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1 Introduction
Let W(t), t > 0, be the standard Brownian motion starting at 0. Denote by Xo(t) = W(t¢) and
t
Xm(t) = / Xm-1(s)ds, t>0, m>1
0

the m-fold integrated Brownian motion for positive integer m. Upon integration by parts we also have

the representation

Xon(t) = i/o (t — s)™dW(s), m > 0.

m!

The Gaussian process X,,(t) has been studied from various points of view in Shepp (1966), Wahba
(1978), Cheleyat-Maurel and Elie (1981), Lachal (1997a, 1997b, 2001) and Lin (2001). It is clear that
the R™*! valued process (Xo(t), X1(t), -+, X;m(t)) is Markov and the transition density can be found
easily by computing expectation and covariances of the Gaussian process involved, see McKean (1963)
for m = 1 and Lachal (1997) for m > 1. Its generator is given in (5.1). In particular, when m = 1, the
process (Xo(t), X1(t)) = (W(t), f(f W (s)ds) is often called the Kolmogorov diffusion since its study
was apparently initiated by Kolmogorov (1934), see Lachal (1998) and Groeneboom, Jongbloed and
Wellner (1999) for other related works and references in this case.

Other significant use of X,,, as m — oo, can be found in Li and Shao (2002) where a limiting
representation is given for the decay exponent of the probability that a random polynomial has no
real root.

This work is concerned with the quadratic functionals of the real process X,,(t) as well as the
asymptotic behavior of small ball probability. In particular, we developed a method of estimating small
ball probability such as P (SUpogtgl | X ()] < 5) as ¢ — 0 via the appropriated quadratic functionals.
This is our primary motivation for studying the quadratic functionals for X,,(t), beside its own
importance and various connections discussed in Section 5.

Another motivation for studying the quadratic functionals and small ball probabilities for X, (t)
originated in a study of Khoshnevisan and Shi (1998) for the liminf behavior of the integrated Brownian

motion X (¢). In particular, they showed that

2 1 1/2
Eexp<—%/0 Xi(s) ds) = <cosh2\/%3—0082 m) / (1.1)
and
lim £2/3log P (05351 |X1(t)] < g> = —k1 (1.2)
with
3/8 < k1 < 267 (1.3)



where the constant ¢ > 0 satisfies

lim /3 log P < sup |S(t)] < 5> =—c (1.4)
e—0 0<t<1

and S(t) is a symmetric (1/3)-stable process.
In this paper, we first find the Laplace transform of the quadratic functional of X,,(t), i.e

E exp <—)\/01 Xi(t)dt) , m>0. (1.5)

for any A > 0. This may look easy and seems possible to find it by using standard Karhunen-Loéve

expansion for Gaussian quadratic functionals. Indeed we can find (1.1) and the well known case m = 0,
1 ) —-1/2
E exp{—)\/ W(s)“ds} = <cosh\/2)\)
0

by the Karhunen-Loéve expansion. However, we could not carry out the detailed and complicated
calculations along that line since the eigenvalues can not be found explicitly in a reasonable form. In
fact, we see from our formula for (1.5) given in Theorem 2.1 that the two cases m = 0 and m = 1 are
indeed very special and hence partially explain why the standard Karhunen-Loéve expansion approach
does not work well in the general case. On the other hand, the proof of (1.1) given in Khoshnevisan
and Shi (1998) is based on a stochastic Fubini argument and then some special facts on the rotation

invariance of Brownian motion together with the explicit formula

141 )1/2 L6)

cosh v\ + i cos VA

given in Klyachko and Solodyannikov (1987). In our evaluation of (1.5) given in Theorem 2.1 in

1
E expfiX /0 W)W - i =

Section 2, we begin with a stochastic Fubini argument which we have learned from Donati-Martin and
Yor (1991), see also Yor (1992) and Khoshnevisan and Shi (1998). Then we analyze an associated
self-adjoint operator in a way different from the one used in Klyachko and Solodyannikov (1987) for
(1.6). All the difficulties we encountered are due to the inherent difficulties of the problem.

Second, based on the exact formula for (1.5) given in Theorem 2.1, we obtain the following asymp-
totic result. The equivalence follows from de Bruijn’s exponential Tauberian theorem given in Bingham

et al. (1987), Theorem 4.12.9, see also Section 3.3 in the survey of Li and Shao (2001).

Theorem 1.1 For each integer m > 0,

1 -1
lim A-1/@m42) 100 | B / 2 _ _og-Cmi/emi2) (g, T 1
Jim A ogE exp] —A ; = (t)dt sin g (1.7)

and thus equivalently, as € — 0

—(2m+2)/(2m+1)
> g72/C2m+l) (1)

1
log P (/0 X2 (t)dt < 52> ~—2"t2m+1) <(2m + 2)sin P



Note that by the scaling relation X,,(ct) = ¢?"+t1)/2X, (t) in law for any ¢ > 0, we have for any
A >0,

t —1
lim > log E exp  —A / X2 (5)ds b = —g-@m+/@me2) (G T A @me2)

The estimates given in (1.8) are small ball probabilities for Gaussian process X, (t) under the Lo-norm.

More general, the small ball probability (or small deviation) studies the behavior of
log P (| X|| <€) (1.9)

for a random process under various norm |-|| as ¢ — 0. In the last few years there have been
considerable progress on the small ball estimate for Gaussian processes. As it was established in
Kuelbs and Li (1993) (see also Li and Linde (1999) for further developments), the behavior of (1.9)
for Gaussian random element X is determined up to a constant by the metric entropy of the unit ball
of the reproducing kernel Hilbert space associated with X, and vice versa. For other connections and
applications of small ball probabilities, we refer readers to a recent survey paper by Li and Shao (2001).
And in addition, various connections and interplays between our results and principal eigenvalues are
discussed in Section 5 for degenerated (non-uniform elliptic) generators on an unbounded domain.
This provides a concrete and relative simple example that is not covered by general theory as far as
we know. We hope this special example, a R™t!-valued Gaussian and Markov process, can attract
some interests in the direction of this paper.

The third and probably the most important contribution in this paper is the following general
connection between small ball probabilities. It can be used to estimate small ball probabilities under
any norm via a relative easier Lo-norm estimate.

Let X and Y be any two centered Gaussian random vectors in a separable Banach space E with
norm ||-||. We recall the definition of the reproducing kernel Hilbert space of p = £(X). Since
[ fA(@)p(dz) < +oo for each f € E*, where E* is the topological dual of E, one can define the map
¢: E* — E by

o) = [ af@pin) fer

where the integral is defined as Bochner integral. The image space ¢(E*) becomes an inner product

space under the inner product
<oy [ f@g@ulds)

where f,g € E* satisfy « = ¢(f) and y = ¢(g). We use ||, to denote the inner product norm and call
the completion H), of ¢(E*) (under the norm |[-| ) the reproducing kernel Hilbert space of p = £(X).



Theorem 1.2 For any A > 0 and € > 0,
P(|Y] <e) = P(IX] < Ae) - Eexp{—2" '\ |Y[2}. (1.10)

Note that we need Y € H, C E almost surely. Otherwise for f ¢ H,, |f|, = oo and the result is
trivial. Thus the result can also be stated as follows. Let (H,|- |g) be a Hilbert space and Y be a
Gaussian vector in H. Then for any linear operator L : H — E and the Gaussian vector X in E with

covariance operator LL*
P(|LY]| <e) 2 P(|X] < Ae) - E exp{—2""N|Y[3}

for any A > 0 and € > 0.

The proof of Theorem 1.2 is based on both directions of the well known shift inequalities (4.1).
The key new idea is the use of an independent random shift. To see the power of Theorem 1.2, we
have the following consequence of Theorem 1.1 and 1.2 for the sup-norm. Other norms such as Holder
norm and Lj,-norm can also be considered similarly, but we omit the exact statements, see remarks

on (4.5) in Section 4 for more details.

Theorem 1.3 We have form > 1,

lim g2/ m+1) 1o P <oiu51 | X ()] < e> = —Fm (1.11)
—> 7t7
with

2m + 1 — it 2m + 1 (7 zt ~Ttt

mt ((2m+2)sm 2m77+2> P < o < m; @2 “ <2msin%) 2l (1.12)

and limy,—oo M Yk, = L. In addition, the following upper bound holds for k,, based on Kpm—_1.
(46 )/ (2m + 1) < (41 /(2m — 1)) L, (1.13)

The particular case of m = 1, or the so called integrated Brownian motion given in (1.2) and (1.3),
was studied in Khoshnevisan and Shi (1998) by using local time techniques. Here our upper bound
k1 < (2m)?/3.(3/8) is explicit. In general, the exact values of ,, in (1.11) is unknown for m > 1. The
value kg = 72/8 is well known.

Finally, we mention the following easy application of Theorem 1.1 and 1.3 for the liminf behavior
of X, (t). The proof is standard and similar to that for X (¢) outlined in Khoshnevisan and Shi (1998)

and we omit the details in this paper.



Theorem 1.4 We have with probability one

1 /loglog ¢\ 2m+1 [t 9 1\ 2m+1 —(2m+2)
timinf - (122287 /0 Xn(s)Pds = (27D (2m42)sim o T )

and

sup | X (s)| = w2

s<t

L loglog ty (2m+1)/2
htm inf ( )

where Ky, 1s given in Theorem 1.5.

The rest of the paper is organized as follows. In Section 2, we find the exact formula for (1.5) given
as Theorem 2.1. In Section 3, we present the proof of Theorem 1.1 which requires detailed asymptotic
analysis. The proofs of Theorem 1.2 and Theorem 1.3 are presented in Section 4. Finally, we discuss
some interplays between our results and principal eigenvalue problems in Section 5 and there is a clear

need for further research.

2 Exact Laplace transform via a stochastic Fubini argument

To begin with, we set for real number 6 > 0

$(0) = E exp(—g /01 an(t)dt). (2.1)

Let us introduce the Cameron-Martin space
t
H = {f € L*(0,1): f € L*(0,1) and Vt€ (0,1), f(t) :/ f’(s)ds}
0

together with the inner product defined for any f,g € H by (f,g9)m = fol f(#)g'(t)dt. Set

)= [ p0) and gt = [ gt
We have
[ mtgntrae = [ (a0 [ )Y
_ 01 (/ e I ft0ar) gt
= AD.gh
where

D)™ (w—t)m

du.
ve m! m)!

7fm(u)du:/0 k(s,t)df(s) and k(s,t):/

6



Clearly, A is a self-adjoint operator on H and
62 _
6(0) = E exp( 5 (AW), W) ) = (det(I +024) " = T (1 + v6?) /2
E>1
where the v}’s are the eigenvalues of the operator A, defined by the integral equation A(¢) = vo. It

is easily seen that this equation is equivalent to the boundary value problem, see Lachal (2001),

g1y = CU0) ¢ e (0,1),
pW(1) =0, 0<j<m,
pN(0)=0, m+1<j<2m+1.

It is difficulty to evaluate explicitly the eigenvalues through this way for all m. Similarly, we can
follow the approach studied in Chiang, Chow and Lee (1986, 1994) to the point of explicit evaluation
of all eigenvalues above. To overcome the difficulties of finding all eigenvalues, we derive the Laplace
transform by a different method.

To motivate and show how we find a different operator to work with, we introduce an auxiliary
independent Brownian motion W(t) By the stochastic Fubini theorem mentioned in the introduction,

we have
qb(&):Eexp(—e;/OlX%(t)dt) - Eexp(z /X ) dW ( ))

_ Eexp(@ //Xm L(s)ds dW (¢ ))

- Eexp(z /Xm . (W(l)—W(s))ds)

= E exp i@/ X1 ()W (1 = s) ds)
0

since {W(l) - W(l —t); 0 <t <1} is Brownian motion independent of {X,,—1(¢); 0 <t < 1}.

Next we can write the the convolution in the form
1 —~—
/ Xm—1(w)W (1 —u) du
0
! v 1 1 1-u
- 7U—Sm_dWs/ dW (t) du
/0/0 (m—l)!( ) ()0 (1)
1 1 1 1 ) N
- /0 /0 m—1)! (/0 L0, (8) (0 = 8)™ 11 (g 1) (2) du) AW (s)dW (¢)
1l N
= / / K(s,t)dW (s)dW (t)
o Jo

K(s,t) = (m!) 'max(0,1 —s — )™ = (m!) (1 —s — )T (2.2)

where



Now consider the compact continuous self-adjoint operator

_ /O K (s,)f(s)ds (2.3)

and denote by Ay and ¢x, k > 1 its eigenvalue and orthonormal eigenfunctions. Then
/ / K(s,t)dW (s)dW (t) = > Abib
E>1

and

= Mtr(s)dr(t)

k>1
where &, = fol é1(t)dW () and & = fol 1 (t)dW (t) are independent standard normal random variables.

Thus we have by combining things together

o) = E exp(i& /Olel(s)W(l —s) ds)

= [Eexp i@Z)\kgkgk

k>1
= J]Eexp(—27'0°X€0)
E>1
= JLa—ioxng) 2 +ioxn) 2.
k>1

In fact, as pointed out by one of the referees, the operator A is exactly the square root of the
operator A and the above relation follows easily from v, = /\%, Vk > 1. To be more precise, the kernal

K5 of the operator A? coincides with the kernal k of the operator A, following from the relation
1
Ka(s.1) :/ K (s, 2)K (2, t)dz = k(s, 1).
0

For the remaining of this section, we carry out the spectral study of K and the computations seem to
be less ugly and mroe appropriate than that of k.

Let
Yr) =@ —77).
k>1
Then

¢0) i)  W(=if)y _ (Vi)
o(0) __(1/1(29) 1/1(—2‘0)) - d(qb(i@)) (2.4)

where (-) represents the imaginary part. On the other hand, ¥ (7) can be represented by the resolvent

kernel

(s,t;\) ZA" VK ( ZM (2.5)

k>1 1= Adg



of the operator A given in (2.3), where

K, (s,t) = / .. / K(s,z1)K(z1,22) ... K(zp_1,t)dxy ... dEy—1
0 0

are the iterated kernels of A. That is, we have

P(r) N & -
et ;1_7)% = /0 U(t,t;7)dt. (2.6)

It remains for us to compute the resolvent kernel I'(s,¢; \) given in (2.5) and then use (2.6) to find
(7). This indeed was the approach used to find the Laplace transform of fo (t)W(1 — t)dt in the
paper by Klyachko and Solodyannikov (1987). But in our problem, we run into serious difficulties to
find a reasonable expression for I'(s, ¢; A) that is suitable to evaluate (2.5).

To overcome the difficulty, we observe from (2.6) that

V(1) _
et -> - _Mk Z / Kpi1(t, t)d (2.7)

k>1

We now compute the integrals on the right hand side. Recall that K(s,t) = (m!)~'(1 — s —¢)7 for

0 < s,t < 1. It is convenient to make the substitution y; = 1/2 — u; to obtain
/ Kpt1(uo, uo)dug
= / / K (ug,u1) K (ui,ug) -+« K(up—1,un) K (tn, ug)dug - - - duy,
= ) [ (o)™ )™ () s,
where the region D is determined by the inequalities
il <1/2, yi+yi1 >0, 0<i<n

with y,41 = yo. We can partition the region D into disjoint subsets Di,0 < k < n so that

maxo<i<n Yi = Yi in Di. That is, for 0 <k <n

Dy =D n{(y1, - yn) : max s = Yk}

Note that the integral over all these regions are the same, and therefore it is sufficient to evaluate the

integral over one of them, say Dy. Using the substitutions y; = yot;, 1 < ¢ < n, we have

1
/ Kn+1 (ta t)dt
0

= (n+1)(ml)~ 0+ /D (o +y1)™ (w1 +y2)™ - (Yn + yo) " dyody1 - - - dyn
0

9



1/2
= (n+1)(ml)~ D) /0 gy D gy

/ (14 t1)™(t1 + )™ .. (tn + 1)™dty . .. dty
[ts|<1sti+ti41>0

_ (m+ 1)—12—(7)14-1)(714-1)(Tn!)—(n+1)f)n+l(1)7 (2.8)

where Py(z), k > 1, is the polynomial defined by the recursion relations
1
Pi(x)=(142z)™, Piiq(z) = Py(t)(t + z)™dt. (2.9)
—T

Thus we need to find the generation function for the polynomials Py (z). It is given in the following

Lemma along with other basic properties of polynomials Py(x), k > 1.
Lemma 2.1 1) degPy(z)=(m+1)k—1, k> 1.

2) P (x) = H(t+a)mldt, 1=0,1,2,....m

3) P (2) = mIPy(~x), k > 1.

4) P,gl)(—l) =0,1=0,1,...,m. More generally, P,iq)(—l) =0 forq=2j(m+1)+1 and P,gQ)(l) =0
forq=(2j+1)(m+1)+1 where 0 <1 <m, j >0.

5) The generation function for the polynomials Py(x) is

G m — - m W(FOa"'aE—l,E la"’Fm)(*y)
9= 2 Py =t ) ()™ ) = e
B (2.10)
where the analytic functions Fi(z) is given by
2, (—1)dHmEDG=1)5/2 () .
Z (ml)’ LMD g <] <, (2.11)
= (m+1)j+1)!

and the notation

W(fo, f1,-++ ) (2) = det (£17(2))

0<i,j<m

is the Wronskian determinant for functions f;, 0 < i < m.

6) In particular, for any complex number z with D(z) # 0,

i m+1 — m‘B(Z)

k=

where D(z) = W(Fy, Fy, -+, Fp)(—2) and, D(z) is the determinant of the matriz obtained by

replacing the last row of the matrix (Fl(q)(—z)>0< - with the row vector ((Fo(z),- -, Fn(2)).
_q7 —m

10



Proof: The first three properties follow from the recursive definition given in (2.9) by differentiation.
Property 4) follows from Properties 2) and 3).
To show 5), we first need a recursive relation on the coefficients of Py(x) represented by

(m+1)k—1

k—
Py(x) = Z agat =

=0

,_.

m
> ag ) mHIH (2.12)
~0 1=0

<.

Substituting (2.12) into the relation of the property 3), we have after simplifying the expression and

equating the coefficients,

(=1)m DI+ ((m + 1) + 1)!m!
Aot 1, (m+1) (4 1)+ = CESESEDL Ak (m+1)j+1 (2.13)

forany k> 1,5>0and 0 <[ <m.

Next note that

G(z,y) = Y Pla)ymrt
k=1
- ZZ Z ay, (m+1) +la}(m+1)]+l (m+1)k—1
OY 0k—J+1
- ZZQ], p(m+1)j+l -
1=0 j=0
where )
Qj,l(y): Z ak,(m+1)j+5y(m+1)k—1.
k=j+1

Using the recursive relation in (2.13), we see that

Qirna®) = D arer ey THEDT

k=j-+1
0 (=) MEDIH((m  1)5 + 1) ” _
_ Z ( )(( 1(( : )Jl ') ak,(m+1)j+ly( +1)(k+1)—1
Ml m+1)(j+1)+)!
(=) DI+ (4 1) + 1)!m!

B (m+1)(G+1)+1)! v Qjaly)

Thus by iterating the above relation, we obtain

(_1)jl+(m+1)(jfl)j/2(m!)jl!

, = (m+1)j
Now back to the relation (2.14) for G(z,y), we have
M0 ()il mAD)G=13/2 ()i ) , .
Gla,y) = D ), = (S Z)E VI om0 gy () amt D

11



= Y Fan)!'Qoily) -y
=0

= Y F(xy)Giy) (2.16)

where F} is as defined in (2.11) and G;(y) = I!Qo;(y)y~". Next we need to find G;(y), 0 <1 < m. It
is not easy to find them via the generating function idea given above. But observe that we have from
the definition of G(x,y) in (2.10) and property 4),
{%G(wy)‘x:_lzo g=0,1,....m—1
oG, y)|,__ | =mly™

which are from the relation in (2.16)

{ S By Gily) =0, 0<q<m—1 e

S B (—y)Gily) = m.

Since Fj are linear independent, we see that the Wronskian determinant W (Fy, Fy, -+, Fin)(—y) # 0
and thus from (2.17)

W(F07 e 7F‘l—17F‘l+17' ' Fm)(_y)
W(F(]aFla"' 7Fm)(_y)

Gi(y) = (1) 'm! - (2.18)

and we finishes the proof of the lemma.
Summarize what we have so far, (2.4), (2.7), (2.8) and Lemma 2.1, we obtain the following result
for the Laplace transform of the quadratic functional of the m-fold integrated Brownian motion by

observing

¢'O) i \"
¢<e>‘<m+1 2 B (Wl)

k>1

and

Zpk y _ y (m+1)G(x’y1/(m+l)).
k>1

Theorem 2.1 Let ¢(0) be given in (2.1) for > 0 real. Then we have
¢/(9)/¢(9) _ (2777, + 2)71(m!/e)m/(m+1)%{i1/(m+l) ( (Zg/m')l/ m+1 /D Z0/7n|)1/(m+1))}

where the notation R(-) is for the real part of a complex number, the functions D(z) and ﬁ(z) are

defined in part 6) of Lemma 2.1.

Note that for the special case m = 1, we have Fy(y) = coshy, Fi(y) = siny, and by setting
a=2"1/0/2,
D(a(1+41i)) = (cosh?a — sin®a) — i(cosh?a — cos? a)

D(a(1+1i)) = sin(2a) 4 isinh(2a).

12



Therefore Theorem 2.1 implies

o) 1 sinh v/20 — sin v/26
d(0) 420 cosh? /02 + cos? /02

from which (1.1) follows.

3 Proof of Theorem 1.1

It is clear that we need to obtain the asymptotic of % and hence log ¢(0) for § — oo. To this end,
the following lemma for analytic functions over the complex with power series representation is critical
in order to find the asymptotics of Fj, W (Fy, F1,---, Fy,)(—y) and G;. General results of this type

can be found in Wright (1940).

Lemma 3.1 For any integer n > 0 and q, and complex number z

Z ;Zj — lizgquk
] |
Jjn+q>0 (n +q)! "=
where
Zy = |Z|1/nexp{i(2k‘ﬂ'+argz)/n} k=1,2---,n.
Consequently,
1 ;1 4.2, n
D S DI AR CLI G 31)
jn+q=>0 J 1) |(2km+arg z) /n|<m/2

as |z| — oo, where § can be any positive number less than

min {! cos ((2km + arg z)/n)

; m/2 <|(2km + argz)/n| < ).

Proof. First note that for each integer j
no 0 J # 0 mod(n)
>4 -
k=1 nzP j =0 mod(n) and j = pn.

Hence
n n

>z e :sz‘qiﬁz,{ :i%iz{jq:n
§j=0"" k=1

k=1 k=1 §=0

1 p
2 (pn+q)!”

pn+q>0

Proof of Theorem 1.1. By variable substitution and L’Hospital’s principle, we only need to
prove

lim 6™/ W*”% =— <2(m +1)sin

60— o0

-1
m) . (3.2)

13



We apply Theorem 2.1. Note that for all 0 < ¢,1 < m,

j(m+1 2j
Fl(q)(z) _ i Z 2(—1)](1-5-' )(77!) J 'zQ(erl)j
2(mA41)j+1—q>0 [2(m +1)j +1—q]!
+(—1)lpmHiH—a Z

2(m+1)j+m+1+1—g>0

(_l)j(m+1) (m!)2j+1

2(m+1)j
Rm+1)j+m+1+i—q] '

Let
I={k; |k+(1—(-1)™)/4] < (m+1)/2}. (3.3)

Then I contains exactly m + 1 integers. Let

1y 2k 27 A = ()™)Y L)k in(1—(—1)™) /A(met 1)
Zkf20 exp{z m+1) }f26? EmE kel

where

em = exp {in/(m+1)}. (3.4)

Applying (3.1) of Lemma 3.1 with n = 2(m + 1) and 2z = (=1)™(2-(m*Y§)? (hence argz =
(1 —(=1)™)7/2) we have after simplification that

Fl(q)( _ —1(i9/m,)1/(m+1))

T 2mt1) m+1 i lkze; a1 4 (—1ym 27 D™ ) oxp {2, ) + o exp { — 5071 })

= fu+o(exp{ - 01/“““)}) (say)

as § — oo, where § > 0 is a constant and H,, = —(m!)!/(m+1)e=(IH(=D)™)m/4(m+1),

To estimate D(2*1(19/m!)1/(m+1)), we break it into two terms according to the above decomposi-
tion. Since Zj has a positive real part for each k € I,

DL 0/mt) ") = det (fr)oe o + o(exp { 3 Zk}>
kel
We can also break each row in the determinant of the the first term on the right hand side, according
to the decomposition
fql _ m - 1 9~ lzek(q 1) )m+/€+l+1 27 (14 (=1)™ ] exp{ Zy}.
kel

We thus obtain a sum of (m+1)"*! determinants of order (m+1) x (m+1). Each of these determinants
who has two or more rows indexed by the same k vanishes (This can also be seen from a computation

similar to the one given below). The others can be obtained by using the fact

\mAkg 4127 (14(=1)") ] 1rq—1 kq(a—1)
det ([1+(-1) i gt ™)
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_ i \mAkg A1 27 L (14+(—1)™) ] _ka(g—1)
det ([1 +(-1) a 7 }ém )qu,lgm

where the equality follows from taking factor H;, from the gth row (¢ = 0,1,---m) and H,,' from the

Ith column (I =0,1,---m), and {ko, -, kn,} is a permutation of the integers in I. Therefore,

D270 /m!) (MDY = exp { 3 Zk} [(2(m + 1))~ L A 4 0(1)]

kel
where
Z det <(1 4 (_1)m+kq+l+li2*1(1+(71)m))€fﬁz(4*l)) _
it 0<g,l<m
Similarly,
D2 /m) V) = —exp { 37 23} - [(20m+ 1)) Dty D TR o)
kel
where
A— km t( 1 4 (1)t HH1,27 (14H(=1)™) kq(qfl)> .
3 et (14 () i e )
0, R"m
Let po,---,pm be the integers in I with increasing order. Given a permutation {kg,---,km} of

{po,--+,pm}, we see that

det ({14 (—1ym At 2 05 D)
0<q,I<m

m
<H mk> ot ({14 (<o ()l
0<g,l<m

= (—l)a(kov“'7km) (H 6%’671) . det <(1 + (_1)m+pq+l+1i2*1(1+(—1)m))6;1pql>

n=0

= (~p)elhoka) TT e ¢ (say)
n=0

0<g,l<m

where a(kg, -, kn) is the permutation number of {ko,- -, kn} with respect to {po,---,pm}. Here
the determinant C # 0 is given in Lemma 3.2 at the end of this section. Thus by the definition of
determinant,

A = (C- E: 1)ako,km) ¢ka
ko, skm n=0
= C-det (el")o<qi<m

m
= C- H kPO . det (e%)
P 0<q,1<m

= C-ﬁeﬁfo- H (efn—ef;l)
k=1

0<j<k<m

15



where the last step follows from the well known formula for Vandermonde’s determinant.

Similarly,
e k
A k’m k 7"‘7km —
A=C- g ekm (—1)alko )He?@q —C-det(rql)ogqgm; 0<i<m
Koy km n=0
where

rg=€eP 0<g<m-1,1<m and Tml:e%”“)pl, 0<l<m.

By the formula for Vandermonde’s determinant,

= Ti:[ . . H (efn — egn) . "ﬁl (eﬁ"‘l — efn)

0<j<k<m—1 j=0

Using the fact that C # 0 from Lemma 3.2, we see A # 0 and A = (0. Hence we have
limg— o0 A( 136 /m!)M/( m+1) /D Zg/ml)l/(mﬂ)) —(m)~ W e =y 4<m+1> A/A

Further, from the above computations of A and A

_ oS (i —em) L (emtt —1)em
1

B | e e .

-1 2¢b0

BB

By using the fact that pg = —m/2 — (1 — (—1)™)/4, one can easily obtain

~ -1
elij{joD( (zﬁ/m')l/ m+1 /D Zg/ml)l/(m—i-l)) —(m!)~ m/(m+1)i_1/(m+1)<sin 72(7”7; 1)) .

Finally, (3.2) follows from Theorem 2.1 and the proof is finished after establishing the following fact.

Lemma 3.2 Given m > 1, let I and €, be defined by (3.3) and (3.4), respectively, and let po,- -, pm

be all integers in I with increasing order. Then,

C = det ((1 (= 1)mpatEL ()™ /2y P )0<q . #0.

Proof. Note that (—1)Poi(1+(=1")/2 — (_1)m;="+1 Hence

m
C = det ( 14 (_p)atitl—m+1 —ql) T —tro.
et {(1+ (=)™ e, 0<ai<m Hem

We first consider the case when m = 2k is even. To simplify the notation, we use “a ~ b” for the

relation between two numbers a and b such that a = ¢b for some ¢ # 0. We have

C ~ det ((1 + (—1)‘1*%')67;@)

0<q,I<2k
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To manipulate the determinant on the right hand side, we introduce the notation [l]o for any non-
negative integer [ given by [l]2 = 0 if [ is even, and [l]o = 1 if [ is odd. Dividing each row by 1+ ¢ and
using 1 —i = —i(1 4 7), we have

C =~ det ((—z’)[que;ﬂl) = det ((—1)l+q(—¢)[l+q}2e;ql)

g:det(i“+ﬂ2€;ﬂ>
0<q,l<2k

0<q,l<2k 0<q,1<2k

Then multiply il to the gth row for ¢ =0,1,---m, i.e. multiply ¢ to the odd rows, we obtain

C ~ det (i[Hq]?que*ql

m

~ det ((—l)qlq;ql)

)0§q,l§2k 0<q,l1<2k

where the second step follows from the fact that

jlitdetladz — (1))@ | 2-[l2

by taking out common factors from each row and column, and the last step is due to Vandermonde’s
formula.

Next consider the case when m = 2k — 1 is odd. We need only to prove

det ((1 +(—1)et) el 0 (3.5)

)qu,lg%fl

and

0. (3.6)

m

d t( 14 (—1)a++1 —ql)
et {(1+(-1) )e 0<q,l<2k—1

We only prove (3.5) since the proof of (3.6) is similar. First, we move the original rows with ¢ =
0,2,---,2k —2 of the determinant in (3.5) to the first £ rows without changing their relative order (so
the rest of the rows will occupy the next k rows with their relative order being kept); second, we do

the same column interchanges. So we obtain

A 0
—1)9tH 4! ~ = .
det ((1 + (=) e )qu’lg%il ~ det < 0 B)zkx% det(A) - det(B) # 0

where A and B are two k X k matrices given by

A = det (6_4T$

m )0<r s<hq1 and B =det (%(2r+1)(25+1)>

0<r,s<k—1

and the fact that det(A)-det(B) # 0 can easily be seen from the formula for Vandermonde’s determi-

nant.
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4 Proof of Theorem 1.2 and 1.3

The proof of Theorem 1.2 is simple and based on both directions of the following well known shift
inequalities for symmetric convex sets (see, for example, Dudley, Hoffmann—Jgrgensen and Shepp

(1979) and de Acosta (1983)).

Lemma 4.1 Let o be a centered Gaussian measure in a separable Banach space E with norm ||-||.

Then for any f € Hy, the reproducing kernel Hilbert space of p, and r > 0,

exp{—~|fla/2}u(z : ol <v) < pla:lo = fIl <7) < plalz] < 7). (4.1)

Furthermore,
pla s e = fll <€) ~exp{ = If2/2) e el <€) as e —o0. (42)

The upper bound follows from Anderson’s inequality p(A+x) < p(A) for every convex symmetric
subset A of E and every x € E, see Anderson (1955). The lower bound follows from the Cameron-

Martin formula
pA= 1) = [ (=317 = . f)uduta) (13)

for Borel subsets A of E, f € H,, together with Hélder’s inequality and the symmetry of (x, f), on
A ={x:||z|| <r}. Note that (z, f), can be define as the stochastic inner product for y almost all z in
E. A particularly nice proof of (4.3) is contained in Proposition 2.1 of de Acosta (1983). Refinements
of (4.1) are given in Kuelbs, Li and Linde (1994) and Kuelbs, Li and Talagrand (1994) which play
important roles in the studies of the functional form of Chung’s law of the iterated logarithm.

Proof of Theorem 1.2. Without loss of generality, assume X and Y are independent. Then by
applying (4.1), we obtain

P(IY] < &) = P(IX = AY] < Xe) = P(IX] < Ae) - E exp{—2"1X2 [y [}

which finishes the proof.
Proof of Theorem 1.3. The existence of the limits in (1.11) can be found in Li and Linde (1998)

based on subadditivity. The lower bound for k,, in (1.12) follows easily from

P < sup | X, ()| < e> <P </01 | X, () |2dt < 52>

0<t<1

and the Lo-estimate given in Theorem 1.1.
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The upper bound for &, in (1.12) follows from Theorem 1.2, the Lo-estimate given in (1.7) and

the well known estimate

log P < sup |[W(t)] < €> ~ —(r%/8)e 2.
0<t<1

To be more precise, take Y = X,,,(¢) and X = W (t) in Theorem 1.2. Then for any norm ||-|| on C[0, 1]
and any A = A >0

2 1
Pl < 2) = PAW < 00) - Besp{ =5 [ X2 1(s)as) (14)

since |f|2 = fol(f’(s))st for Wiener measure p = L(W). Taking ||-|| to be the sup-norm on C]0, 1]

and \ = \; = ae 2™/ (2m+1) i (4.4) with o > 0, it follows from the existence of the constants that

Ky = lim g2/(@m+D) 10g]P’< sup | X (t)] < 5)
e—0 0<t<1

\Y

lim %/ 2™+ 1og P ( sup |W(t)| < ael/(zmﬂ))
e—0 0<t<1
2

o 1
+ lim e/ @™+ 1og E exp { — —g~4m/@m+1) / X,Qn_l(s)ds}
0

e—0

2
s

— —(7T2/8)072 — %al/m<sin —)_1.

2m

Now pick the best a > 0, we obtain

1 T\ 1L
< m 2 2 L oymfs T
o < i (0289074 50t (s ) )
2m + 1 N\ 2/(2m+1) Lo\ —2m/(2m+1)
- =5 (3) (2msin 50

2
which is the upper bound for &, in (1.12).
It is of interest to note that both bounds rely on easier Lo-estimates and the constant bounds for
Km are the sharpest known. Furthermore, we can also consider the L,-norm on C[0,1] with 1 < p < oo
for X, (t). It is shown in Li (2001) that
1 1/p
lim %/ 2™+ 1og P (( /0 | X (1) y%:) < 5) = —Cpyp (4.5)

e—0

Thus bounds on C,,, can be given and it is similar to what we did for the above sup-norm case. We
omit details here.
Finally, we prove (1.13) based on Theorem 1.2 similar to the upper bound argument above. This
time we take Y = X,,,(¢) and X = X,,,_1(¢) in Theorem 1.2. Then for any A = A\, >0
A2 [l
P ( sup | X (1) < 8) >P < sup | Xp—1(t)| < As) -E exp{ - 3/0 WQ(S)dS}

0<t<1 0<t<1
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since |f[2 = fo (f™)(s))2ds for the Gaussian measure y = £(X,,_1). Taking A = \, = fe—2/(2m+1)

with 8 > 0, it follows from the existence of the constants and the Ls-estimate given in (1.7) that

—km = lim e/ @Mt og P < sup | X (1) < e>
e—0 0<t<1

Y

lim 2,52/(2m-i-1) 10gP ( sup ’Xm—l(tﬂ < 65(2m—1)/(2m+1)>
e—0 0<t<1

2 1
+ lim £/ M) Jog B exp{ - 6—5_4/(2’”“) / W2(5)d5}
0 2 0

E—

_ _6—2/(2m—1)ﬁm_1 o /8/2

Now pick the best 8 > 0, we obtain for m > 1

IN

Rm

min (ﬁ 2/(2m=1) 1—|—ﬂ/2)

B>0

= ((2m — 1)/ @D (2m 4 1)(2m — 1)L B D/ EmE)

Kim—1

which can be rewritten as (1.13). In the case m = 2, we have
k2 < (5/3) - (3/4)%° - K.

Note that, based on the estimate x; < (3/8) - (2m)%/3, the estimate given in (1.12), namely ky <
(5/8) - (2m)%/%, is better than the fofegoing one.

5 Remarks on related problems and approaches

Consider the (m + 1)-dimensional diffusion process X (t) = (Xo(t), - X;n(t)) with generator

1o Z (5.1)
" 2022 Th— 18 T ‘

The hypoellipticity of this operator can be checked with the help of the Hormander condition, see
Chaleyat-Maurel and Elie (1981) for details, and could possibly yield some informations about the
unicity of the solution for certain boundary value problems related to L.

Condsider the first exit time of the unbounded domain D = {(z¢,--,2m) : |zm| < 1},
T=inf{t >0: |X,,(t)|>1}=inf{t>0: X(t) ¢ D}.

Our main results are then equivalent to

t -1
tlim %logE exp {—/ an(s)ds} = —9~(2m+1)/(2m+2) <sin U > (5.2)

2m + 2
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and

1
tlirn : logP{7 >t} = —km (5.3)

with bounds on k,, given in (1.12) and (1.13).

Define the linear operator

10%u

& < u 2 2 mem+1
EU_§8—@%+I;xk18_xk_xmu’ Uer(R )

and let o(£) be the spectrum set of £, where CZ(R™*1) is the space of bounded, twice differentiable
functions on R™*!. Further, let Cp(R™*!) be the Banach space of bounded functions on R™*! with
the norm || f|| = sup, | f(x)| and define a semigroup of linear bounded operator T} (¢ > 0) on Cy,(R™*1)
by
Tif(x) = IEJ;(exp {— /Ot Xgl(s)ds} f(Xo(t), . -,Xm(t))), x = (2o, ", Tm) € R™HL

Then £ is the infinitesimal generator of T;. By Gelfand Theorem, see, for example, Proposition 3.8,
p.197 in Conway (1990),

Jim o] |T3]| = sup { log (73]} (5.4)

On the other hand, it is not hard to see
t t
|| T¢|| = sup E , exp {—/ X,Zn(s)ds} =E exp {—/ X,%l(s)ds} (5.5)
T 0 0

where the second equality follows from Anderson’s inequality for centered Gaussian measures and the

simple fact that EY = [P (Y > y)dy for Y > 0. Thus we have from (5.4) and (5.5)

1 t
tlim i log E exp {—/ X%(s)ds} = sup { log|o(T1)|}

and as a consequence of Theroem 1.1 or (5.2),

-1
sup { log |o(Ty)|} = —2~(m+1/(@m+2) (sin 2m7r+ 2> ‘

It is tempting to conclude directly via the spectrum map theorem that sup{log |o(T7)|} = sup R{c(L)}.
But there is no general results for unbounded L see Davies (1980, Theorem 2.16, 1995), Goldstein
(1985) and Ethier and Kurtz (1986).

Similarly, if we view L as the linear operator defined on the space
Cio(D)={fe€Cy(D): f=0ondD}
then we can also relate the constant x,, to the corresponding spectral radius.
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As a remark, it is interesting to note that the technique of spectrum theory can be applied in
broader situation, especially on the existence of the constant. For example, we can apply the above
arguments to show easily the existence of the small ball constant under the L,-norm for X, by

considering

Tipf(z) = Ex<exp {—/Ot |Xm(s)|pds} f(Xo(t), - ,Xm(t))>, r = (20, ", Tm).

In particular, this justifies Theorem 4.1 in Khoshnevisan and Shi (1998) for the case m = 1, where the
suggested arguments for the proof do not work. A different and direct method for proving existence of
small ball constants under various norms, based mainly on scaling rather than subadditivity, is given
in Li (2000) for Gaussian processes including X,.

Our result can also be related to, respectively, the following eigenvalue problems:
Lu=—\u (5.6)

and

Lu= - u in D
{ (5.7)

u=0 on dD.

In the uniform elliptic operator case, Donsker and Varadhan (1976), see also Pinsky (1996), shows
by Feymann-Kac formula that the solutions for above eigenvalue problems exist and their principal
eigenvalues are the constants we are looking for. However, this approach does not seem to work in
our case mainly because we do not know if the solutions (principal eigenvalues) exist or not. If they
exist, they should be the constants we want, in the light of (5.2) and (5.3). Recall that —\¢ is the

principal eigenvalue of (5.6) if it satisfies (5.6) for some ug > 0 in the domain of £. Then
Tyug(z) = e Poug(z)

by solving the differential equation

%Ttuo(:ﬂ) = —ATyuo(z) with Tyug(z) = ug(z)

and it is hopeful that as ¢ — oo, E exp {— fot X,Qn(s)ds} behaves like, up to some controlable factors,

E (exp {— /Ot Xi(s)ds} wo(Xo(t), - ,Xm(t))> — eP0u(0) = Tyu(0).

Note that we encounter some difficulties here since we have an unbounded domain. from above, but
not from below.In the literature about eigenvalue problems, it seems that little is known in degenerate
case. We hope the special case considered here can attract some interests. Maybe the recent work of

Feng and Kurtz (2001) can be applied here.
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The third connection we know is the following. Write

t
u(x,t) :Exexp{—/ X?n(s)ds}, z=(zg, -, Ty) € R™!
0

and

v(a:,t):P:C{TZt}, x = (zg, -, Tpm) € R™TL

Then u and v solve, respectively,

g—;‘ = Lu, u(z,0)=1 (5.8)
and
%—Ev inD, wv(z,00=1 zeD, v(x,t)=0 =ze€dD (5.9)
So (5.2) and (5.3) can be written as
1 T -1
T _ _o—(2m+1)/(2m+2)
tlino10 " log u(0, 1) 2 (sm Gy 2> (5.10)
and
1
1tlim n logv(0,t) = —Km. (5.11)

The trouble is, however, we don’t know whether or not the bounded solutions of (5.8) and (5.9) are
unique. Is it true that all solutions satisfy (5.10) and (5.11) if they are not unique?

A close related and useful technique in studying certain asymptotic problems is the logarithmic
transformation V' = —log v(z, t) which changes (5.11) into a nonlinear evolution equation for V. This
can then be viewed as a stochastic control problem, see, for example, Fleming and Soner (1993).

Finally, we point out that we do not have any variational representation for the constants k,, other
than the existence with bounds given in (1.12) and (1.13). It would be very nice to have an analytical
expression for k,,. Unfortunately, we don’t quite have the technical machinery to carry out any of the

approaches mentioned in this section.
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