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1 Introduction

Brownian motion reflected on Brownian motion appeared in recent papers by Soucaliuc, Toth
and Werner (2000), Burdzy, Chen and Sylvester (2000) and Burdzy and Nualart (2001) in their
study of reflected Bronian motion and corresponding heat equation in domains with space-time
boundaries. In this paper, we study the upper and lower limiting behaviors of the Brownian
Motion reflected on Brownian Motion. Our starting point is the following beautiful result of
Burdzy and Nualart (2001).

Suppose that g(t) and W, are independent Brownian motions starting from ¢(0) = Wy = 0.
Consider the Brownian motion Y; reflected on g¢(t¢), obtained from W, by the means of the

Skorohod lemma. Here g should be thought of as a “fixed Brownian path.” Then

where C; is a 3-dimensional Bessel process independent of W, and starting from 0. A process
with the same distribution as {(W, + C,)/v/2,t > 0} is called a BMB-process in Burdzy and
Nualart (2001) and many useful properties are given.

The main goal of this paper is to present some “global” results for BMB-process and a

natural generalization. Namely

Theorem 1.1 Let X (t), X(0) = 0, be a d-dimensional (d > 1) Bessel process independent of

W. Then
1

lirtrif;lp W(W(S> +X(s)) =2 as. (1.1)
lim inf ;(W(t) +X(t) = V2 as. (1.2)

t—oo y/tloglogt

loglogt
lim inf 4/ 0808 sup [W(s) + X(s)| = T s (1.3)

In particular, we have for Y;, Brownian motion reflected on Brownian motion,

and for d # 2

1
liminf ————=Y(t) = —v2 a.s. 1.4
e Vtloglogt (t) V2 oas 14
1
lim sup Y(t)=1 a.s. (1.5)

t—oo +/tloglogt

.. loglogt 7
lim inf sup |Y (s)| = — a.s. 1.6
minf |/ == sggl (s)| NG (1.6)

and




It is interesting to see that the behaviors in (1.4) and (1.6) for Y is exactly the same as
those for W. Furthermore, due to the time reversibility, their behaviors near time zero are also
the same.

Next we outline some of the tools we used. As it can be seen in the next section, the
main part of this work is to estimate the upper tail of the exit time from a suitable domain.
The approach we follow is to reduced our problem to the principal eigenvalue of the Markov
process (W (t), X (t)) killed upon the exit from the domain. This approach has been effectively
utilized by Donsker and Varadhan (1975-1983) in their fundamental work on Large deviations
for Markov processes and its applications, and by Pinsky (1985, 1995) and Rémillard (1994)
in various problems involving estimates of exponential type. In Donsker and Varadhan (1975),
the principal eigenvalue is represented in terms of the I-function in large deviation theory.
In Berestycki, Nirenberg and Varadhan (1994), the existence of the principal eigenvalue is
discussed in general setting. Our results require exact evaluation of the principal eigenvalue,
which is beyond the general theory. Fortunately, the generator we deal with is self-adjoint, in
which case the principal eigenvalue can be written as a computable quadratic variation. Some
techniques we use here are partially inspired by the work of Rémillard (1994). To be more

precise, we state our main probability estimate.

Theorem 1.2 Let W and X be given as in Theorem 1.1. Then for d # 2,

7T2

1
lim = log P{ sup |[W(s) — X(s)| <1} = ——. (1.7)
t—oo ¢ s<t 4

Note that sup,, |[W(s) — X(s)| and sup,., |W(s) + X(s)| have the same distribution and
we use minus sign for convenience in our proofs. Furthermore, as it can be seen in the next
section, we have the variation formula in the case d = 2, but could not evaluate it explicitly.
We strongly believe that both (1.3) and (1.7) hold for d = 2.

There are two ways to view the estimate in (1.7). The first can be stated as

tlirgoélogP{Tp > t} = —%2
where 71 is the first exit time of (d + 1)-dimensional Brownian motion from the unbounded

domain

I={(z,y) R xR: ~1 <y —|z|y < 1}.

In this setup, the generator is the half Laplacian on R%*! and the domain is the part between

two parallel right corns. Our approaches detailed in the next section work in this setting



in principle but more details are needed in the evaluation of the resulting variation formula.
Other related interesting problems and techniques on the first exit times of higher dimensional
Brownian motion from unbounded domains can be found in Banuelos, DeBlassie and Smits
(2001), Li (2001).

The second way can be stated as

W2

lim —logIP’{TG >t} =—— (1.8)

t—oo t 4

where 7 is the first exit time of the diffusion process (X (¢), W(¢)) from the unbounded domain
G={(r,y) eRT" xR: |y — x| < 1}. (1.9)

In this setup, the generator is

d—10
Lf(.y) = 500 @) + 22 fry),  (y) ERF xR (1.10)

This is the way we handle the problem in the next section.
Next we make some simple observations. We assume throughout this paper that W (t), W;(t), j =

1,2,---d are independent standard Brownian motions and thus we can use the representation

d 1/2
- (Z W](t)?) = Ba(t)l:

where By(t) = (Wy(t), -, Wy(t)) € R? is the standard d-dimensional Brownian motion. It is

well known and follows from rotation invariant that as process,

{(W(t),Wi(t)) : t >0} = {(W(t)jﬁwl(t>, W) \;in(t)) > 0}

and thus as process,

(W) + [Wi(t)| - t >0} = {V2max(W(t), Wi(t)) : t >0}
by using 2max(a,b) = a+ b+ |a— b|. This allows us to obtain the following sharp lower bound
in the case d = 1:

P ( sup W (s) + [Wi(s)|| < 1)

0<s<t

= P (V2 sup jmax(W(s), Wi(s))| <1

0<s<t

(2
> IP( 1< V2W(s) <1, V2Wi(s) < 10 < s
(2

\_/

= P (V2 sup [W(s ]<1)-]P’(\/§supW1() )

0<s<t 0<s<t

4



For d > 1, an easy upper and lower bounds for the probability estimate in Theorem 1.2 can be

found by using the well known estimates
1

lim —logP ( sup X(s) < 1) = —j2/2 (1.11)

t—oo t OSSSt
where j, is the smallest positive zero of the Bessel function J,, v = (d —2)/2, and j_; /o = 7/2.
The above estimate can be obtained either from the exact distribution result due to Ciesielski
and Taylor (1962) or from a general principle eigenvalue approach detailed in Donsker and
Varadhan (1976). Now by using the simple fact that

P (s W)+ X0 <1) <P sup (W) < 1)
0<s<t 0<s<t

via Anderson’s inequality, and

P(sup W(s) + X(s) < 1) zp(sup W (s)| < A) -P(sup X(5)] < 1—A>

0<s<t 0<s<t 0<s<t

2/3 2/3

for A = ji/l?)/g/(J_l/Q +5,/7), we have

1 .
S /2 < i 1o sup [W(s) + X()| 1) <~ /2 = —2/8
In particular, combining the above estimate with Theroem 1.2, we see that for —1 < v < —1/2,
o = (Y3 =132y 5 = (213 — 1)3%7 /2.
Finally, we mention the following heuristic argument which is suggestive but seems impos-
sible to produce a rigorous upper or lower bound. We observe that for fixed s > 0,
d d
W(s)+ X(s) =W(s) + sup ZazjVVj(s) = sup (W(s) + Z:erj(s))

|mh:1j:1 |lz[2=1

and for fixed z € R? with |z|, = 1,
d
Wi(s) + Z%‘Wj(s) =/1+|zZW(s) = \/§W(s)
=1

in distribution where W is a standard Brownian motion. J ointly, our Theorem 1.2 implies
Jim % log P (osggzt (W(s)+ X(s)] < 1) = tllrglo%log]P) (osgglg)t IV2W (s)| < 1) = —%2
where the last equality follows from (1.11).
The rest of the paper is organized as follows. In Section 2, we present the proof of Theorem
1.2 viewed as the first exit time of the diffusion process (X (), W(t)) from the unbounded
domain GG. They are necessary for the proofs of Theorem 1.1 and important in their own. In

Section 3, we give the proof of Theorem 1.1 which also requires some large deviation estimates.



2 The first exit time and principal eigenvalue

Consider the diffusion process (X (t), W (t) with state space R™ x R and generator given in
(1.10). Tt is easy to see that as a linear operator on the Hilbert space L*(R* x R, 7), L is self

adjoint, where 7 is the measure on R* x R given by
m(dz,dy) = 29 dxdy

and

CLf f o — / V1 () P ddy
R+ xR

if f is smooth enough. Write

1/2
|flx = (/R+ sz(x,y)xd_ldxdy) .

For an open domain D (with respect to the relative Euclidian topology on R* x R) in the

space RT x R we define
™ =A{t=0; (X(¢),W()) ¢ D}.

Define the semigroup T; (¢ > 0) by
Tif (2,9) = E oy (S(X (0, W) 2 ).

Note that P, {7p = 0} = 0 for each (z,y) € D. We have T, = id. Let C3°(D) be the class
of of functions f continuous on D, infinitely differentiable in D and f(0D) = 0. Notice that
R* x R is a whole space in our setting. In other words a open set D in R* x R may contain the
vertical line segment {(z,y); © = 0 and — 1 <y < 1}, in which case the line segment should
not be viewed as a part of dD. By a trivial extension, all functions f in C§°(D) can be viewed

as the functions defined on R™ x R with f = 0 outside D. For each f € C3°(D),

Tp At
FXapis Wog) = [ LICX(). W ()
0
is a martingale. Hence, using the fact that f(0D) =0,

(10w = o) = 3 [ B BIE W O iy20)ds — LiG.y)

as t — 0 and (z,y) € D. Thus the generator Lp of T; coincides with L on C§°(D). Since

Cs°(D) is a core we have T; = e'P on C§°(D).



Recall the G is given in (1.9). We now prove that
hm —log]P’{ max|W( (s)| <1} =—= 1nf / IV f(x,y) P dady — (2.1)

where, by the notations we introduced, C§°(G) is the class of continuous functions f(z,y) on
G which is infinitely differentiable and f(z,y) = 0 if y — 2 = £1.

To show the lower bound we need only to show
1 1
litminfglog]P’{ max (W (s)— X(s)] <1} > —5/ IV f(z,y) 22" dady (2.2)
—00 S G

for every f € C3°(G) with |f|, =1 and K = support(f) C G being compact.

We fix an open domain D in RT x R with compact closure such that K ¢ D ¢ D C G.
and (0,0) € D. Let pp(¢; (x,y)) be the density (with respect to the Lebesgue measure) of the
measure

w(A) = P{mp > t; (X(t),W(t)) € A}.

Then combining results of Azencott (1984) and Leandre (1987, e.g. Theorem 11.3), we have
inf (; y)er po (to; (2,y)) > 0 for some ¢, > 0, see also Stroock and Varadhan (1979).
By Markov property

P{rp =2t} =E (00 [[{mzto}P(X( to)Wita)){TD =t — 1 }1
= /P(zyy){TD >t—t,}pp (to, (x,y))dxdy
> |fl sup{a®t (z,y) € K} (x}yr;ngD(tm(:c,y)) / F(@,y) Py itn >t — to}a"  duady
> (7R sup(at ) € K} ink po(to (.0)) [ ST, fat oy

= c/fe(ttO)LDfxdldxdy —c< feltt)lo 5

where the third step follows from

Py {mo 2t =t} = E (o) (Lrp>i-1,})
> FIRE ) (F X0 WD 201y ) = LI, f (2, 9).

We now consider the spectral structure of the self adjoint operator Lp. By Jensen’s in-
equality

0 0

< fettllof > — / et B (dN) Zexp{(t—to) / )\Ef(d/\)}

—0o0 —00

7



= exp{(t—t) < Lpf,f > p=exp{ - <t—t>1/\w<x )2 dudy |

Here we have used the fact that E¢(d)\) is a probability measure due to

| By =152 -

—00

Hence (2.1) holds.
On the other hand, using the fact that P{ max,<, X(s) > ¢*} < e~ for any 6 > 0 and ¢

large, we have

1
lim sup — logIP’{ maX|W( ) —X(s)] <1} < limsupzlogIP’{TDt >t}
t—o0

t—o00
where Dy = {(z,y) e R" xR: 0<z<{t?and |y —z|<1}.

Next we observe

P{rp, >t} =E (o [I{TDt>1}P(X i, >t — 1}}

IN

E (0,0) [[«X(l),W( nepPxywaplmo, >t — 1}
— C/ IP’(%y){TDt >t — 1}xd_1 exp{ —
Dy

< C/ Py {Tp, >t — 112" dady.
Dy

a:—l—y

}dmdy

Given € > 0, let D be the e-neighborhood of D; in RT x R and choose a f, € C§°(D5) such
that fy > 0 is bounded and fy > 1 in D;. Then

/ Py {rn, >t — 1 a* ' dady
Dy

< ol y)E {fO( (t—1),W(t— 1))[{7Dt2t1}1 ' dady

Dy

< / Jo(z, Y)E 2y [fo (X(t —1),W(t— 1))]{TD§>t—1}:| 2 dady
Dg

= < fo, (t=1) LDefo >0 |f0|3rexp{(t— 1) sup < f,Lpsf >x }
|fl==1, fEC§°(D5)
1
< Oyf2ex {— t—1)= inf Y f(z,y)22%  dad }
< aep{-(-vy it | (9P ey

1
< Oitfex {— t—1)= inf / Vf(z,y) P dad }
< CitPexpq —( )2|f‘7r:17f6080(06) GE\ [z, y)l y

Hence we have

1
lim sup — logIP’{ maX\W( ) — X(s)| <1}

t—oo



1 f
2 fle=1, fec°°<Gf)

| IVt Pat sy

Letting € — 0 we have

lim su —10 P max %% <
H)Op & { W (s) (s)1 }_ 2|f\ =1, f€C°°

/|Vf z,y) P Y dedy. (2.3)

Therefore, (2.1) follows from (2.2) and (2.3).

It remains to show that
2
it VP ey = T (2.4)
Given a € > 0, we take
fe(x,y) = Cee™ " cos g(y —x)
where the constant C,. > 0 is determined by |fc|r = 1. One can easily check that

2

/ ’vfﬁ(xvy)deildl’dy = % + 62
G

by using |f.|> = 1. Since € is arbitrary, we have proved

7T2

f 2. d-1 ™ )
|£l==1, I?ECOO G)/ \Vf(z,y)["2" " drdy < 5 (25)

On the other hand, by the substitution g(z,y) = 2@ Y/2f(x,y) we have that for each
f e G (G),

d—1)? 0
|Vf(ZL', y)|2 - I_(d_1)|Vg(x7 y)|2 + %x_(d+l)g2(l’>y) - (d - ].).T_dg(l’,y)%g(.%, y)

For d > 3, we have by definition of ¢ that lim,_+ 7 ¢*(z,y) = 0. Note that

‘/xguwﬁ 9(, y)dady

a o) y+1 . a
/ dy/ miCH y)der/ dy/ ™ g(x,y) -9z, y)dz.
1 y—1 Ox

By using integration by parts we see that

y+1 . 8
- - d
/D T g(x,y)axg(l‘,y) T
1 -1 2 1 ytHt -2 2
= -z g (z,y) +3 v g (v, y)dx
1 y+1 0
= —/ 2 72g*(w, y)dx.
2 0

2
9

r=y+1




Similarly,

L\DI}—t

y+1 a
/ 1 g(x, y)a / y)dz.
y—1

0 1
/:13 g(:):y)a g(xyd:pdy—é/x 202(z, y)dxdy.
G G

Therefore,

Combining above calculation together, we have

/ V£ (2, )22t ddy
G

d—1)? _ 0
= [ Wt Py + S [ g gaody - @-1) [ 1 gt ot sy
G G G x

d—1)7? d-1
= / \Vy(z,y)|*dedy + <( ©_ ) / v 2g% (v, y)dady.
G 4 2 G

And thus for d > 3,
/ IV £ (2, )Pt dady > / V(e y)Pdedy.
G G

Hence we obtain

inf Vf(z,y) Pzt ded
|flx=1, f608°(G)/G| f.y)l Y

> inf{/!Vg(x,y)lzdxdy; g9 € C5°(G) and/
G G

g*(x,y)drdy = 1}. (2.6)
In the case d = 1, (2.6) is automatically holds with equality.
Next we consider the problem over a larger domain with some symmetry. Let G = {(z,y) €
ly — x| < 1}. By symmetry between x and y,

inf{/ Vy(z,y)Pdady; g € C5°(G) and /92
G

(z,y)drdy = 1}
G

= inf{/JVg(a:,y)]Zda:dy; gEC’é’O(é) and /~g2
a

G
: 9 2 . 00 (Y 2 _
> 21nf{/@<% (x,y)) dzxdy; g € C§°(G) and /@g (x,y)dzdy = 1}

(x,y)dxdy = 1}

: = v 2 00 (3 2
= 21nf{/_Oo dy /y_1 <%g(:p,y)> dr; g€ C3°(G) and /ég (z,y)dzdy = 1} (2.7)
where the first equality in (2.7) needs to be justified. Let
G ={(z,y) € R* (—z,—y) € G}.
Then for each g € 030((7)
| IVota.y)dedy
G

10



—t/Wﬂ%MWM%ﬁ/WM%wWMy

G (€4

- / V(. y)Pdady + / Ve, y)Pdedy
G G

where g(z,y) = g(—z,—y). Clearly, g € C3°(G). Let

Ag = inf {/ |Vg(z,y)|*dzdy; g € C°(G) and / g*(z,y)dxdy = 1}.
G G

Then
/ Vg(e,y)Pdedy > A / ¢ (a, y)dedy
G G

for every g € C5°(G). Therefore,

[W@@MWWMZM{/f@wMM%ﬁ/fmwww}
G G G
= M{/f@www+/g%wﬂmﬁ=Ac

G ’

if [59%(z,y)dzdy = 1.
On the other hand, if g € C§°(G) and [, ¢°(z,y)dzdy = 1 satisfies

/ \Vg(z,y)|?dedy < € + g
a

we define §(z,y) € CZ°(G) by §(z.y) = g(z,9)/V2 if (v,y) € G and j(z,y) = g(—z, —y)/V2 if
(z,y) € G'. Then

[fmwmwzl
G

and
[ Vi(z, y)Pdedy = / Vg(a,y)Pdedy < ¢ + A
G G
So

iﬁ{ﬂWﬂxwwmwgEQﬂémﬁ/ﬁ%mewﬂ}éh
G G

and we finish the justification of (2.7).
Back to the estimate of the lower bound for (2.7). We start with a well known variational
identity (see, c.f., Strassen (1964))
1 1 2
im{/mewm;hec$eLnam@/JM@mmzl}:%a

Under a simple substitution, this gives that for any y € R and any h € C°(y — 1,y + 1),

y+1 7T2 y+1
/ mezz/ Ih(z)2dz.
y y—1

-1

11



Hence we have that for any g € C5°(G) with [ ¢*(z,y)dzdy = 1,

2
/dy/ g(x,y) dx>—/ dy/ :Z.

In view of (2.7),
2

2,.d—-1 > .
|fl==1, feC°° G)/ IV f(x,y)["z* dady > 5 (2.8)

Finally, (2.4) follows from (2.5) and (2.8) and we finish the proof of Theorem 1.2.

We end this section with the following comment: From the proof of (2.8) one can see that
except the case d = 1, the infimum can not be reached. This may suggest that the following

eigenvalue problem

d—10 w2

SO0 ) + S ) =~ f(ry) (e.y) €G and f(0G) =0

does not have a solution which is reasonably smooth in G (Recall that G' contains the line

segment x = 0 with —1 < y < 1) unless d = 1, in which case the function

fo,y) = Cosg(y — )

solves the equation. In the case d = 5, one can see that the function

fla,y) = 2" cos g(y — )

solves above eigenvalue problem but f fails to be continuous at x = 0 with —1 <y < 1.

12



3 Limiting behaviors

Let By(t) be a d-dimensional Brownian motion independent of W (t). Since X = |Bd]2,

replace X (t) by |By(t)|2 in this section.

We first prove (1.3). By Theorem 1.2 and Borel-Cantelli Lemma, one can easily show that

.. loglogt T
llggf\/ ;- max (W (s) + |Ba(s)|2| > 5 @

On the other hand, let ¢, = k* and let A > 7/2 be fixed. By Theorem 1.2,

[ tra
]P{ tkgnslgt}iﬂ |(W(3> - W(tk)) + |Ba(s) — Bd(tk)b’ <A m}

= P{ max [W(s) + [Balo)la] < A/ )

s<lpt1—tk log log tx+1
1
> < _
> P{IES%(‘W(S)%—‘BAS)&‘_A o loa o,
e { G log logt }
— X __ .
p 4()\2+0(1)) g g k+1
Consequently
}:M max | (W(s) — W(t)) + |Ba(s) — Ba(ty)]2| < A _ e — 1 =00
tk<s<tk+1 - loglog t) 11

Thus it follows from Borel-Cantelli lemma that,

Nloglog t
liminf [ —S-28 L pax |(W(s) = W(t)) + |Ba(s) — Ba(ty)]| < A a.s.
k—o0 tht1 tp<s<tp+1

Letting A — 7/2 yields

loglogt
liminf 4 | OB OBTHL  ax |(W(s) = W(tr)) + | Ba(s) — Ba(ty)]| < LS
k—o0 tk+1 tp<s<tpy1 2
Next note that
t
v/ 2t loglogty, = o SRR
loglog t)11

and thus by the standard laws of iterated logarithm,

log logt
lim (2808 %k+1 max |[W(s)| =0 a.s.
k—oo k41 s<tg

13



and

Therefore the upper bound of (1.3) in Theorem 1.1 follows from

max |W(s) + | Bals

s<tp+ | ‘

<, max |(W() = W(t) + |Ba(s) — Baltw)la] + mavx [W ()| + max | Ba(s) e

We finished the proof of (1.3) in Theorem 1.1.

To prove (1.1) and (1.2) in Theorem 1.1, we need some upper tail estimates. First we show

that

lim A\ ?log ]P{ max (W(t) + |Ba(t)]2) = )\}

A—00
1
= lim A~ 210g]P>{W(1) +|Ba()2 > )\} = — (3.1)

and

lim A\~2 1ogIP>{ max (= W(t) = [Ba(t)]2) > )\}

A—00
1
= Jim A~ 210g19>{ W(l) —By(1)]s > )\} - —. (3.2)

Consider (W, By) as a Gaussian random element in C' { [0, 1], R4*+? } It follows from standard

large deviation estimate,

lim A logP{\""(W,By) € F} < — inf I(z,y)

A—00 (zy)eF

for each close set F' € C{[0,1],R*™} and

lim A?logP{\"" (W, By) € G} > — inf I(z,y)

A—00 (z,y)€G

for each open set G € C{[0,1], R¥}, where

(o) = %/01{|y‘<t>|2+i|afj<t>|2}.

Thus by contraction principle we only need to show

1
inf I(z,y) = inf I(x,y) =~
maxe<t (y()+z()]2) =1 Yy Hem)l=1

(3.3)

14



and
1
inf I(z,y) = inf I(z,y) = 5 (3.4)

maxe<1 (—y(H)—l2()]2) =1 —yM)-lzl2=1

Note that

t<1

ma (y(0) + |«()]) < ma vV (I( + 3 i) < VBTG ).

On the other hand,
y(1) + |z(1)]2 = V2V/1(x,y)

by taking y(t) = x1(t) = - - - = x4(t) = ct for some positive constant. Hence (3.3) holds.

Similarly, we have
1/2

—y(1) — ll2 (V)] < —y(®) < ( / gOF) " < V@)

and,
—y(1) = llzM]] = Vv I(z,y)
by taking y(t) = —ct and z1(t) = --- = x4(t) = 0. Hence (3.4) holds.

For any r > 1, the upper bounds in (3.1) and (3.2) give, respectively, that

ZP{ max (W (s) + [Ba(s)|2) > (2 + €)y/r* loglogrk} < 00

s<rk

and

ZIP’{ max ( — W(s) — |Ba(s)]2) > (V2 +€)\/rk loglogrk} < 00

s<rk

where € > 0 is arbitrary. So Borel-Cantelli Lemma gives that

1
lim sup —————max (W (s) + |By(s <2 a.s.
k—>oop r*log log rk SST’“( () + B4l )|2)
and
1
lim sup max (— W(s) — |Ba(s)|2) < V2 as.

k—oo /TFloglogrk s<rk

By making r > 1 arbitrarily close to 1, we have one side of control for (1.1) and (1.2), by a

standard deterministic estimate.

Another side of control needs the lower bounds in (3.1) and (3.2), which gives that

Z]P’{ (W(?‘k—i-l) _ W(rk)) + ‘Bd(rk—i-l) . Bd<7"k)’2 > (2—¢) \/Tk+1 log log 7“’”1} —
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and

ZIP’{ — (W(rkH) — W(Tk>) — |Ba(r*1) — By(r®)]s > (V2 — €)\/rk+ loglogrk“} = 0
2

for sufficiently large » > 1. By Borel-Cantelli lemma

. 1 . ) » )
) - — > 9 —
hgl—igp \/7“’“rl log log rk+1 [ () = Wir )) 1Balr™) = Balr )‘2} 22—€ as
hm sup 1 [ i (I;[r(rk-‘rl) o W(Tk)) o |Bd<rk+1> - Bd(rk)|2i| Z \/5 e a.s.

k—oo \/T*1loglog rk+1

On the other hand, by the classic law of the iterated logarithm,

1
lim su W ()| + | By(r* < 2/ 2r=1/2
k—>oop \/7“”“rl log log rk+1 (‘ (1 1Bal )|2)

Since r > 1 can be arbitrarily large and therefore ¢ > 0 arbitrarily small, we have established

the estimate of another side for (1.1) and (1.2).
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