)
sending a to b and ¢ to d, the element g~'hg € PSL(2,q) sends a? to b and ¢ to d’.

Hence the entries of N satisfy the following property

Nab), ey = Nas ,9),(c9,d9) (5.1)

because PSL(2,q) is a normal subgroup of PGL(2,q) and the set of derangements in

PSL(2,q) is closed under conjugation. To prove Lemma 49 we proceed case by case.
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e Case 1.

Recall that N,p) () is the number of derangements in PSL(2,q) sending a
to b. From (5.1) and the 2-transitivity of PGL(2, q) we conclude that N, ) (ap) =
Nic,d),(c,a) for any (a,b), (c, d) € Q. The total number of derangements in PSL(2, q)
is ¢(¢ — 1)*/4 and this number can also be written as

q(g—1)°

1 = Z Neap),(ap), for any fixed a € PG(1,q),

be PG(1,q)
b#a
which implies that N, ) @p = (¢ — 1)%/4 for every (a,b) € Q.

e Case 2.

Every element of PSL(2,q) is related to a permutation of projective points
in PG(1,q). This implies Ngp)a,q) = 0 and Ngpyep) = 0 whenever b # d and
a # c.

e Case 3.

Using the 2-transitivity of PGL(2,¢) and (5.1) we can assume without loss of
generality that a = 0 and b = co. The elements gy € PSL(2,q) sending 0 to oo
and oo to 0 are of the form

0 A .
g)\:(_)\—l 0>a )\G]Fq

This representation of elements in PSL(2, q) is redundant because g, and g_
represent the same element of PSL(2,q). Let £ be an element in F; such that
(§) =TF;. Hence, theset {gx: A=¢', i=1,...,(¢—1)/2} corresponds precisely
to the (¢ — 1)/2 elements in PSL(2,q) sending 0 to oo and oo to 0.

Recall that gy is a derangement if and only if its eigenvalues are not in F,.
Thus, g, is a derangement if and only if its characteristic polynomial,

—t A

p)(t) = det _)\_1 ¢

’_t2+1,

is irreducible over IF,.

If ¢ =1 (mod 4) then —1 is a square in F; so py(t) is reducible for every
A € F,. Hence N (ba) = N(0,00),(00,0) = 0 in this case. On the other hand, if
¢ =3 (mod 4) then —1 is not a square in F,; this implies that p,(t) is irreducible
for every \ € Fq* Thus N(a,b),(b,a) = N(o,oo),(oo,o) = (q — 1)/2.

e Case 4.
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Every element of PSL(2,q) sending 0 to co and 1 to d is of the form

0 —A .
gA:(A_l )\_ld—F)\)’ )\G]Fq

Again note that g, and g_, represent the same element of PSL(2,¢q). The matrix
gy is a derangement if and only if its characteristic polynomial,

—t A

p)\(?f) = det A N ld4N—t

' =t — (AN M+ N+,

is irreducible over ;. To compute N(goo)(1,q) it is enough to count the number
of values of A such that p,(t) is reducible.

If pA(t) is reducible then there exist x and y in IF} such that
)=t =N d+ Nt +1=(t—2)t—y) =t — (v +y)t + zy.

Hence, zy = 1 and x +y = A\~'d + \. Assume without loss of generality that
y = z~1. If there exist values of A such that g, has eigenvalues {x,z7'} then
they have to satisfy the following quadratic equation

M—(z+2 YA +d=0. (5.2)

— Case 4 (a):

If we assume d = 0 then A = 0 is a solution of (5.2), however, that
solution is not admissible by the definition of gy. Hence, we just consider
the solution A = z + 27! for every z € [F;. Moreover, note that x and 1
generate the same value of A. In fact, we can relate to each set {z,z7'} a
unique value of .

Let ¢ =1 (mod 4) and k& € FF; be an element of order 4. Note that the
set {k,k~'} does not generate any admissible value of A\. Thus, the number
of values of A such that py(t) is reducible is (¢ — 1)/2. Therefore,

1 qg—1 qg—1
N(o,oo),(1,0)=§(q—1— 5 >: 4

On the other hand, if ¢ = 3 (mod 4) then IF; does not have an element of
order 4. This implies that every set {z,z7'} C [F; generates an admissible
value of A. Thus, the number of values for A such that p,(t) is reducible is
(q + 1)/2 and N(O,oo),(l,(]) = (q — 3)/4

— Case 4 (b):

The number of solutions of (5.2) in F, is given by 1+ ¢((z+z71)? — 4d).
In this case, we also have that x and 2! generate the same values of \.
Thus, the number of values of A € F}; such that py(t) is reducible is

21+6( ) +5 3 (4 o((e+ o)~ 4d)),

z€lFy
z#1,—1
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Therefore, for d # 0, 1, oo,

1 1
Noooraa = 5lg =1 = 201+l —d) + 5 > (1 +o((x+a")? - 4d))]
z€Fy
r#1,—1

which gives the desired formula for N o) (1,4)-

[]

Corollary 50. Letd € F,, d # 0,1. The number of derangements of PSL(2,q) sending
0 to oo and 1 to d can be expressed in terms of the Legendre sum with respect to ¢.

Specifically,
g—1 ¢(1-d) ¢
4 2 4

N(0,00),(1,d) = Py(2d —1). (5.3)

Proof. To prove this corollary we use part 4(b) of Lemma 49 and the following com-

putation,

(x4 —4d) = Y o2’ —22d — Dz + 1)(1 + ¢(x))

$EF2 zE]Fj;

= —2+4 qP¢(2d — 1)

5.1.2 A Permutation PGL(2,q)-module

In this section we define a PGL(2, ¢)-module V and a PG L(2, ¢)-module homo-
morphism T from V' to V. We use the subscript N to emphasize that N is the matrix
associated with T with respect to a certain basis of V.

Recall that we denote by 2 the set of ordered pairs of distinct projective points
in PG(1,q). Let V be the C-vector space spanned by the vectors {e, }oeq, therefore,
the dimension of V' is ¢(q + 1).

We define a right action of PGL(2,q) on the basis {e,} of V. Specifically, if
w = (a,b) then

€y g = €Eug = 6(a97bg)
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for any ¢ € PGL(2,q). Thus, V is a right permutation PGL(2, ¢)-module. The next
lemma shows that V' has a very simple decomposition into irreducible modules; apart
from V) _, and Vj, each irreducible module of PGL(2,q) appears exactly once.

Let (x, %) par(2,q denote the inner product of the characters x and ¢ of PGL(2, q)
(see Section 2.1).

Lemma 51. Let V) denote an irreducible module of PGL(2,q) with character x. Then
the decomposition of V into irreducible constituents is given by,
vy, evViev,, ePv,,e@Pv,
BeB YEA
Proof. Let m be the character afforded by the PGL(2, q)-module V. By definition we

have

m(g) = {w € Q:w? =w}|
hence the character m has an easy description,

1 u dy v,

W‘q(q—i-l) 0 2 0

Now let V, be an irreducible representation of PGL(2,q) and x its irreducible
character. It is known ([53, Chapter 2, Theorem 4]) that the multiplicity of V,, in V' is
equal to the character inner product (7, x)pcr(2,q). Now, the lemma follows by direct

calculation using the character table of PGL(2,q). O

For a,b € PG(1,q), consider the following vectors in V,

lap = Z (€(ap) = €bp) T €(ab) — €(ba) (5.4)
pePG(1,q)
pFab

Tap = > (Cpa) — €rn) F €0 — Can) (5.5)
pePG(1,q)
p#a,b

We use these vectors to define the following vector subspaces of V/,
Vi =spanc{lap 1 a,b € PG(1l,q)} and Vi =spang{r.,:a,b € PG(1l,q)}

In fact, the next lemma shows that V; and V, are PGL(2, ¢)-submodules of V.
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Lemma 52. The vector subspaces V| and Vs, satisfy the following properties,
1. dim¢ (V7)) = dime(Vs) =
2. VinV, = {0}
3. Vi and Vy are PGL(2, q)-submodules of V
4. Vi 2V, as PGL(2,q)-modules
Proof. Note that the vectors defined in (5.4) and (5.5) satisfy the following relations,
lap —laec=1lcp and rep —Trac="rcp

for all a,b,c € PG(1,q) with a # b # c. Hence, fixing a € PG(1,q) we get that
{lap : b€ PG(1,q),b # a} and {rqp : b € PG(1,q),b # a} are basis for V; and V5,
respectively.

To prove the conclusion in part (2) we proceed by contradiction. Assume there

exists v € V; NV, with v # 0. Hence we can write,

v= Z aplap = Z BpTap (5.6)
pePG(1,q9) peEPG(1,q)
p#a p#a
where not all o, and 3, are equal to zero.
For a fix b € PG(1,q), the vector I, is the only one in the set {l,p}pcpc(iq
that contains e@q). On the other hand, every vector of the form r,, contains ep) .

Therefore, using (5.6) we get,

> B

pEPG(L,q)
p#a

which implies that the values of the coefficients «y, in (5.6) are all the same. Analo-
gously, we can show that the values (3, in (5.6) are the same. Thus, we can rewrite

equation (5.6) in the following way,

DREEL S

pePG(1,q9) pePG(1,q)
p#a p#a
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where o = Zm&a Bp and = Zm&a a,. This implies that 5/a = 1/¢, a contradiction.
To prove part (3) it is enough to note that l,p - g = loope and 744 - g = rao p

for all a,b € PG(1,q) with a # b. For part (4) consider the function € from V; to V5

defined by 0(lyp) = rap for all a,b € PG(1,q) with a # b; we extend the definition of

0 to all elements of V; linearly. Now, from the definition of # we see that clearly

H(Z(a,b) : g) = Q(Z(a,b)) g

for all g € PGL(2,q) and (a,b) € Q. Therefore, 6 is a PGL(2, ¢)-module isomorphism.
This completes the proof of part (4). ]

Lemma 53. The submodules Vi and V5 are isomorphic to Vi, .

Proof. This result follows directly from Lemmas 51 and 52. If we consider the decom-
position of V' into irreducible constituents, we note that each irreducible representation
appears only once, except for V,;, . Therefore, because V; is isomorphic to V5, we must

have Vi, = V) = Va. O

We now define a linear transformation T from V to V. We first define T on

the basis {e, }weq of V by

TN(e(avb)) = Z Nw,(a,b)ew

weN
for any (a,b) € 0, and then extend the definition of Ty to all elements of V' linearly. It
follows from the definition of T that N is the matrix associated with Ty with respect
to the basis {e, },eq of V. Therefore, the dimension of the image of Ty is equal to the

rank of the derangement matrix M of PSL(2,q) acting on PG(1,q).

Lemma 54. The linear transformation Ty defined above is a PGL(2,q)-module ho-

momorphism from V to V.

Proof. To prove the lemma we just need to check that the next equation

Tn(e@p) - 9) = Tn(ewp)) - 9 (5.7)
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holds for all ¢ € PGL(2,q) and (a,b) € Q. First, consider the left hand side of (5.7).
From the definition of Ty it follows that

T (¢ap) - 9) = T (Ctanpn) = Y No(ar oo

weN

Furthermore, note that using equation (5.1), the right hand side of (5.7) can be

written as
TN(e(a,b)) g = Z Nw,(a,b)ewg = Z ng_l,(&b)ew = Z Nw,(ag,bg)ew
weN wq_leﬂ weN
which implies that (5.7) holds. This completes the proof of the lemma. O

5.1.3 The Image of Ty

Recall that the rank of the derangement matrix M of PSL(2,q) acting on
PG(1, q) is equal to the dimension of the image of Tyy. Since Ty is a PGL(2, g)-module
homomorphism (Lemma 54) we can use some tools from representation theory to com-
pute the dimension of the image of Tyy. We start by observing that the submodules V}

and V5 are in the kernel of Ty.
Lemma 55. The subspaces Vi and Vs lie in the kernel of Ty .

Proof. First, recall that the derangement matrix M is a q(¢ —1)?/4 by (¢ + 1)q matrix
whose rows are indexed by the derangements of PSL(2,q) and whose columns are
indexed by elements of Q2. For any derangement g € PSL(2,¢q) and (a,b) € Q we have

1, ifa? =0,

M(g, (a,b)) = .

0, otherwise.
Furthermore, also by definition we have N = M T M. Thus, the lemma follows from
the following observation

Ml,py =0 and Mr,, =0 forall a,be PG(1,q), with a # b,

and the fact that for a fix a € PG(1,q) the sets {l,p, : b € PG(1,q),b # a} and
{rap: b€ PG(1,q),b # a} are basis of V} and V%, respectively.

o6



From Lemma 53 and 55, we conclude that the restriction of Ty to 2V}, is the
zero map. It follows that the dimension of the image of Ty is at most g(q — 1). Now,
we consider the restriction of T onto the other irreducible constituents of V. To do
that we apply Schur’s lemma.

Let x be the irreducible character corresponding to an irreducible representation

of PGL(2,q) appearing as a constituent of V. Schur’s lemma implies that,

I

In(Vy) =V, or Tn(V,)={0}.

Thus, either the dimension of the restriction of Ty to V) is zero or is equal to the

dimension of V,. Hence, to study the image of V), under Ty for any

X € {Ala 7,0—17 {nﬁ}ﬂéBa {V’Y}WEA}
we proceed in the following way:

1. Consider the vector e ) € V.

2. Project e,y onto V, using the following scalar multiple of a central primitive

idempotent

Ev= Y. x(gg

gePGL(2,9)

Therefore, the projection of e ) onto V, is equal to

Elepe) = >, x(g7 e = Y

gEPGL(2,q) (a,b)eQ

> X(g_l)] €(a,b)-

09=a,009=b
where ¢ in the inner sum runs over all elements in PGL(2, ¢) sending 0 to a and

oo to b.

3. To prove that Ty (V,) = V, it is enough to show that the (0,00) coordinate
of Tn(FEy(€e,x))) is not equal to zero. This is equivalent to showing that the

following character sum is not equal to zero:

Ty = Tn(E\(€0,00)))(0,00) = Z [ Z X(g_l)] N(0,00),(ab)> (5.8)

(a,b)eQ LO9=a,009=b
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where ¢ in the inner sum runs over all elements in PGL(2, q) sending 0 to a and

oo to b.

Therefore, we get the following lower bound on the rank of the derangement

matrix M,

> dim(V;) < rank(M), (5.9)

where x in the sum on the left hand side of (5.9) runs through the set of irreducible char-
acters from {Ay,¢_1, {ns}gen, {vy}1ea} satistying that Ty, # 0. In particular, if Ty,
is not zero for all x € {\,v¥_1,{ns}sen, {V},ca} then the rank of the derangement
matrix M is equal to g(¢ — 1). We conclude that to prove Theorem 47, it is enough to
show that the values of the character sums T, with x € {1, ¢_1,{ns}sen, {Vy}1ea}

are not equal to zero. This will be our objective in the next two sections.

5.2 The Character Sums Z x(¢7') and Z x(g7)

09=00,009=0 09=00,19=d

The sums Ty, are character sums over PGL(2,q). In general, it is not easy
to get tight bounds on the values of characters sums over non-abelian groups. For-
tunately, the close relationship between the irreducible characters of PGL(2,q) and
the multiplicative characters of F; and F,2 allows us to conclude in Section 5.3 that
the expressions T, are not equal to zero. In this section, we show that we can
express the sums Ty, in terms of characters sums over finite fields for every x €
{)\17 V1, {nﬁ}ﬁeBa {V’Y}VEA}'

First, we consider Ty, when x = A;. In this case, we know that A(g) = 1 for
any g € PGL(2,q). Moreover, there are precisely ¢ — 1 elements of PGL(2, q) sending
0 to oo and a to b for any a,b € PG(1,q). Therefore, we can compute (6.5) explicitly
for x = A\q:

(g —1)°

Tyvo = (@=1) Y Nosoan = (¢—1)(g+1) YR

(a,b)eQ
where we have used Lemma 49 to obtain the last equality. Thus, from the analysis

given in Section 5.1.3 we conclude that Ty (Vy,) = V), .
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The other irreducible characters of PGL(2,q) are not so easy to handle. The
next lemma gives an expression for Ty, with x € {_1,{ns}sen, {vy}yca} which will

be helpful to write (6.5) in terms of character sums over finite fields.

Lemma 56. Let x be any irreducible character of PGL(2,q) from the set

{¥—1,{nstsen, {vs }reat-

Let h be the unique element of PGL(2,q) sending 0 to 0, 1 to oo, and oo to 1. If
qg =1 mod 4 then

Ty = -1 ¢l S oxtgH+@=DY_ | > xa | Nowenn

4 2
09=00,009=0 bEFZ 09=00,19=bl
b#1

and if ¢ = 3 mod 4 then

Ty =2 S o xte+@=-D> 1 D x| Nosona:

09=00,009=0 beFy 09=00,19=bl

b£1

Proof. From (6.5) and Lemma 49 we get,

> x(g‘l)] N(0.50).(s0.0)

09=00,009=0

Tvy = ~ > oxlghH+

09=0,009 =00
AR X(gl)] Nioso) (o) + D
beF?

09 =00,009=b aE]FZ
' z[ 5 X(g_l)] Nowies

a,befy L09=a,009=b

a#b

> X(Ql)] N(0,00).(a,0)

09=a,009=0

We denote by PGL(2,q)o.~ the subgroup of PGL(2, q) fixing 0 and co. Analo-
gously, PGL(2, q)o denotes the subgroup of PGL(2, q) fixing 0. Applying the Frobenius
Reciprocity Theorem [53, Chapter 7, Theorem 13|, we obtain the following equations:

(Res(X), 1) Par2.9)0.c = (X> M) PaL2q and (Res(X),1)parigo = (X, A1+ ¥1) Par2,g)
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where 7 is the permutation character defined in the proof of Lemma 51 and 1 is the
trivial character of the groups PGL(2, q)o and PGL(2, q)o, respectively. Using these
equations and the transitivity of PGL(2,q) we evaluate the following character sums,

Y oxlgHh=q-1 Y xgH=0 > xigH=0.

09=0,009=00 09=0 009 =00
Note that y(kgk™) = x(g) for any k € PGL(2,q) because x is a character.
Thus, from the above equations and the 2-transitivity of PGL(2,q) we get
d xtg™h =Y xtgTH=0.
09=00 009=0
Now assume that ¢ = 1 (mod 4). From Lemma 49 we have N o) (cop) =

No,00),(a,0) = (g — 1)/4 for all a,b € F};. Hence, using the above analysis we can write,

Z[ 2. X<g_1)] Mocohtem) = %Z[ > X(g‘l)]

belFy =00,009=b beFy 00,009=b
- x(g™") - x(g™")
4
09=00 09=00,009=0

D (]

and using the same ideas we get

Z[ > X(g_l)] N<o7oo)7<a,o>=—(q;1) > oxlg™.

acly 09=a,009=0 09=00,009=0

A similar computation works for the case when ¢ = 3 mod 4.

Let a,b € F; with a # b. Using the 3-transitivity of the action of PGL(2,q) on
PG(1,q) and (5.1) we conclude that Ng o) (ap) = No,00)1,on) Where h € PGL(2,q) is
the unique element sending 0 to 0, co to oo and a to 1. Moreover, using the definition

of h we obtain

Yoo oxlgh= D xlgH

09=a,009=b 09=1,009=bl

60



Therefore, putting all these together we get that

Z [ Z X(9_1>] Noso)(ab) = (q_l)z Z X(971) | Nooo),(1.0)

a,be€Fy L09=a,009=b belFy L09=1,009=b
a#b b#£1

= (-0 | DY x(g]| Nowoas):

beEFy | 09=c0,19=b"

]

It follows from Lemma 56 that we can write T, in terms of the character sums
Y. o xlgh) amd > X
09 =00,009=0 09=00,19=d
The next four lemmas show that these character sums can be be written in terms of

character sums over finite fields for all x € {¥_1,{ns}gen, {V4}yea}-

Lemma 57. Let i be an element of IFZQ such that i* € IF;. Then,

Y vl = é(-1)(g—1),

09=00,009=0

> nlg ) = (=D(g—1) forallye A

09=00,009=0

Z ng(g7") = —B(i)(q—1) forall B € B.

09=00,009=0

Proof. The elements in PGL(2, q) sending 0 to oo and oo to 0 are of the form,

0 A\
gr = with \ € IFZ;.
1 0

To evaluate the character sums in this lemma we need to know to which conjugacy
classes these elements belong. Note that the characteristic polynomial of g, is py(t) =
2=\

First, recall that the eigenvalues of g, are defined up to multiplication by an
element of F?. Now, if A is a square in I, then py(t) is reducible and gy has eigenvalues

+V/\ e 7. This implies that gy lies in the conjugacy class d_; whenever A is a square.
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On the other hand, if X is not a square the roots of py(t) lie on FZQ and they correspond
to elements of order 2 in e ;. Therefore, whenever A is not a square we see that gy
lies on the conjugacy class v;.

Since there are equal number of squares and nonsquares in F;, the lemma follows

from the character table of PGL(2,q) and Lemma 49. O

Lemma 58. For every v € A and d € F; \ {1} we have

S (g = qPy(2d—1).

09=00,19=d

Proof. The elements in PGL(2, q) sending 0 to oo and 1 to d are of the form,

0 a\
gy = with A, a € Fy.
a ald—N)

To evaluate the sum in this lemma we need to know to which conjugacy classes
these elements belongs. However, we need to do this just for those elements which are
not derangements because v,(g) = 0 if g is a derangement.

Note that different values of o correspond to the same element gy in PGL(2, q).
Indeed, as was remarked earlier the eigenvalues of g, are defined up to scalar multipli-
cation.

The characteristic polynomial of gy is px(t) = > — a(d — \)t — a?) and its

eigenvalues are,

. ((d—)\)i (d—A)2+4)\))
= 9 .

Thus, if \/m € F, then there exists a € F}, such that the eigenvalues of gy
are {1,z} for some x € F;. This implies that gy is contained in the same conjugacy
class as d, (see Section 2.4). Here, we assume that d, with x = 1 corresponds to the
element u € PGL(2,q) defined in Section 2.4.

For a fixed d € F; \ {1} and = € F} we want to know for how many A € IF; there
exists some « such that g, has eigenvalues {1,z}. From the above analysis it is clear

that d, x,« and A must satisfy the equation below:

)=t —a(ld=Nt—a*X=(t—2)t—1)=t>*—(z + 1)t +x.
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This implies that a satisfies the following quadratic equation,
do* — (v +1a+z=0. (5.10)

Therefore, given = € F; and d € F; \ {1}, the number of values of A\ € F; such

that g, is conjugate to d, is equal to
14+ ¢((z+1)* —dad) ifz # -1 and (14 ¢((z+1)* — 4ad))/2if z = —1.

Furthermore, it is important to note that every element g, having eigenvalues
{1, 2} also has eigenvalues {1,27"}. Hence, given d € F};\ {1}, the elements z and z~*
are related to the same values of \. Now using the above remarks and the character

table of PGL(2,q) we get,

> @ = arot-dna+ (FH) @)

+% > 1+ 9((x +1)* = dad) (v(x) +y(z7")

x#1,—1
z€Fy

= > y(@)o(x® —2(2d — 1)z + 1)

z€FY

= qP,(2d—1).

Finally, applying basic properties of characters and Lemma 29 we obtain

Yooonlg = Y ) =qP(2d—1) =P (2d - 1).

09=00,19=d 09=00,19=d

Lemma 59. For every 8 € B and d € F; \ {1} we have,
> mslg!) = —qRs(2d—1).
09=00,19=d
Proof. Recall that the elements in PGL(2,q) sending 0 to oo and 1 to d all take the

form,

0 a
gy = with A\, o € .
a ald—N)
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To evaluate the sum in this lemma we have to know to which conjugacy classes
these elements belong. However, since 7z(g) = 0 if g has two fixed points, we will pay
attention to derangements and the elements fixing one point only (see Section 2.4).

We know that if r € e \F; is an eigenvalue of gy then g, is a derangement with
eigenvalues {r,r?} contained in the same conjugacy class as v,. On the other hand,
if 7 € I} is the only eigenvalue of gy then this implies that g, has exactly one fixed
point and it is conjugated to u. In fact, when r € F} every element of the form v, is
conjugated to u.

Fixr € ]FZQ. We want to know for how many values of A € IF;‘ there exists « such
that g, has eigenvalues {r,79}. From the characteristic polynomial of g, the following

equation is obtained
t? —ald — Nt —o®X =% — (r +r9)t + 7t
which implies that o € ) must satisfy the quadratic equation below
da? — (r +r)a +ritt = 0. (5.11)

Distinct solutions of (5.11) generate distinct values of A unless r € iF, where i
is an element of I}, satisfying that i* € F;. Hence, given r € F}, and d € Fy \ {1}, the

number of A € F} such that gy is conjugated to v, is equal to:
L4+ ¢((r+7r9)? —4dr™™) if r e Fo \iF; and  (1+¢((r+19)? —4dr®™)) /2 if r € iFF},.

Moreover, note that every element g, having eigenvalues {r, 7} also has eigen-

values {ar, (ar)?} for any a € F},. Thus, 7 and ar are related to the same value of \ for
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every a € F,. Therefore,

S me ) = —— ST+ G+ ) — ddr ) (—(1))

09=00,19=d 4= 1 ref;
_'_% Tg* <1 + o((r + 7’;) — 4dret )) (—26(1))
b (e — ) (50) - 56)

reF, \{F.iF5}
1
= g 2 el ) — ) B)
relf*,

Now, the lemma follows from Definition 25.

O
Lemma 60. For every d € F; \ {1} we have,
Y talg) = qPy(2d 1),
09=00,19=d
Proof. From the character table of PGL(2,q) it follows that,
0 ifgeu
1 if g €d, and d, C PSL(2,q)
Yoi(g) =4 —1 ifged,and d, C PGL(2,q)\ PSL(2,q) (5.12)

—1 if g € v, and v, C PSL(2,q)
1 if g € v, and v, C PGL(2,q) \ PSL(2,q)

\

Thus, to evaluate the sum > 1)_1(g) we need to know: how many elements
sending 0 to oo and 1 to d belong to each of the five categories considered in (5.12).
In fact, these counting problems follow from the proof of Case (4) of Lemma 49.

For the sake of clarity, we recall some simple facts. There are ¢ — 1 elements
in PGL(2,q) sending 0 to oo and 1 to d, and half of them are in PSL(2,q). It was
proved by Meagher and Spiga [45] that if 1 —d is a square in F} then (¢ —1)/2 of these
elements are derangements. On the other hand, if 1 — d is not a square then (¢ +1)/2

of these elements are derangements.
First, assume that 1 — d is a square. We can divide the (¢ — 1)/2 elements of
PSL(2,q) sending 0 to oo and 1 to d into three categories:
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e 2 fix just one point.

1
Z (14 ¢((z +271)? — 4d)) fix exactly two points.

. p—
4
z€F},z#1,—1
o =5 1 Z é((x 4+ 2~ 1)? — 4d)) are derangements.
4 4 =
relq

A similar analysis can be carried out when 1 — d is not a square. Specifically,
from the (¢ — 1)/2 elements of PSL(2,¢) sending 0 to co and 1 to d,

e There are no elements fixing exactly one point.

. Z (1+ ¢((x + 2712 — 4d)) fix two points.

. —
4
z€F}z#1,—1

-1 1
. qT ~1 Z o((x +271)? — 4d)) are derangements.

z€FYy

Putting all the above remarks together and assuming that 1 — d is a square we

obtain,

S ovale) = ;X (e ta) )

09=00,19=d z€Fy,x#1,—1
qg—1 1 —1\2
z€Fg,x#1,—1
qg—>5 1 _
- T—ZZ¢(($+$ ')? — 4d))
:BGIF;;
q—1 qg—5 1 _
- T—T—FZZ(b((:C—i—x 12 — 4d))
erF;

= 2+ d((w+a") —4d)

z€FY
= 24 ) g2’ —2(2d— Dz + 1)(1 + ()
€l
= qP¢(2d - 1)
The case when (1 — d) is not a square follows from similar computations. ]
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5.3 The Restriction of Ty onto V,,_,, V,, and Vs

In this section, we study the restriction of T onto the irreducible constituents,
V1o AV, }rea and {V; } gep, of V. From Schur’s Lemma we know that the restriction
of Ty onto any irreducible module is an isomorphism or the zero map. The next
theorem shows that the restriction of Ty onto V;, is a PG L(2, ¢)-module isomorphism
for every 8 € B. To ease the notation, in this section we will denote by || - || and (-, -)
the norm and inner product in ¢5(F,, m), respectively.

For the proofs below, we will need the following function in ¢2(F,, m),

f: F, — C
z = $(1—a)Py(z)

Note that the norm of f is closely related to the norm of Py,

q+1 1
IF17 =D f@)’m(z) = Y Po(a)m(z) = |Pyl* = "= =1 - - = 5,
zel, z€Fy q q q
r#1

where we have used Lemma 26 to obtain the last equality.

Theorem 61. For every € B we have
TN(V;M%) = Vnﬁ'

Proof. 1t suffices to show that Ty, # 0 for all § € B. Using (5.3), Lemma 56, 57 and
59, and after some computations the following expression for Ty, is obtained:

TN,%:(Q_D CHq+(q+1)B)e(—1)+¢ Y Rg2" —1)Py(2b 1),

4
beF;: b#1

(5.13)
where 7 € F; such that 2 € IFZ. We will show that the expression on the right hand
side of (5.13) is not equal to zero.

We claim that the character sum

> Rp(2b" - 1)Py(20— 1) (5.14)

bEF? b1
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can be expressed in terms of the function f. Recall that A is the unique element in
PGL(2,q) sending 0 to 0, 1 to oo and oo to 1. Hence, if b € F; and b # 1 then
b" #£ 0,1, 00. Moreover, we have the following formula for " when b € F, and b # 1,

b

h __
b_b—l

which implies that (b")" = b for any b € F,. Thus, we can rewrite the sum in (5.14) as,
> Rp(2" - 1)Py(2b—1)= > Py(2b" — 1)Rs(2b - 1).
beFs b#1 bEF b#1
Using the relation between Legendre sums and hypergeometric sums given by

Lemma 30 and the transformation formula in Lemma 21, the following expression for

Py(2b" — 1) is obtained

¢ ¢ 1

¢ ¢
Py(20"—1) = oI, T = ¢(1-b)alFy ; 1—=bq| = ¢(1-b)Py(20—1),

€

for b € Fy, b # 0,1. Putting all the above remarks together we conclude that

> Ry - 1)P,2b—1) = Y ¢(1—b)Py(2b—1)Rs(2b — 1)

bEF: b#1 bEF;: b£1

= ¢(2) Y, (1 —a)Py(x)Rs(x)

z€Fg, x££l

1/2 No(—
= 0(2) (H%) (f,R/5>_(Q+1)—ﬁ( )252( D

where i is an element of F?, such that = Fr.
Therefore, combining the above expression for (5.14) and (5.13), we can also
express Ty, in terms of the function f,

¢*(q—1)
4

Ty, = : (5.15)

1 1\ /2 ,
1+ a + ¢(2) <1 + 5) <f, Rg)

Recall that { P/, P}, P, R : v € A, 3 € B} is an orthonormal basis of 2(F,,m).

Thus, we can write f in terms of this orthonormal basis,

f={f.P)P.+(f, PP, +> (f.P)P,+> (f Ry)R}.
v B
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and also the squared norm of f,

A1 = (£ P>+ (F PO+ ) (L P+ (f. Ry
v B

where we have used the fact the coefficients in the expansion of f are all real (cf.
Lemma 29).

On the other hand, we know that the squared norm of f is 1 — 1/q — 2/¢>.
This implies that the square of every coefficient of the form (f, g) is less than 1 for all
g€ {P,P,,P,,R;: v € A B € B} Inparticular, (f, R’ﬂ>2 <1-1/q—2/q¢* for all
p € B. This together with (5.15) proves this theorem. O]

Unfortunately, the argument used in the proof of Theorem 61 cannot be applied
to show that the restriction of T onto the irreducible module V, , is a PGL(2,q)-
module isomorphism. To deal with this case we exploit the connection between Leg-

endre sums and Hypergeometric sums shown by Kable in [34].

Lemma 62. Let v be a nontrivial multiplicative character of F,. Then

-1

A R0
o(2)¢*(f, Py) = ¢° 4F3 ; Lig| + o(=1)y(-1)g.
€ € €

Proof. Applying Lemma 20 and 30 we obtain,

S ([, Py) = ¢(2)¢” Y d(1—x)Py(x)Py() + ¢*Py(—1) P, (=1)m(-1)

z€lF,
rF#+1
60 | [yt
= ) o)k L yiq| o s yig| +o(=Dy(=D(@+1)
y€Fy € €
i - - -
¢ ¢ v oy
= ¢ ) d(y)F L g o L yiq| + o(=1)y(—1)g
yEFq | € | | € ]
,
= ¢’ 4F; s Lg| 4+ o(=1)v(=1)g
€ € €
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Theorem 63. If ¢ > 7 then,
TN<V7/J—1) = V¢—1'

Proof. It suffices to show that Ty, , # 0. Using (5.3), Lemma 56, 57 and 60, and

after some computations we get

(g—1)
4

¢ —20—-3—q Y Py2" —1)Py(2b— 1)
bEF b1

TNy , =

Let f be the function in ¢*(F,, m) defined before the statement of Theorem 61.

By Lemma 21 and 30 we see that the sum

> Py(20" — 1)Py(2b— 1)
beF; b#1

can be written in terms of the function f. In particular,

S Py - 1)Py20—1) = ) $(1—b)Py(2b— 1)Py(2b — 1)

bEF: b#1 bEF;: b#1
= ¢(2) > ¢l —x)Py(x)Py()
x€Fg,x#+1

— G2 ) — qqil.

Thus, T, , can be expressed in terms of f:

T, = 4 ; =) [* —q—2—0(2)¢*(f, Py)] - (5.16)

We claim that ¢(2)¢?(f, Ps) < 2¢*2. This claim together with (5.16) immedi-
ately implies that Ty , # 0 for every ¢ > 7.
To prove our claim we note that the character sum ¢(2)¢*(f, P;) can be written

in terms of a hypergeometric sum 4F3. Letting v = ¢ in Lemma 62,

¢ ¢ ¢ ¢
?(2)¢*(f. Py) = ¢° 4F5 ; Lig| +q.
€ € €
Therefore, our claim follows directly from the final conclusion of Proposition 23. [
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To study the restriction of Ty onto V, we consider two cases. First, if v is a
character whose order is not equal to three, four or six then we can apply arguments
similar to the ones used in the proof of Theorem 61 to prove that the restriction is
an isomorphism. On the other hand, different ideas have to be used to show that the
same result holds when v has order three, four or six. The next two theorems deal

with these cases.

Theorem 64. Assume that ¢ > 11. If v € A then

Tn(V,

Vy

)=V,

Proof. We proceed as we did in the proof of Theorem 61. To prove this theorem it is
enough to show that T, # 0.
From (5.3), Lemmas 56, 57 and 58, and after some computations the following

expression for Tl is obtained:

(¢q—1)
4

¢ =3¢—(g+)y(-Do(-1) —=¢* Y P20 —1)Py(2b 1)

beFs b1

TN,I/»Y =

Applying Lemma 21 and 30 it is possible to write the sum of products of Leg-

endre sums in terms of the function f. In fact,

1/2 B B
S P@ - )PEb-1) = 6(2) (1_1) P — (g )2t 1();6( )

bEF? b1 q

Therefore, for every v € I' we have

3 1/2 ,
TN,,,W:Tll—g—a)@) (1-7) vl (5.17)

Recall that

1 2
IFIP = (F B+ (F PP+ ) (F P+ ) (fiRp) =1~ PR (5.18)
¥ B
where {P/, P}, P;, R : v € A, 8 € B} is an orthonormal basis of (*(F,,m). Equation
(5.18) implies that at most one of the coefficients (f, g) with g € {P/, P}, P/, Rjy: « €
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A, € B} can be close to 1. On the other hand, it is clear from (5.17) that Ty, =0
if and only if the coefficient (f, P!) is close to 1.
To prove the theorem we proceed by contradiction. Assume that there exists
v € A such that Ty, = 0. Hence, it follows from equation (5.17) that
) 4
Py =1—-+ :
By = ¢ qlg—1)
Let Gal(Q({;-1)/Q) be the Galois group where (,_; is a primitive (¢—1)-th root

(5.19)

of the unity. If v is a nontrivial character whose order is not equal to three, four or
six, there exists o € Gal(Q((,—1)/Q) such that 77 # v and 47 # v~!. Now, applying
the Galois automorphism ¢ to both sides of (5.19) we conclude that

/\ 2 = o _é 4
o (B = (1 Q+CI(€I—1))
I _§ 4
<f7P70> - 1 (q—l)

which is a contradiction because

Thus, (f, P;)* and (f, P}.)* are equal to 1— 2 + 7T
at most one of the coefficients (f, g) with g € {P/, P}, P/, R : v € A, 3 € B} can be

close to 1. Assume now v € A is a character of order 3, 4 or 6. From equation (5.17)

we get the following expression for Ty, ,

T, = T (2 30— 6(2(7.P,).
-1
By Lemma 62, ¢(2)¢*(f, Py) = ¢*4F3 e ¢; Lg| + ¢(=1)y(—1)q. By the
€ € €

final conclusion of Proposition 23, T, # 0.

Finally, we are ready to prove Theorem 47.

Proof of Theorem 47. Recall that in Section 5.1.3 we proved the following lower and up-
per bounds on the rank of the derangement matrix M of PSL(2, q) acting on PG(1,q),

Z dim(V}) < rank(M) < (¢ —1). (5.20)

{x: Tn#0}
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These bounds imply that if T, is not zero for every x € {\1,¢¥_1,{ns}sen, {vy}1ea}t
then the rank of M is ¢(q — 1).

If ¢ > 11 then it follows from Theorems 61, 63 and 64 that T, # 0 for
all x € {M\,¢_1,{ns}sen, {vy}1ea}. Furthermore, for every ¢ < 11 computational

experiments have shown that the rank of M is exactly ¢(q — 1). O
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Chapter 6

THE RANK RESILIENCE PROPERTY OF W,

Recall that W, ; denotes the higher inclusion matrix of r-subsets vs. s-subsets.
In this chapter we present some results about the rank of the matrices W, ; over fields
of various characteristics. We also discuss some of the proof techniques that have
been applied to obtain those results. Moreover, we prove that the rank of W, is
resilient over any field K. This result is a generalization of Theorem 5 proved by
Keevash. In fact, the next theorem shows that if the size of F is close to (:f) then
rankg (W) = rankg(W7,). To simplify notation, for any family F of r-subsets we

denote by F¢ the family of r-subsets ([Z]) \ F.

Theorem 65. Assume that 0 < s <r <n/2. Let F be a family of r-subsets of [n]. If
| Fe| < 2 —1 then rankg (W,.s) = ranki(W7,).

6.1 The Rank of W,

The ranks of the inclusion matrices W, s have been extensively studied. It was
proved by Gottlieb [27] that the matrix W, s has full rank over Q. Later, Linial and
Rothschild [42] computed the rank of W,  over any field K of characteristic 2. Finally,
Wilson [58] found a beautiful formula for the rank of W, over any field K when
n > r + s. The formula is given by

n n
kst =2 (5) - ()
where Y = {j:0<j <s, (Z:;) #k 0}. This formula was also proven by Frankl [20],
Bier [9] and Frumkin and Yakir [23] using different ideas.
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In this section we discuss Bier’s proof of Wilson’s rank formula for W, ;. The
main idea of Bier is to find bases with respect to which the matrix W, ; becomes
diagonal. In fact, once we have a diagonal form for W, ; the computation of its rank
becomes trivial.

Let K be an arbitrary field. For every 0 < r < n, we denote by M" the K-
vector space spanned by the r-subsets of [n]. Hence, the set of r-subsets of [n] forms a
“canonical basis” of M". Let ¢;, : M7 — M" be the linear transformation such that,

for every j-subset A of [n],

Soj,r(A) = Z R,

ACR

where the sum is over all r-subsets containing A. Note that W, ; is the matrix associated
with ;, with respect to the canonical basis of M7 and M".

For any j-subset A of [n], with 0 < j < r, we denote by (A), the image of A
under the linear transformation ¢,,. In [20], Frankl introduced the notion of rank for

a subset of [n].

Definition 66. (Frankl, [20]) Let A be any subset of [n]. One associates a walk w(A)
with A on the z-y plane. The walk w(A) goes from the origin to (n — |Al,|A|) by steps
of length one, the i-th step to the right or up according as i ¢ A or i € A holds. The
rank of A, denoted by rk(A), is defined as |A| — [ where [ is the largest integer such
that w(A) reaches the line y = = + [.

From the above definition, it follows that if A is a j-subset then its rank is at

most min(j,n — j). For every 0 < j < n/2, we define

S(j) = {A € ([?]) Tk (A) :j}.

Note that the elements of S(j) are in one to one correspondence with the standard
tableaux of shape (n — j,j). In fact, in [20] it was proved that |S(j)| = (?) — (jfl).
Therefore, for every r < n/2 we have that | U7_; S(j)| = (7) which is precisely the

dimension of the vector space M".
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The following theorem gives a basis of M" indexed by the elements of S(j) with

j from 0 to r.

Theorem 67. (Bier, [9]) Let 0 < r < n/2. The vectors {{(A), : A€ S(5),0<j<r}
form a K-basis for M".

We will refer to the basis given by Theorem 67 as the Bier basis of M". For
the sake of completeness we explain in detail Bier’s proof of Theorem 67 and later we
show that the condition r < n/2 can be removed. The next lemma will be used in the

proof of Theorem 67.

Lemma 68. (Bier, [9]) Let r be a positive integer. For any set j-subset A of [n] with
Jj<r,
: I o
r—j AT —7—1 B B :
< z ><A>T+;(—1) < o );m»—o foralll=1,....r—j (6.1)

where the inner sum is taken over all T; with |T;| =j +1i and A C T;.

Proof. Let R be a r-subset containing A. In the first term of equation (6.1), R appears

(sz ) times. Moreover, in each sum Y (T;), the set R appears (T;j ) times. Therefore,

R appears in the left hand side of equation (6.1) exactly,

(r;j) +é(_1>i(r;ii—@') (r;j) _;<_1)i(r;j) <T’;zl—z)

which is equal to 0 by the principle of inclusion-exclusion. O

Proof of Theorem 67. To prove this theorem we will show that,

spang{(A4), : A€ 5(j),0 < j <t} =spang{(A), : A a j-subset of [n], for 0 < j <t}

(6.2)
for any 0 < t < r. This is enough because taking ¢t = r we conclude that the set of
vectors in the left hand side of (6.2) span M" and because |Uj_y S(j)| = (), they form

a basis.
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We prove equation (6.2) by induction. Let’s start with some definitions that
we will use. For any set A = {a; < ... < a;} with r(A4) < |A|, there exists a unique
integer m = my, 1 < m < j such that a,, < 2m and a; > 2i for all ¢ > m. On the
other hand, if 7(A) = |A| then a; > 2i for all i, so m = my4 = 0.

To prove (6.2), first note that spang{(4), : A € S(j),0 < j < t} is clearly
contained in spang{(A), : A a j-subset of [n], for 0 < j < t}, hence it is enough to

prove the assertion in the opposite direction. We will show that,

span{(A), : A a j-subset of [n], for 0 < j < s} < spang{(A4),: A€ S5(j),0<j <t}
(6.3)

for every s from 0 to ¢.
We proceed to prove (6.3) by induction on s and in the parameter m of a subset
defined above. Notice that,

e The assertion is trivially true for s = 0.
e Assume that for 0 < s < t we have:

1. (B), € spang{(A), : A€ S(j),0 <j <t}, forall B, |B| <s.
2. (B), € spang{(A), : A€ S(j),0 < j <t} forall B,|B] =s and mp < m.

We can assume number 2 because for a s-subset B with mp = 0 it is trivial to
notice that (B), € spang{(A4),: A € S(j),0 < j <t} (actually, in this case B € S(j)).

Hence, we want to show that for every set B with |B| = s and mp = m we have
that (B), € spang{(A),: A€ S(j),0 < j <t}

Let B =1U X with

]:{b1<bg<...<bm} andX:{bm+1<...<bS}

such that b, < 2m and b; > 2i for all b, € X (so |B| = s and mp = m). For any U C |
we define,

UUX]=) (JUX),

ucJs
where the sum is taken over all sets J = {j; < jo < ... < jn} with j,, < 2m containing

the set U. Notice that J U X is a s-subset with m ;,x = m.
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Claim 69. Let U be a proper subset of I then
(U UX] € spangc{(A) - A € 5(7),0<j <t}

Proof. We use lemma 68 with A=U U X and | =m — |U],

<k B |(iUX|)<UUX>T+i(—1)i<k a “{Ljf' _i) ;m)r =0

i=1 ]
-1 .
Seo("TEN ) S o S, - o
i=0 T; T

The terms to the left of the above expression are contained in span{(A), : A €
S(7),0 < j < t} by induction hypothesis because the sets T; have cardinality lower
than s. We can rewrite the term to the right as,

Say= S @+ Y @),

T T; imp, <m T; i, =m
and again the term to the left belongs to spang{(A4), : A € S(j),0 < j < t} by

induction hypothesis. Now, because [U U X| =}, _ (Ti),, we conclude that,
: !

1—

voxi=Y e (TP S ¥

7 T; Tl:mTl<m
O
Claim 70. For any I C {1,2,...,2m — 1} with |I| = m,
Y (-nYrux]=o.
UCr
Proof. By definition we have,
()T ux] =) ()Y (JuX),. (6.4)
UCI UcI UcJ

Consider any set R € ([Z]). We want to count how many times the subset R

appears in the expression (6.4). We assume that X C R and that |[RN{1,2,...,2m—1}|
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is at least m, otherwise, R does not appear in (6.4). Define I} = |[RN ] and Iy =
[((R\I)N{1,...,2m — 1}|, hence R appears in (6.4), exactly,

ll ll+l2 o ll l1+lg—1 Zm: l1+l2—l
0 m 1 m—1 — m—1
which is equal to 0 by the principle of inclusion-exclusion. O

From Claim 70 it follows that,
A+ () TuX] =0,
Ucl

hence,

(B) = [TUX] = (~1)" 3" (-1) YU U X

Therefore, using Claim 69 we have,
(B)r = spang{(A4), : A€ S(j),0<j <t}
O

Corollary 71. Let 0 < r < n. The vectors {(A), : A € S(j),0 < j < min(n —r,r)}
form a K-basis for M".

Proof. Assume r > n/2 because for r < n/2 the corollary reduces to Theorem 67. We

need to prove that,
spang{(A), : A€ S5(j),0<j<n-—-r}=M"

Let R be any r-subset of [n]. We claim that,
R=> (-n)(U (6.5)
UCRe

where R is the complement of R with respect to [n]. The set R appears in the right
hand side of equation (6.5) exactly once because the empty set is the only subset of R®

that is also a subset of R. Any other r-subset B appearing in the right side of equation
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(6.5) satisfies that |[B N R¢| =1 with [ = 1,...,n — k. Hence, the set B appears in the

right hand side of equation (6.5) exactly,

()

which is equal to 0. From equation (5.2), we know
spang{(A), : A € 5(5),0 < j <n—r} =spang{(A), : A a j-subset of [n], for 0 < j <n—r}
therefore, equation (6.5) implies that R € span,{(A4), : A€ S(j),0<j<n-—r}. O

It follows from Corollary 71 that there is a Bier basis of M" for every r from 0

to n.

6.2 Resilience Property
In this section we use the Bier bases to prove the resilience of the rank of the
higher inclusion matrices W, 5 over any field K.
By definition of ¢, it is trivial to note that for 0 < s <r <n/2,
r—
eortta)) = (12 7) )
for every A € S(j) with j = 0,1,...,s. Therefore, the matrix of ¢, with respect to
the Bier bases {{A); : A € S(j),0 <j < s} of M* and {(A),: A€ S(j),0<j<r}of
M has a diagonal form. This proves that dimg (im(ps,)) is equal to,
. n n
sn-£()-()
where Y = {j:0<j <s, (g:j) #x 0}. This is precisely the K-rank formula given by
Wilson for the matrix W, ; in [58].
Let S,, denote the group of permutations of [n]. If o € S, then for any r-subset
A we define 0(A) = {o(a) : a € A}. In the same way, if F is a family of r-subsets then
o(F)={0o(A): A€ F}. The next lemma shows that we have a lot of freedom in the

way we can remove rows from W, ¢ without affecting its K-rank.
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Lemma 72. Assume that 0 < s <r < n/2. Let F be a family of r-subsets of [n]. If
there exist some o € Sy, such that o(F¢) C S(r) then rankix (W, s) = rankg (W7,).

Proof. First, assume F¢ C S(r). We define the following linear transformation from
M?* to M"
el (S)=> R— > T forall Scln|S|=s,

SCR TeFe,SCT

where in the first sum R runs over all r-subsets of [n] containing S, and in the second

sum 7T runs over all r-subsets of [n] containing S such that 7" € F°. It is clear from its

definition that dimg (ime7,) = rankg (W7).

Note that for every j-subset A with 0 < j < s and rank(A) = j we have
="~ > (T (6.6)
J reFeact o )

Recall that by assumption F¢ C S(r), so any T' € F¢ is actually a basis element of the

Bier basis of M". Thus the matrix corresponding to go": ~ with respect to the Bier bases

of M" and M?® is almost diagonal.

We will use the following simple result from linear algebra.

Claim 73. Let vy,...,v,, be linearly independent vectors of a K-vector space V. Let
21y, 2m be vectors in V- such that span{vy,...,v,} N span{z1, ..., zn} = {0}. Then

V1 + 21, ..., U + 2 are linearly independent vectors in V.

Let W be the subspace spanned by the following set of linearly independent

{<Z:§><A>“ A€ S(5).j ey}‘

It is clear from the definition of the Bier basis of M" that

Wﬂspan{ > <T_‘7:)T:A68(j),jeY}:{0}.

S—17
TeFe,ACT

vectors

Therefore, by the above claim and equation (6.6) we conclude that the vectors

U {eli(A)) : A€ s}

jey
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with Y ={j:0<j <s, (Z:j) #x 0} are linearly independent. This implies that
c n n
dimg imgpr > ()—( )
(img7) ; i)l
Hence, Lemma 72 follows from the trivial upper bound rankKW,fS < rankg W, s and
Wilson’s rank formula.

Now, if ¢ & S(r) then by assumption there exists o € S, such that o(F*¢) C

S(r). We use o to define the following invertible linear transformations,

o7 MT — M o7 M —  M?

T S

R — o(R) S = o)

From the above definitions it follows that

ol = (@) ol 0 0]

r

Thus, dimg (ime?,) = dim K(imgog,(fc)) which implies Lemma 72. O

The next corollary is an immediate consequence of Lemma 72.

Corollary 74. Assume that 0 < s <r < n/2. Let F be a family of r-subsets of n].
If

L 4

AeFe

<n-r (6.7)

then rankx (W7,) = rankg (W,.).

Proof. First note that by definition, if an r-subset A of [n] satisfies that AN [r] = 0
then A € S(r). The assumption in (6.7) implies that there exists o € S, such that
o(A)N[r] =0 for all A € F¢. Therefore, o(F¢) C S(r). O

Note that Theorem 65 follows from Corollary 74 because every family of r-

subsets F satisfying that |F¢| < 2 — 1 also satisfies inequality (6.7).
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Chapter 7
THE RANK RESILIENCE PROPERTY OF W, ((q)

Recall that W, ;(q) denotes the higher inclusion matrix of r-subspaces vs. s-
subspaces. In this thesis we generalize Theorem 5 in two directions. In Chapter 6
we proved that the rank of W, is resilient over any field K. Now, in this chapter
we prove a similar result for higher inclusion matrices of r-subspaces vs. s-subspaces.
Indeed, we prove that the K-rank of W, s(q) is resilient or robust over any field K with
char(K) # p. As we did in the set case, we denote by F¢ the family of r-subspaces

Fa]\ F.

Theorem 75. Assume that 0 < s <r <n/2. Let F be a family of r-subspaces of F
and K a field with char(K) # p. If |F¢| < 2 —1 then rankx(W,.s(q)) = rankx (W7, (q)).

We start by presenting some results about the rank of these matrices over fields
of different characteristic. We also discuss some of the proof techniques that have been

applied to obtain those results. Finally, in Section 7.2 we prove Theorem 75.

7.1 The Rank of W, ,(q)

The ranks of the matrices W, (¢) have been extensively studied. However, the
results are not as complete as in the set case. It was proven by Kantor [36] that if
s < min(r,n — r) then the Q-rank of W,(g) is [?]. Later, Frumkin and Yakir [23]
proved that if the characteristic of K is not equal to p, where ¢ = p!, and n > r + s

then the K-rank of W, ;(q) is given by a g-analogue of Wilson’s formula. Indeed,

vank (Wro(@) = 3 m - L " 1], (7.1)

jey
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where Y = {i : 0 < i < s, [’;:ﬂ #xi 0}. If the characteristic of K is equal to p then
the problem of finding the p-rank of W, ,(q) is open in general. However, under the
additional condition s = 1, Hamada [30] gave a formula for the p-rank of W, 1(q).

It is important to remark that although there are at least four different proofs
([9, 20, 23, 58]) of Wilson’s rank formula, only the idea of Frumkin and Yakir has
been generalized to find a formula for the rank of the matrix W, s(¢) over K when
char(K) # p. This is an indication that the generalization of classical results from
extremal set theory is a difficult task.

Remarkably, Frumkin and Yakir proposed an uniform approach to finding a
rank formula for both W, s and W, ;(q) using exactly the same steps. Their main idea
is to apply some results from representation theory. Indeed, they realized that W, ; and
W, s(q) are matrices associated with an S,- and a GL(n, ¢)-module homomorphisms,
respectively. Moreover, it is well known that there is a close relationship between
the representation theory of S,, and the representation theory of GL(n,q). Therefore,
many statements about a S,-module homomorphism have a natural analogue for a
corresponding G L(n, ¢)-module homomorphism.

In fact, the work of James [32] shows that there are striking similarities between
the representation theory of S,, and GL(n,q). We recall some of these analogies that
will be helpful later. Let K be a field. For each partition A of n, we may define a
S,-module S* over K, known as the Specht module, such that if K = C then the
Specht modules are a complete set of pairwise non-isomorphic irreducible modules of
Sn. Moreover, each Specht module corresponds to the intersection of the kernels of
certain S,,-module homomorphisms. The dimension of the Specht module is given by
the hook-length formula; in the case of partitions with two parts there is a simpler
formula. Let A\ = (n — r,7). The Specht module S* has dimension (’:) — (:1).

Now assume that the characteristic of K is not equal to p. Again, for each
partition A of n, we may define a GL(n,q)-module S* over K, also known as the
Specht module. If K = C then the Specht modules are a complete set of pairwise non-

isomorphic unipotent irreducible modules of GL(n,q). Moreover, each Specht module
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corresponds to the intersection of the kernels of certain G'L(n,q)-module homomor-
phisms. The dimension of the Specht module is given by a g-analogue of hook-length
formula; again for the case of partitions with two parts there is a simpler formula. Let
A= (n—7,7). Then the Specht module S* has dimension m — [Tﬁl}.

We briefly recall the main idea used by Frumkin and Yakir to prove equation
7.1. For every 0 < r < n, we denote by M, the K-vector space spanned by the
r-dimensional subspaces of Fy. Hence, the set of r-dimensional subspaces forms a
“canonical basis” of M.

Recall that GL(n,q) is the group of all invertible linear transformations from
[y to . Every element of GL(n,q) induces a permutation on the set of r-dimensional
subspaces of IFy. Thus, M is a GL(n, g)-module for every 0 <r < n.

Consider the linear transformation ¢;, : Mg — M which maps every j-

dimensional subspace X to

0ir(X) =) R

XCR

where the sum runs over all the r-dimensional subspaces containing X. Note that
W,.;(q) is the matrix associated with ¢;, with respect to the canonical bases of M
and M. Furthermore, it follows from Definition 9 that ;, is a GL(n,q)-module
homomorphism because for every g € GL(n,q) we have that g - ¢;, = ¢;, - g.

We denote by ¢, the transpose of ¢;, such that the matrix of ¢}, with respect
to the canonical bases of M g and M is equal to the transpose of W, ;(q). Frumkin and
Yakir proved that the Specht module S~ is contained in the image of @, for every

7 <rand j+r <n. This fact is crucial to proving that the K-rank of the matrix

Weso(@) = [Woola) Weala) -+ Wialg)]

is equal to

where we are assuming that [_"J = 0.

85



Lemma 76. (Frumkin and Yakir) Let K be a field with char(K) # p. If s < r and
r+ s <n then the K-rank of W, <s(q) is equal to m

Now, the g-analogue of Wilson’s rank formula follows easily from Lemma 76.

7.2 Resilience Property
7.2.1 The GL(n,q)-module M/

In this section, we assume that K is a field of characteristic coprime to g = p?,
containing a primitive p-th root of unity. We use the notation introduced in Section

7.1; but from now on assume that r < n/2.

The Specht module S~ is the submodule of M ; defined by

Sn=rr) — ﬂ {kergb 1 ¢ € Homgp(n,g) (M, Mg)} ,
i<r
where Homgp(n,q) (M, Mg ) is the set of all GL(n, ¢)-module homomorphisms from ]\/[g
to My.
In [32], James proved that the dimension of S™~"") over K is equal to m — [Tfl] .

He also proved the following important result about Specht modules.
Theorem 77. (The Submodule Theorem) Let (-, -) be the inner product on M such that

for any two r-dimensional subspaces X,Y of B} we have that (X,Y) =1if X =Y and
0, otherwise. If W is a submodule of M, then either Sr=rr) CW or W C (S(mm))+,

Recently, in [10] Brandt et al. found a basis of S™ ") which is indexed by
standard tableaux of shape (n — 7, 7). We introduce some definitions and results from
[10] to describe this “standard basis”.

Consider a rectangular array of boxes of size r by n — r with » < n —r, as

appears in the following figure:
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It is known that every r-subset A of [n] can be represented by a path connecting
the top left corner with the right bottom corner of the above array of boxes. Specifically,
the i-th step is south or east according as ¢ € A or i ¢ A holds. For example, the r-
subsets contained in S(r) correspond to the paths that do not cross the main diagonal
of the array of boxes.

We denote by P(n — r,7) the set of all paths connecting the top left with the

bottom right corner of an array of boxes of size r by n — r.

Example 78. Consider n =5 and r = 2,

so the path corresponding to this figure is 7 = ESESFE where E stand for east and S
for south. Hence, the 2-subset of [5] corresponding to 7 is {2,4}.

We impose the reverse lexicographic order on the set of paths P(n — r,r). For

example, the elements of P(2,2) are ordered in the following way:
SSEE < SESE < SEES < ESSE < ESES < EESS.

Given any path 7 € P(n — r,7) we can fill the boxes below 7 using elements

from F,. For example, for n = 7 and r = 3,

a1

Gz | as

ay | Qs | Qg

where a; € F, and 7 = ESESESE. The following well known result establishes a
bijection between these objects and r-dimensional subspaces of Fy. A proof can be

found in [10].

Lemma 79. (Brandt et al., [10]) Choosing a path m € P(n —r,r) and then filling the
bozes below the path with elements of F, is a way of encoding a r-dimensional subspace

of ¥y. Every such subspace can be uniquely encoded in this way.
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The proof of Lemma 79 relates the reduced echelon form of a subspace with a
path 7 and a filling for that path. In fact, if a 3-dimensional vector subspace of IFZ has

the following reduced echelon form

a1l 00000
b 01 00 00
c 00d100O0

then the path and filling corresponding to this vector subspace is,

a with 7 = ESSESEE.
b

cld

For every r-subspace X of Fy we will denote by 7(X) the path corresponding
to X.

Definition 80. (Brandt, Dipper, James, and Lyle. [10]) Suppose that v € M, and
write

v = Z cxX, where cx € K.
xe[]

1. For each path =, let

2. If v # 0, then let greatest(v) be the greatest! path 7 € P(n — r,r) such that
v(m) # 0.

3. If v # 0, then let top(v) = v(greatest(v)).

4. If U is a subspace of M and 7w € P(n — r,r), then let

U(r) = {u(n) : 0 # u € U and greatest(u) = 7} U{0}.

1 Greatest with respect to the reverse lexicographic order imposed on P(n — r,r)
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Let 0 be an additive character of FF,. Suppose that X and L are r-dimensional

subspaces of Iy such that 7(X) = 7(L). Let x;, be the linear character defined by

r n—r

xo(X) =] ] 0, ®;)

i=1 j=1
where [;; and m,; ; denote the (7, j)-entries in the filling corresponding to L and X,

respectively (here we are assuming that the boxes above the path are filled with zeros).

Using the character x, it is possible to define the following element of M

ee= Y, xu(-X)X

X:m(X)=n(L)

for every L € [Fﬂ . Furthermore, the orthogonality relations for linear characters imply

{eL Le Eﬂ} and {eL Le ﬁ’;} with (L) :w}

form a basis of M and M/ (r), respectively.

that the sets

Definition 81. (Brandt et al., [10]) Let 7 € P(n — r,r) be a path connecting the top
left with the bottom right corner of an array of boxes of size r by n — r. Label the
corners of the array by ordered pairs (¢, 7) withi=1,...,r+1land j=1,...,n—r+1.
For every corner (i, j), we define r(i,j) = j —i. Let X be a r-dimensional subspace of
Iy such that 7(X) = m. We say that X is good if its associated filling of the boxes to
the south of m with elements of F, satisfies the following condition: for each corner (7, j)
through which the path 7 passes, the matrix with bottom left and top right corners
having coordinates (r + 1,1) and (i, j), respectively, has rank at most r(7, 7). If X is

not good then we say it is bad.

Note that Definition 81 implies that if a path @ € P(n — r,r) crosses the main
diagonal of the array of boxes then there is no good r-dimensional subspace X with
m(X) = m. Therefore, it follows that if L is a good r-dimensional subspace of Fy then

7(L) € S(r). The next theorem gives a basis for the Specht module S™~"7).
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Theorem 82. (Brandt et al., [10]) For every good r-dimensional subspace L of F7
there exists a vector z;, € My with top(zr) = ey, such that the set {zr, : L good} forms

a basis of S,

As was remarked earlier, every path 7 € P(n — r,r) that does not cross the
main diagonal is related to a unique subset in S(r). Thus, by abuse of notation we will
denote also by S(r) the set of paths that do not cross the main diagonal. Since the
elements of S(r) are in one to one correspondence with the standard tableaux of shape
(n — r,r), it follows that Theorem 82 provides a basis of S"~"") which is indexed by
standard tableaux, i.e. a “standard” basis.

To prove Theorem 75 we will need to introduce another submodule of Mg.
Consider the linear transformation ¢, , : Mg — M, which maps every j-dimensional

subspace X to

0ir(X) =) R,

XCR

where the sum goes over all the r-dimensional subspaces containing X. Moreover, for
any j-dimensional subspace X of Fy, with j < r, we denote by (X), the image of X
under the linear transformation ;.

Note that W, ;(¢) is the matrix associated with ¢, , with respect to the canonical

bases of MJ and M. Therefore,
. : n n
dimy (im(p;,) = Y H - L B J, (7.2)
icy
where Y = {i: 0 <i <, B":z] #x 0}. Furthermore, it follows from Definition 9 that
@;r is a GL(n, ¢)-module homomorphism because for every g € GL(n, q) we have that
9 Pjr = Pjir- g
Consider the following subspace of M,

Ur,1 = g007T(M(?) + Spl,r(Mql) + -+ Qorfl,r(Mgil)'

Lemma 10 implies that U,_; is a GL(n,q)-module. This module was studied by
Frumkin and Yakir in [23]. They proved that the dimension over K of U,_; is [:J.
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7.2.2 Proof of Theorem 75

In this section we prove Theorem 75. Our approach will be similar to the one
used in the proof of Theorem 65. However, because we do not have a g-analogue of Bier
basis for M, we will apply the results from representation theory that were introduced
in the previous sections.

For m € P(n — r,r), define the leading term of m to be the number of £ moves
before the first S move. We denote by S(r)< the set of paths in S(r) whose leading
term is strictly less than 7 and by S(r)= the set of paths in S(r) whose leading term

is greater than or equal to . Thus by definition we have that

Lemma 83. If K is a field of characteristic coprime to q containing a primitive p-th

root of unity then

U @ Mj(r)={0}.

meS(r)z

Proof. Consider the inner product over M, defined in the statement of Theorem 77. A
straightforward application of the Submodule Theorem implies that U,_; is contained in
the orthogonal complement of the Specht module S™~""). Thus, for every z € S~
and v € U,_; we have that (z,v) = 0.

It follows from Definition 81 that every r-dimensional subspace L of Fj with
n(L) € S(r)= is a good subspace. Therefore, if 7 € S(r)= then the set of vectors
{er : L good and w(L) = 7} is a basis of M/ (7). Combining this fact with Theorem
82, we conclude that the Specht module S™~"") contains a vector wy,, for every L with
7(L) € S(r)= such that top(wy) = L.

Given any vector v € M we can use the canonical basis of M, to represent
v as a column vector. We arrange the canonical basis with respect to the reverse
lexicographic order, therefore, on the top we have the subspaces related to the paths

in S(r)=, then the subspaces whose associated path is an element of S(r)<, and finally

the ones associated with paths in P(n —r,r)\ S(r).
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Now, given an arbitrary basis of U,_;, we consider its representation as column
vectors with respect to the canonical basis. Applying column operations on this basis
we can get a new basis of U,_; in reduced echelon form such that the leading ones
appear from left to right and from the bottom to the top.

We claim that no leading one of this basis appears on a row indexed by a
subspace L with w(L) € S(r)=. Note that this is enough to prove Lemma 83.

To prove our claim we proceed by contradiction. Suppose that after column
operations one of the basis elements v" of U,_; has a leading one in an entry indexed
by a subspace L with w(L) € S(r)=. Therefore, (v',wr) = 1 which is a contradiction
because U,_; C (SM=m))+,

]

Now we prove a vector space analogue of Lemma 72. To state this result we
introduce some notation. For any g € GL(n,q) and any family F of r-subspaces of F
we denote by g(F) the family of r-subspaces {g(X) : X € F}. Furthermore, consider
the following set of r-dimensional vector subspaces of Fy:

S(r)z = {X c Fﬂ  7(X) € S(T)Z}.

r

Thus, S (7’)(1Z is the set of r-subspaces of Iy whose associated path is in S(r) and has

leading term greater than or equal to r.

Lemma 84. Suppose 0 < s <r <n/2. Let F be a family of r-dimensional subspaces
of F} and K a field with char(K) # p. If there exists g € GL(n,q) such that g(F¢) C
S(r)7 then

mnk’K(Wé(q)) = rankx (W, s(q)).

Proof. Note that without loss of generality we can assume that K contains a primitive
p-th root of unity. Indeed, if K does not contain a primitive p-th root of unity then
we can extend K to a larger field and this does not change the rank of the matrices

Wr,s <Q) or Wfr,s (q)}—
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First, assume that 7¢ C S(r)7. Consider the following subspaces of M,
Wi = @05 (My) + pr1s(Mg) + - + 0,6(M]). (7.3)
for j from 0 to s. It is clear that
WoCWyC---C W, (7.4)

Furthermore, Frumkin and Yakir proved that the dimension of W; over K is m
Therefore, it follows from equations (7.3) and (7.4) that M has a basis with the
following property: for all j from 0 to s, [?] — [jfl] of the elements of the basis are
of the form (X), with X € [E;.q}. For every j from 0 to s, we denote by B; a set of

J-dimensional subspaces of Fy' with cardinality [?] — [jfl} chosen in such a way that

U{(X>S:X € B;}

is a basis of M.
The definition of ¢, implies that
r—j
eurl00) = 12730, (75)
§—1J
for all X € B; with j from 0 to s.
Letyz{j:ogjgssuchthat[gjﬁ #0tand Z = {j : 0 < j <
s such that [;:ﬁ = 0}. Equations (7.2) and (7.5) imply that the set
J{(x).: x e By}
jez
forms a basis of the kernel of ¢, ,. Therefore, the set
J{x),: X eB} (7.6)
jey
forms a basis for the image of ¢, , so in particular these vectors are linearly independent

in M(;.
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Now, we proceed in the same way as in the proof of Lemma 72. Consider the

following linear transformation from M to M,
el (S)=> R- Y T,
SCR TeFe,SCT
where R runs over all 7-dimensional subspaces of Fy' containing S, and T' runs over all r-
dimensional subspaces of Fy containing S such that 7" € F*. Tt is clear from definition
that dimg (imp]) = rankg W7, (¢q). Furthermore, note that for every X € B; with
0 < j < s we have that,
Fe o r—= r—j
= e 3 [
Note that Claim 73 and Lemma 83 imply that the vectors
U {0l ((X)s): X € By}
jey
are linearly independent in M. Therefore,
Z [nl — { " ] < dimK(imgpzfn).
=¥ J—1

Hence, Lemma 84 follows from the trivial upper bound rankx W7, (q) < rankg W, (q)
and the g-analogue of Wilson’s rank formula for W, 4(q).

Now, if F¢ & S(r)7 then by assumption there exists g € GL(n,q) such that
g(F¢) € S(r)7. Like in the proof of Lemma 72, we can use g to define the following

invertible linear transformations,

r S

R — g(R) S — g(8)

Q9 M - M7 B9 M - M

From the above definitions, it follows that
ol = () ot 0 0.

Hence, dimg (imy],) = dimg (ime?S"”) which implies Lemma 84.
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In the statement of the next corollary, given a r-dimensional subspace X, we
denote also by 7(X) the unique subset of [n] corresponding to the path associated with
X.

Corollary 85. Suppose that 0 < s <r <n/2. Let F be a family of r-subspaces of F.
If the family F satisfies that

U 7(X)

XeFe

<n-—r (7.7)

then rankyx (W, (q)) = rankx(W,s(q)).

Proof. Lemma 84 implies that is enough to show that there exists ¢ € GL(n,q) such
that g(F¢) C S(r)7. Recall that every r-dimensional subspace of F} can be represented
by a unique r by n matrix in reduced echelon form. The condition |Jy ¢z 7(X)| < n—r
implies that there are at least r columns that do not contain a leading one for any of
the subspaces in F¢. Let 1; < iy < --- < 4; be the indices of the columns corresponding
to the leading ones of all subspaces in F¢. By assumption we have that [ < n —r
so there exists a permutation sending 4, — n,4,_1 - n—1,...,9y — n — [+ 1 where
n—1+1>r.

This implies that there exists a linear transformation g sending every X € F¢
to a subspace g(X) such that none of the leading ones of the reduced echelon form of

g(X) appears on the first r columns, therefore, g(X) € S (r)qZ for every X € F¢. O

Theorem 75 is an immediate consequence of Corollary 85 because every family

of r-subspaces F satisfying that |F¢| < % — 1 also satisfies inequality (7.7).
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Chapter 8

OPEN PROBLEMS

In this chapter we raise some problems related to the work we have done in this
thesis.

In Chapter 4 we prove that extremal families in PGL(2, q) are not only unique,
but also stable: any intersecting family in PG L(2, q) of size close to g(¢ — 1) must be
close in structure to a coset of a point stabilizer. Actually, Theorem 41 implies that
for ¢ sufficiently large the cosets of point stablizers are the only extremal families in
PGL(2,q). This result was already proven by Meagher and Spiga [45] using different
methods.

It is possible to apply the ideas used in this thesis to prove similar results for
some 3-transitive groups. Let G be a finite group acting 3-transitively on a finite set

X. Suppose that this action satisfies the following conditions:

1. The maximum size of an intersecting family in G is |G|/|X| (note that this

number is equal to the size of a coset of a point stabilizer in G).

2. The standard character is the unique irreducible character affording the minimum
eigenvalue of the derangement graph Cay(G, D) where D is the set of derange-
ments in G (recall that since D is inverse-closed and conjugation-invariant there
is a correspondence, given by Lemma 33, between the eigenvalues of Cay(G, D)

and the irreducible characters of G).

Thus, applying Hoffman’s bound it follows that the characteristic vector of any
intersecting family of maximum size lies in the vector subspace V; & XA/Xst , of C[G].

Recall that 171 and V,

vaa are the vector subspaces of complex-valued functions on G
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whose Fourier transforms have support on the trivial and the standard representation,
respectively.

Now, let S C G be an intersecting family. If the size of S is close to |G|/|X]
and the size of the gap between the smallest and the second-smallest eigenvalue of
Cay(G, D) is big enough then we can use analogues of Lemmas 42 and 43 to conclude
that the characteristic function 1g is close to ‘71 @ ‘A/Xst .- Moreover, as was remarked
in Section 4.2, the result of Ellis, Filmus and Friedgut in [16], for Boolean functions
on S,, can be generalized to any 3-transitive action of a finite group on a finite set.

Thus, if 1g is close to the vector space \A/l P ‘7x then it must be close in structure to

std
some coset of a point stabilizer in G. Therefore, we can use these ideas to prove that
extremal families in G are unique and stable. In fact, the above analysis give more

evidence to support the following conjecture.

Conjecture 86. (Meagher and Spiga, [45]) Let G be a finite group acting 3-transitively
on a finite set X. Every intersecting family of maximum size is a coset of a point

stabilizer.

In this thesis we consider the natural right action of PSL(2,q) on PG(1,q),
where ¢ is an odd prime power. Using the eigenvalue method, it was proved in [3, 45]
that the maximum size of an intersecting family in PSL(2,q) is ¢(¢ — 1)/2. Meagher
and Spiga [45] conjectured that the cosets of points stabilizers are the only intersecting
families of maximum size in PSL(2, q). Here, we prove their conjecture in the affirma-
tive using tools from representation theory of PGL(2,q) and deep results from number
theory.

For future research, one could consider the stability problem concerning inter-
secting families of PSL(2,q). The stability of intersecting families for permutation
groups has been studied during the past few years (cf. [14, 22, 49]). We conjecture
that extremal families in PSL(2,q) are also stable. The precise statement is given

below.
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Conjecture 87. Let S be an intersecting family in PSL(2,q) with ¢ an odd prime
power. Then there exists 6 > 0 such that if |S| > (1 —6)g(¢—1)/2 then S is contained

within a coset of a point stabilizer.

In this thesis, Theorem 5 proved by Keevash in [38] was generalized in two
directions. First, we showed that the rank of the matrix W, is resilient over any
field, i.e. if the size of a family F of r-subsets of [n] is close enough to (") then
rankg (W) = rankg (W) for any field K. Note that a better result was proved in
[29] under the additional assumption that K is a field of characteristic zero. In fact,
under this assumption it is known that ranky (W, ;) = rankg (W) for every family of
r-subsets F satisfying that [F¢| < ("~°) (when n is big enough) and this bound is the
best possible over fields of characteristic zero. We conjecture that, similar to the case

of characteristic zero, the rank of the matrix W, s is resilient to the deletion of O(n"~*)

rows over any field.

Conjecture 88. Assume that 0 < s <r <n/2. Let F be a family of r-subsets of [n].
If n is big enough and |F¢| < (7=%) then rankg (W, ) = rankg (W) for every field K.

S
—S

Note that over fields of positive characteristic is it not known if (:f::) is the best
upper bound.

On the other hand, we proved a g-analogue of Theorem 5. Indeed, if the size
of a family F of r-subspaces of F? is close enough to [7] then rankg(W,.(q)) =
rank K(I/V,fg (q)) for any field K whose characteristic is not equal to p, where ¢ = p'.

The condition in Theorem 75 on the size of F¢ seems too restrictive. In fact
the striking similarities between the K-rank formulas of the matrices W, ; and W, 4(q)
together with the results of Theorems 65 and 75 is enough evidence for us to make the

following conjecture.

Conjecture 89. Assume that 0 < s < r < n/2. Let F be a family of r-subspaces
of Fj and K a field with char(K) # p. If n is big enough and |F°| < ["~*] then
rankg (W, 4(q)) = rankg (W7 (¢)).
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Note that over fields of characteristic zero [Z:ﬂ is the best upper bound, how-

ever, this has not be proven for fields of positive characteristic.
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