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ABSTRACT

In today’s world, analog-to-digital converters (ADC) play a major role. Our
modern society requires and depends on electronic devices that process the analog
input data in the digital domain, such as cellphones, audio and video systems, and
even domestic appliances. Therefore, the development of fast and accurate ADCs
have become a key issue for the industry. In general, a good ADC is the one
that achieves high resolution (low quantization noise) with low complexity. One
of the most popular techniques to decrease the quantization noise is to digitalize
the incoming signal with a sampling frequency many times higher than twice the
signal bandwith. This technique is called oversampling. Probably the most popular
oversampling converters are the Sigma-Delta (SD) modulators which use a very high
sampling frequency and a binary quantizer (for first order SD). In SD, the quantizer
is embedded into a feedback loop in such a way that the quantization noise is not
only spread over the spectrum (because of oversampling), but it is also shaped to
the upper frequencies (this is called noise shaping). The big problem with SD is that
the quantization noise spectrum presents undesired harmonics caused by the non-
linear nature of the quantizer. To avoid this, the solution is to add an independent
signal before the quantization stage called dither. It was proven by Lipshitz and
Vanderkooy in [1] that dithering a first order SD modulator is ineffective as it turns
the modulator in constant overload. In addition to this problem, because of the
feedback loop, higher order SD modulators can be unstable. That being said, the
aim of this work is to present a simple oversampling ADC without feedback capable

of generating the minimum uncorrelated quantization noise that yields the maximum



possible SNR at the output. For that purpose, this work develops the statistical
characteristics of the optimum dither that achieves the mentioned goal for different

types of input signals.
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Chapter 1

INTRODUCTION

In this chapter, we first introduce the two different categories for analog-
to-digital converters (ADCs): the Nyquist Rate converters and the Oversampling
converters. Then we focus on the Oversampling ADCs and briefly describe the two
main groups in this category: the Oversampled PCM converters and the Sigma-Delta
converters. Then, the binary dithered-oversampling A/D converter is presented.
The main idea of this converter is to add the optimum dithered signal before the

binary quantization stage to maximize the output SNR.

1.1 Nyquist Rate and Oversampling A /D Converters

In A/D conversion technology, there basically exist two different types of
converters: Nyquist Rate Converters and Oversampling Converters [2]. The Nyquist
Rate Converters use a fairly low sampling frequency (slightly above the Nyquist
frequency), but a quite high number of quantization levels in order to achieve a
certain SNR. On the other hand, Oversampling Converters can achieve the same
SNR but with a lower number of quantization levels and a sampling frequency
many times above the Nyquist rate. Therefore, there is a trade-off between sampling
frequency and number of quantization levels to achieve a certain SNR.

In Figure 1.2, we see how the in-band quantization noise power is reduced

when increasing the sampling frequency.
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Figure 1.1: Oversampling and Nyquist Rate Converters. There is a trade off be-
tween sampling frequency and quantization levels to achieve a certain
SNR.
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Figure 1.2: Oversampling and quantization noise. The in-band quantization noise
is reduced when using oversampling.




If we want to achieve a good performance with few quantization levels, we
need to focus on the design of oversampling converters. The two basic configurations

for oversampling converters are: the 'Oversampled PCM’ and ’Sigma-Delta’ [2].

1.1.1 Oversampled PCM

In PCM, the incoming signal is compared to a set of fixed thresholds, and
depending on the amplitude of the analog input sample with respect to the thresh-
olds, the output value is selected. These converters simply use a very high sampling
frequency (i.e. the sampling frequency is m times higher than the Nyquist limit) in
order to spread the quantization noise over the spectrum. In this way, after low-
pass filtering, the resulting digitalized signal has a much lower quantization noise
(in comparison to the one obtained sampling at the Nyquist frequency). In this
case, the conversion is done sample-by-sample, so there is no need to store previous
input samples to get the present output. We can say that this is a memoryless A /D

conversion. The in-band quantization noise power IQNP in this case is:

[\

o
IQNP = —= (1.1)

m
where m is the oversampling ratio and o2 is the quantization noise power for a linear

model of the quantizer [2].

1.1.2 Sigma-Delta Converters

This type of oversampling converter also takes advantage of the high sam-
pling frequency to spread out the quantization noise. After low-pass filtering, the
remaining noise is much less than if we were using the Nyquist frequency as the
sampling frequency. The interesting thing about Sigma-Delta is that they also per-
form noise shaping. That means, that the quantization noise is not only spread over
the spectrum, but it is also high-pass filtered. In this way, the amount of quanti-

zation noise power in the band of interest is significantly reduced. To achieve this,



the system needs feedback and makes use of previous input and output samples to
predict the present output. One important disadvantage about Sigma-Delta is that
the integrator in the feedback loop may turn the system unstable for certain input
signals. In addition to instability, for first-order Sigma-Delta configurations, the
output is highly correlated with the input signal, and the spectrum also presents
harmonics [3]. One way to solve this problem would be to use dither along with
Sigma-Delta [12], but this was proven to be uneffective as the quantizer would be in
constant overload [1]. Despite of these issues, Sigma-Delta achieves a much better

performance than Oversampled PCM because of the noise shaping property.

x[n]-y[n]+v{n] v[n] = x{n-1]
[n] +@ x[n]-y[n] +/+ T il Q y[n] = v[n] + e[n]
-1
- + =

Figure 1.3: First-order single-stage Sigma-Delta. The quantization noise e[n| is
shaped by a first order high-pass filter [4].

The in-band quantization noise power in this case is,

2.2
o,

3m3’

IQNP = (1.2)

In Figure 1.4, the in-band quantization noise power is plotted for both cases:
Oversampled PCM and First-order Sigma-Delta. It is assumed that o2 = 1.

In Figure 1.5, the diagram illustrates how the noise shaping characteristic of
Sigma-Delta makes the in-band quantization noise much lower than in the case of

PCM. This is the reason why Sigma-Delta performs better in terms of SNR.
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Figure 1.4: In-band quantization noise when o2 = 1. Sigma-Delta performs better
than oversampling PCM.

1.2 Binary Dithered-Oversampling Analog-to-Digital Conversion

In this section, we are introducing a new approach for analog-to-digital con-
version. The main idea of a binary dithered-oversampling converter is to use a dither
signal M[n] called 'mask’ independent of the analog input z[n| in order to make the
quantization error uncorrelated to the input signal. We will focus our attention in
the binary quantization problem, as it covers the most general case. For the case
when we have more than two possible quantization levels, the problem can be split-
ted into several binary quantization problems where the output y[n] can take the
value a or b with probability p and (1 — p) if we know that x[n] lies in (a,b). How-
ever, we will not concentrate in this case and it will not be part of the analysis in
the following chapters. Moreover, the higher the number of quantization levels con-
sidered, the more uncorrelated the quantization error and the input signal will be,
so there will be no point in using dither before the quantization stage [2]. Just like
any other oversampling converter, the input signal z[n] will be sampled at a rate m

times higher than the Nyquist limit in order to spread the quantization noise over a
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Figure 1.5: Quantization noise spectrum for PCM, Oversampling PCM and Sigma-
Delta. The noise shaping property of Sigma-Delta makes this tech-
nique to be the one with the lowest in-band quantization noise power.

broad spectrum. Then, decimation has to be performed. The addition of the dither
signal M|n] is equivalent to make the quantization thresholds variables (instead of
using the fixed ones like PCM). The idea is to control this pseudo-randomness of the
quantization levels in order to achieve the best performance possible at the output
(i.e. we want to make the in-band quantization noise power as small as possible).
In this way, we not only get rid of the harmonics in the quantization noise spectra,
but we also improve the output SNR by shaping the quantization noise.

To begin with, let us assume that we have an analog input sample z[n] €
(—1,1). Its corresponding binary quantized output y[n] will take the value -1 with
probability py, and the value +1 with probability p;. Furthermore, the expected



x[n] Q y[n]

M[n]

Figure 1.6: Binary Dithered-Oversampling Analog-to-Digital Converter.

value of y[n] must be x[n|. Therefore,

—Po + = zn
Po TP [n] (1.3)
po+p = L
Solving for py and p; we have,
_  l-gz[n]
bo o (1.4)
= —§ =

The mask signal M[n] € (—1,1) is an external signal uncorrelated with the input
x[n] with certain statistical properties. In particular it will have a probability density
function fy;(m) and an autocorrelation function ry; (k). For every incoming sample
x[n], a decision about y[n] being -1 or +1 will be made based on the corresponding
value of M|n|. If M|n| lies below a certain threshold ¢[n], we will assign y[n] = —1.
On the other hand, if M|n| is greater than t[n], y[n| will be +1. Therefore, the
probability of M[n] being less than ¢[n| must be py, whereas the probability of Mn]
greater than ¢[n] must be p.
t[n]
p(M[n] < tn]) = fu(m)dm = py

-1
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ER 4

1]

Figure 1.7: Probability density function of M[n|. The probability of M[n] being
less than t[n] is py, whereas the probability of M[n| being greater than
t[n] is p1.

In paricular, if M[n] is uniformly distributed, we will have,

: if ~-1<m<1
fru(m) = (1.6)
0 otherwise
and
0 if —oo<m< -1
Fy(m) =4 ™ Gf —-1<m<1 (1.7)

1 if 1<m<oo
with Fy/(m) being the corresponding cumulative distribution function. In this case,

recalling equation (1.5),

Fu(tn]) = = Po. (1.8)



From equation (1.3) and equation (1.5), it is then very easy to prove that ¢[n] =

—x[n].

1 t[n]
/ fau(m)dm — / fau(m)dm = z[n]
t[n] -1
|

t[n] 1
/ —dm — —dm = z[n]
f 2

n] 2 -1
1—tn] <t[n] + 1) _ 2]
2 2
—t[n] = z[n]. (1.9)

With all these things considered, for uniform masks M|n], the quantization rule is
the following: If M[n] < —z[n], then y[n] = —1. On the other hand, if Mn| >
—x[n], then y[n] will be +1. Therefore, for uniform M|n],

yln] = sgn(zln] + Min]). (1.10)

X[n] XIn] + Mn] yIn] = sign { xn] + M[n] }

+ »Qr——

MIn]

Figure 1.8: Binary Dithered-Oversampling ADC when M|n]| is uniformly dis-
tributed.

For the case of non-uniform M|n], it is possible to get a similar expression as

long as the distribution function is known. In general,

yln] = sgn(Mfn] — t[n}). (1.11)



Chapter 2

OPTIMUM DITHER FOR A CONSTANT INPUT

In this chapter we consider the case when we want to quantize an analog
DC signal (i.e. z[n] = A Vn). This case appears to be of interest for oversampling
converters as an array of analog samples could be approximated by a constant signal
as long as the oversampling ratio is sufficiently large [3]. Our goal will be to find

the optimum statistical properties of M[n] to maximize the output SNR.

2.1 Setting up the problem

Let us consider the case where we have an analog DC input z[n] = A sampled
at a rate well above the Nyquist frequency and we want to quantize this signal using
a binary quantizer and dither. For simplicity, we can assume that M[n| has a uni-
form distribution. Then, our objective will be to give the optimum joint statistical
properties of M|[n]| such that the output SNR after decimation is maximized (i.e.
we want to minimize the in-band quantization noise power (IQNP) ). The binary
oversampled signal will be in this case y[n| = sgn(M[n] + ).

Our optimization criteria is minimizing the IQNP, therefore, we first need
to get an expression for the power spectral density (PSD) of the quantization er-
ror e[n] = y[n] — A. To do so, we need to start by getting an expression for the

autocorrelation of e[n] called r.(k).

ro(k) :E{e[n]e[n—k]}. (2.1)

10



y[n] = sign { A + M[n] }

A A+ Mn]
+ »QH—
e[n] = y[n]- A
Min] M[n] ~ U[-1,1]

Figure 2.1: Dithered-oversampling binary ADC. The input z[n] is constant (i.e.
x[n] = A).

Expanding (2.1) we have,
ro(k) = E{ [sgn(M[n] FA) — A} [sgn(M[n K]+ A) - /\] }
— E{sgn(M[n] + N)sgn(Mn — k] + /\)} - )\E{sgn(M[n] + /\)}
—)\E{sgn(l\/[[n — K]+ )\)} + A2
— E{sgn(M[n] + N)sgn(M[n — k] + )\)}
—2)\E{sgn(M[n] + )\)} Y (2.2)

As mentioned above, M |n] is uniform, therefore, its PDF is defined as in (1.6). Let’s
now work on the term E{sgn(M[n] + )\)}

E{sgn(M[n] + )\)} = /+00 sgn(m + A) far(m)dm

11



Now,
re(k) = E{sgn(M[n] + N sgn(M[n — k] + )\)} _9A2 1 )2
= E{Sgn(M[n] + A)sgn(M[n — k] + )\)} — A2 (2.4)
For k = 0 we get,
7.(0) = 1 — \2. (2.5)

To get the values of r.(k) for k£ > 0, we need to consider the joint statistics of M|n].
Let’s define the joint cumulative distribution funcion (CDF) of M[n] and M[n — k]

as follows,
Fongmy, (Mo, my) = p(M[n] < mg, M[n — k] < my)
mg mo
= / Smomy, (€, y)dady (2.6)
—1 -1

With fing.m, (Mo, my) being the corresponding joint probability density function (PDF).

a2F’mo,m;c (m07 mk)

fmo,mk(moamk) = (27)

Omoomy,
We know that M|[n] is uniform in (—1,1). This implies the following conditions for

F;ﬂo,rml€ (m07 mk)u

0 if —oo <my < —1
Fongmy (1,my) = Fag(my) = ¢ Mt f 1 <ipy < 1 (2.8)
\ 1 if 1<myp <o
(0 if —co<mp<—1
Frngmy (Mo, 1) = Far(me) = ¢ 22t Gf 1 <m <1 (2.9)
\ 1 if 1<mg<oo
and
Frngmi (Mo, —1) = Frg e (—1,my) = 0. (2.10)

Let’s now recall a simple relation between a two dimensional PDF and its cor-

responding CDF that will be useful for the mathematical derivation of r.(k). If

12



F,4(z,y) is a two dimensional CDF with a corresponding PDF f, ,(x,y), the fol-

lowing relation holds,

[ festoody = Fuyfa ) = Faoon.) = Faas ) + Fao, ).
e (2.11)
With all these things considered, we can go back to equation (2.4) and work with
the term E{sgn(]\/[[n] + N)sgn(M[n — k] + )\)} = g(M[n], M[n — k], \). Therefore,

g(Mn), Mn — K], \) = / 1 / 5o+ N5 (9 +A) f (.l

) RN 1 -
_ / oo (2, y)dady — / From (2, y)dady
—1

-1 |
-2l 1 pl
o / / fmo,mk(xay>dxdy + / / Jrmoms (x,y)dzdy.
-1 J=A -2 J =

Then, it is possible to write the four double integrals in terms of F,, ., (mo, my) by

making use of the property described in equation (2.11).

g(M[n]v M[n - k]? /\) - Fmoymk(_/\v _/\) - Fmo,mk(_lv _/\) - Fmo,mk(_)‘7 _1)
_1a _1) - [memk(_)\? 1) - Fmo,mk(_la 1)
) -A)+ FMO,mk(_la _)‘)] - [FMO,mk(lv _)‘)

(
(
_Fmoymk(_ ) =) — Fm07mk(]‘7 _1) + Fm07mk(_)\7 _1)]
(
(=X, =N). (2.12)

From equations (2.8), (2.9), (2.10) and the fact that F,, ., (1,1) = 1, we know that

Fogmy(x,—1) = Fgm (—1,y) =0 (2.13)

and

Fm07mk(_A7 1) = Fmo,mk(ly _)‘) = ; (214)

13



Therefore,

g(M[n], Mln — k], \) = 4Fmo,mk<—A’—A>+1—4[%}

= 4Fm (=X, —A) 20— 1. (2.15)
Now we are ready to substitute in equation (2.4),

re(k) = E{sgn(]\/[[n] + N)sgn(M[n — k] + )\)} —\?
= AF 0 m (=X, =) +2) — 1= )% (2.16)

Equation (2.16) gives us an expression for the autocorrelation of the error r.(k) in
terms of the statistics of M [n]| when the input to the system is a constant A € (—1,1).
It is a well known result that the power spectral density (PSD) of the error e[n] (that
we will call S.(w)) is the Discrete Time Fourier Transform (DTFT) of r.(k) and can

be expressed as follows,

Se(w) =1e(0) + 2> re(k)cos(wk). (2.17)

The optimization criteria that we need to consider is the in-band quantization noise

power (IQNP), which is in fact the integral of S.(w) in the band of interest.

™

1 k3

IQNP = _1 S.(w)dw
1-A2 1 [ &
= — (K k)d 2.18
- +7T/_%;T()cos(w)w (2.18)

where m is the oversampling ratio. It is reasonable to assume that for a certain
integer N, r.(k) = 0 Vk > N. Therefore, the infinite sum in (2.18) becomes finite

and the IQNP can be expressed as follows,

=X 1 [n
IQNP = + — Zre(k‘)cos(wk‘)dw
)

_1-x 3 %sin(k—ﬂ->7"e(k>- (2.19)



We observe that the IQNP is linear with respect to the coefficients r. (k). Therefore,
given N, we could find an optimal set of r.(k) with &k = 1,.., N that make the IQNP
minimum. The set can be found by using linear programming optimization.

When k > N, we are actually assuming that the samples M |[n] and M[n — k]
are independent. Therefore, for £k > N the joint PDF will be the multiplication of
two uniform densities in the range (—1,1).

/4 if —1<my<—-1 and —1<my<-1

fng,my (Mo, my,) = (2.20)
0 otherwise.

If this happens, the respective CDF for —1 < my < —1 and —1<m; < —1 will
be

(1 +mp)(1+ mk)'

Erng i (Mo, my,) = 1 (2.21)
In this case, substituting in equation (2.16), we get
1—\)?
ro(k) = 4[%] PN -1 22
= (I—=A)?4+220—1-)?
=0 (2.22)

as expected.

Once we get the optimum r.(k), by using equation (2.16), we can find the cor-
responding values of F,, m, (—A, —A) for all k. The set of functions Fj,, m, (o, my)
satisfying these conditions will be the solution for our optimal mask M|n|. That
means that the mask given by the joint CDFs F,,, ,,, (mo, my) for all k£ will be the
one that minimizes the in-band quantization noise power (i.e. the one that maxi-
mizes the SNR at the output). However, before finding the optimum coefficients,

there are some constraints that must be addressed.

15



Firstly, Fino.m, (Mo, M) is monotonically non-decreasing and right-continuous
in both variables mg and my. Now, recalling the border conditions given by equa-

tions (2.8), (2.9) and (2.10), we end up with an upper and a lower bound for

Fmo,mk (m07 mk‘)

L+ mo Hm’“} (2.23)

0 S ijo,m;€ (m07mkz) S mln{ 2 ) 9
Secondly, the PSD of the error S, (w) has to be positive. S.(w) is a function of r.(k),
and 7. (k) is a function of F,,, ,,, (Mo, my). Therefore, this condition also has impact

on Fing m, (mo, my) for all k.

Se(w) >0 = r.(0)+ QZre(k)cos(wk) >0
k=1

N
= 1-a242) [4Fm0,mk(—A, M) 423 — 1 — 22| cos(wk) > 0.
k=1
(2.24)
The third point to consider is that the PSD of M[n] (that we will call Sy, (w)) also
needs to be positive. This has impact on the values of the corresponding autocor-
relation 7y, (k) which is also function of the joint PSD of the mask fy,, m, (1m0, my)

for all &.

+oo
Su(w) >0 = ry(0)+ QZTM(k)cos(wk) >0
k=1
+oo +1  p+1
= 1/3+ 22 [/ / VW frng my (U, w)dvdw | cos(wk) > 0.
k=1 J-1 J-1

(2.25)

Lastly, we need to consider that the joint PDFs f,, m, (1m0, my) should be such that
limy oo 7 (k) = 0.

The problem of finding an optimum mask by finding the optimum set of func-
tions Fyg.m, (Mo, my) under these constraints is not trivial and can easily lead to mis-

takes. Therefore, we will turn the problem of finding the optimum F,,, .., (mo, my)

16



into the problem of finding the optimum mask spectrum (i.e. finding the optimum
Syr(w)). This means that instead of looking for the set of CDFs, we will define a

general f, m, (Mo, mg) that will allow us to get any desired spectrum for M|n].

2.2 Model for a general joint PDF for M[n]

In this section we introduce a general joint PDF for M[n|. For every k we
will have a PDF' f,,) m, (Mo, mi) depending on a tunable parameter C. By varying
Cy, for all k it will be possible to get any desired spectrum for M|n].

To begin with, let us recall that |ry (k)| < r3(0) = 1/3. Therefore, —1/3 <
ra(k) < 1/3. Now let’s look at the definition of 73, (k).

1 1
ru(k) = / / MMk frng,my, (Mo, My )dmydimg
1/
O -
= / / Tfmo/mk(mO/mk:)dmkzdmO
1/
——
= / _|:/ mOfmo/mk(mO/mk)dmO dmk
= / = B(mg/my)dmy,. (2.26)

We want the integral in equation (2.26) to be % with -1 < C) < 1.
Therefore, we will need to find a fing/m, (Mmo/my) such that E(mg/my) = Crmy,

for —1 < ('} < 1. In this way,

rulk) = / E(mofmi)dmi

o 2
Ch

= —. 2.27
: (2.27)

It is easy to note that if we define the PDF of mg given my to be uniform (i.e.

oy (Mo/my) is uniform with respect to mg), we get E(mg/my) = < for —1 <

17



(% < 1. Therefore,

’
-1 20,m, —1<mg <1

o i, (Mo /M) = -1 1 <my<14+2Cm;  (2.28)
o 200+ Cumi)| if ==
-1 S C’kmk S 0
\ 0 otherwise.
m, myg
A A
114 1
- ACmy 2{1-C,my)
- - 2¢,m, -1
T 1
T 2(1-¢,my)
1 1
x[n-K] x[n]

Figure 2.2: Conditional probability density function fi,,/m, (mo/ms). Given my,
Jimomi (Mo/my;) is a uniform random variable centered in Cymy,

The joint PDF fi, m, (Mo, mi) will be the multiplication of fi,,/m, (mo/mk)
by the marginal (which is uniform in (—1,1)).

mg/mg, \T0 /M .
fingmy, (Mo, my) = . k; i < mom <1 (2.29)
0 otherwise.
Figures 2.3 and 2.4 show the domain for f,,m,(mo, my). Figures 2.5, 2.6
and 2.7 depict the joint PDF when the parameter CY, is varied. We observe that as
C approaches zero, f,,m, (Mo, my) tends to be uniform.

In this way, we have found a joint PDF for M[n] and M[n — k| that makes

the autocorrelation ry; (k) vary between —1/3 and 1/3, so we can pick any desired

18



1
4(1+Cym,)

Figure 2.3: Domain for f,, m, (mo, m;) when 0 < Cj < 1.

m,

1
4(1-Cpmy) 4_________‘\.

| —— mg=2C,m+1

-1
my = 2C,my -1

4(1+Cmy )

Figure 2.4: Domain for f,, m, (mo, my) when —1 < Cj, < 0.
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f(mO,mk) for Ck = 0.8

N
\\ \\\\\\ \\
\\‘\\\ W
‘\\\\\\\ \\“\\\‘\\\\\\\ N

N \\\\\ MR
\‘\\\\ X

\\ N
N \\\«\\«&
\\\\\\\\w\

Figure 2.5: Joint PDF f,,,; . (mo, my) for Cj, = 0.8.

f(m0,mk) for Ck = -0.8

0 0.2 04 0.6 08 B

mk

Figure 2.6: Joint PDF f,,, ., (mg, my) for C, = —0.8.
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f(mO,mk) for Ck = 0.2

Figure 2.7: Joint PDF f,,; m, (mo, my) for Cy, = 0.2.

spectrum for M[n] by choosing the appropriate value of Cy for all k. The corre-
sponding joint CDF will be described by a large and complex expression defined as

follows,

mo my
ijo,m;€ (m07 mk) = / fmo,m;€ (1‘7 y)dydl’
1 J-1

(

1/2<C <1

= gi(mo,my) if ¢ —1<my <0

1 <mg < —20, + 1
1/2<C, <1

g3(mo, my) if —-1<m; <0

=20, +1<my <20my +1
1/2<Cp <1

ga(mo, my) if —1<m; <0

21



(mo, my) if
gs

(m07 mk) Zf
9e

(mo, my) if
g4

(m07 mk) Zf
gs

(mo, my) if
gr

(m07 mk) Zf
gs

(mo, my) if
a1

(m07 mk) Zf
g3

22

1/2<C, <1

1-Cy
< my S Ch
0<

-1
0<20kmk
—1<mg <

1/2<Cp <1

—C},

<my < lck _QCk .
» 1 <mp <
QCk.mk—
1/2<C, <1

- e
<mk§10—k’“ 1
O_C +1<my <
—20,
1/2§C’k§11
—k <
’Ck<mk_
1Ck , < —20% +1
—1<my <
1/2<Cr, <1
0 <y <1

— — k
Ck'

1/2<C,<1
1-Cy < my S 1
Cr, —

r—1<mg<1
QCkm

<Cp<1/2
0<Ck <
<0
mg >~
o < =20 +1
—1<my <
<Cp<1/2
0<Ck <
1<mk§0

— +1 +1
<my < ZCkmk
> >~
QCk



(0<cy<1/2

g2(mo,m) if ¢ —1<my <0

20bm +1 <mp <1
0<Cy<1/2

gs(mo,my) if ¢ 0<my <1

-1 <my <2C,ymy; — 1
0<Cy<1/2

ge(mo,my) if ¢ 0<my <1

20,my, — 1 <mg < —2C, +1
0<Cy<1/2

ga(mo,my) if ¢ 0<my <1

Ve

1< 0L < —1/2
gu(mo,my) if ¢ —1<my <0

—1 Smo §2Ckmk—1

1< 0y < —1/2
go(mo, my) if —-1<m <0

QCk.mk —1 S mo S —QCk —1

;

1< 0 < —1/2
g1o(mo, my) if —1<m;p <0

| 20, —1<mp <1
4

—1<Cp < —1/2

g12(mo, my) if 0<my <

—1-C,
Ck

—1<my < =20 —1

\
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913(m07 mkz) of

g16(mo, my) if

914(m07 mkz) of

g15(mo, my) if

916(m07 mkz) of

g11(mo, my) if

go(mo, my,) if

G10(mo, my) if

24

\

—1<Cp < —1/2

0 <my < =5

—2C, — 1 < mg < 2Cemy, + 1
—1<C < —1/2

0 <my < =5
—1<Cp < —1/2

G <my <1
-1<Cpr < —1/2

Gt <mp <1
QCkmk—i—lgmog—QCk—l
—1<Cp < —-1/2

Gk <m <1

20, —1<my<1
~1/2<CL <0

-1 Smo §20k.mk—1

—1/2<C, <0

onmk—l Smo S —QCk—l

~1/2<C, <0

—2C,—1<my <1



~1/2<C, <0

g12(mo, my) if 0<m; <1
—1<my < —-2C, —1
—1/2<CL <0

g1z3(mo,mg) if < 0<my <1

=20, —1<mg<2C,m; +1
~1/2<C <0

g16(mo, my) if ¢ 0<mg <1

QC'kmk +1 S mo S 1.
(2.30)

The corresponding g;(mg, mg) in equation (2.30) with ¢ = 1...16 are defined as

follows,
. 1 1+ C’kmk
gi(mo,my) = [4—@} [(mo + 1)“9(71 —C, )}
my + 1
92(m07mk) = 5
_ 1 2+ 2CKmy,
g3(mg, my) = [4—@} [mo —142C% + (mo + 1)log<m>}
1
g4(mo,mk) = [4—@} [— 1+mg—+ on(l + mk) +
(1+ mo)log< 2 ) + (1 — mg)log(1 — C’kmk)]
mo + 1
1
gs(mg, my) = [4—@} [(1 —mg)log(1 — Crmy) — (1 —mg) +
1
gs(mo, mg) = [4—@ [QCkmk + (1 —mg)log(1 — Cxymy) — (1 + myg)log(1l — Cy)
1
gr(mo,mi) = [4—@} 12Ck + mo (2 + log(4) ) + (1 = mo)log(1 — mo)
—(1 4+ mg)log(1 + mo)]
1 1— mo

gs(mg, mg) = [4—@} [(1 — mo)log< ) + (1 + my) <1 —log(1 — Ck))}
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go(mo, my) = [%C’J [2Ckmk —1—mo+(1— m@log(%c;iom“)]
Gro(mo, my) = [%C’J [QCk + 2Cymy, + (1 +2C, + m@log(%)
2+ 20@[09(11%087:]‘3)}
gu(mo,my) = 0
g12(mg, my) = 4%7]{ :(1 + myp) <l0g(1 + Cpmy) — 1) +(1— mo)l0g<1 _2m0>]
g13(mo, my,) = 4%7]{ :QCk + (1 +2Cy, + mg)log(1 + Cy) + (2 + QCk)l0g<1 +10k)
+(1+ mo)log(1 + C’kmk)]
i) =[] om 1) -t )
gis(mo, M) = 4%% :(1 - mo)log<1 _2 0) + (1 +mg)log [(1 +gli)é10:mc;kmk)]

+2C’kmk - 2m0i|

4Cy,

916(m07mk) — [—} [1 —mgy+ QCkmk + QCk -+ (1 + mo)log{ 91 QCkmk

1
+(1 4+ 2C, + mg)log(1 + Cy) + (2 + QCk)log<1 +C )]
k

(2.31)

For simplicity, denote f*  (mg, mg) and F*  (mg,my) as the joint PDF

mo,mg mo,mg

and the joint CDF defined in this section (equations (2.29) and (2.30) respectively).

2.3 Optimum coefficients

In the last section we have introduced a fixed mathematical form for the CDF
Frg my (Mo, my;) that allows us to select any power spectral density Sy (w) for M(n].
Therefore, we can now substitute in equation (2.16) to get an expression for the

autocorrelation of the error r.(k).

re(k) = AF% (=X —=A) + 20— 1 — )% (2.32)

mo,mg
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In this way, any spectrum for M[n]| will have a corresponding set of F* = (=X, —\)

mo,mg

for all k (i.e.the autocorrelation r,(k) will be completely determined by the set
Cy for all k). Another important remark, is that for every fixed A, the value of

o i (=A,—=A) will vary in a certain range, and therefore, the value of r.(k) will

also vary in a certain range. We can call ay and () to the lower and upper bound
of r.(k) respectively.
ay < re(k) < By (2.33)

In Figure 2.8 we observe the surface F); . (=X, —A) when varying Cj between

(—1,1) and when we vary A between (—1,1).

F(-lda,-Ida)

Ck Ida

Figure 2.8: Joint CDF F, —\,—A) as a function of A and C.

o

We can also plot the maximum and minimum possible value of r.(k) for a
given A between (—1,1). This is shown in Figure 2.9. Unhopefully, there is no

analytical expression for the upper and lower bounds for r.(k) given A. Figure 2.10

27



Bounds for re[k] varying lambda
1 ‘

re{k]

-1 I 1 L
-1 -0.5 0 0.5 1

lambda

Figure 2.9: Bounds of r.(k) as a function of A.

shows how r.(k) vary with respect to C}, for different values of \. We observe that
when Cy =0, r.(k) = 0 which makes sense with equation (2.22).

Up to this point, given a positive integer N, we want to find the optimum
set of coefficients r.(k) for all k& = 1...N that minimizes the in-band quantization
noise power (we assume that r.(k) = 0 for £ > N). We also know that for a fixed
A, the autocorrelation coefficients must lie in a certain range. With these facts
considered, we can now perform the optimization. By means of linear programming
optimization [5], we can find the set of coefficients r.(k) that minimize the in-band
quantization noise power IQNP from equation (2.19) subject to the constraints in
equation (2.33) given A, N and m (the oversampling ratio).

After the optimization is done, we obtain the following figures. They show the
performance of the A/D converter with the optimum mask when varying A. Figure

2.11 is a plot of the in-band quantization noise (IQNP) as a function of A for different
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re[k] vs. Mask for different lambda
0.8 ‘ ‘ ‘
—©— lambda =0
0.6 —>— lambda = -0.5
lambda = 0.5
lambda = 0.95
—<— lambda = -0.95

re[k]

Figure 2.10: Autocorrelation of the error r.(k) as a function of Cj for different
values of A.

values of N. In the same figure, there are also plots of the IQNP for Sigma-Delta
(first, second and third order modulators), so we can compare results. In this case,
the oversampling is fixed to m = 20. Then, Figure 2.12 is a plot of the optimum
coefficient as a function of A for N =1 (i.e. it is a plot of r.(1) as a function of \).
In Figures 2.13, 2.14 and 2.15, we can observe the plots of the optimum coefficients
as a function of lambda for N = 2, N = 3 and N = 4 respectively. For all these
plots, the oversampling ratio is also assumed to be m = 20. In Figures 2.16 and
2.17, we plot the effective number of bits (ENOB) versus the oversampling ratio for
A = 0.5 and A\ = 0 respectively.

2.4 Conclusion
In this chapter we have introduced the oversampling A/D converter with

dither when dealing with a constant input signal. We have also developed the
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Inband Q-noise Power // x(n)=Ida = DC Input // OSR = 20
T T T T T T

—o— Masking ADC - N=
—=— Masking ADC - N =
—— Masking ADC - N =
Masking ADC N =
—&— SD 1. Order

zzzz

—¥— Masking ADC - N = 10|
—+— Masking ADC - N=

“or e : : SD/- st Order |
o il
ool 4 SD - 2nd. Order_|
70| il

SD - 3rd. Order
a0l 4

4 05 06
DC Input (Ida)

IQNP (dB)

Figure 2.11: In-band quantization noise power as a function of A for the case when
N =1,2,3,4,10 and 20 when the oversampling ratio is m = 20. In
the case of Sigma-Delta, the IQNP does not depend on .

N =1 // Optimum Coefficient - OSR = 20

0 T T T T

Coefficient Value

-0.7 : : :
0 0.2 0.4 0.6 0.8 1
DC Input (Ida)

Figure 2.12: Optimum coefficient as a function of A for N = 1. The oversampling
ratio is m = 20.
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N =2 // Optimum Coefficients - OSR = 20

0.2 T T T T

Coefficient Value

0.2 0.4 0.6 0.8 1
DC Input (Ida)

Figure 2.13: Optimum coefficients as a function of A for N = 2. The oversampling
ratio is m = 20.

N = 3 // Optimum Coefficients — OSR = 20

0.6

Coefficient Value

0.2 0.4 0.6 0.8 1
DC Input (Ida)

Figure 2.14: Optimum coefficients as a function of A for N = 3. The oversampling
ratio is m = 20.
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N =4 // Optimum Coefficients — OSR = 20
0.6 T T T T

Coefficient Value

0.2 0.4 0.6 0.8 1
DC Input (Ida)

Figure 2.15: Optimum coefficients as a function of A for N = 4. The oversampling
ratio is m = 20.

ENOB vs. OSR // x(n) = 0.5 — DC Input
25 T T T T

20
15

10

ENOB (bits)

—&— Masking ADC - N =2
—&— Masking ADC-N=4 |
—*— Masking ADC-N=8
—<— Masking ADC - N = 16
=5 —+— Sigma-Delta 1st. Order |7
—<— Sigma-Delta 2nd. Order|
—— Sigma-Delta 3rd. Order
-10p —F— Oversampling PCM
i i i I T I

i i n
0 20 40 60 80 100 120 140 160 180 200
Oversampling Ratio

Figure 2.16: Effective number of bits (ENOB) as a function of the oversampling
ratio for A = 0.5.
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ENOB vs. OSR // x(n) = 0 - DC Input
25 T T T T T

7

%

<
&5—<

7
15+ % < H %8 gV 3

6%

10F-ff

ENOB (bits)

R S N N N e
NP

—&— Masking ADC - N =2
—6— Masking ADC-N=4 ||
—*— Masking ADC - N =8
—— Masking ADC - N = 16
-5r —+— Sigma-Delta 1st. Order
—<— Sigma-Delta 2nd. Order
—v— Sigma-Delta 3rd. Order
-10+ —P— Oversampling PCM -

i i i i i i i i i
0 20 40 60 80 100 120 140 160 180 200
Oversampling Ratio

Figure 2.17: Effective number of bits (ENOB) as a function of the oversampling
ratio for A = 0.

mathematical expression for the autocorrelation of the quantization error r.(k) as
a function of the joint statistics of M[n] (i.e. as a function of the joint CDF of
M (n] and M[n — k|). Then we have assumed a certain general form for the joint
CDF F,m, (mo, my) such that we can pick any desired power spectral density for
M]n| and the problem becomes tractable. After this, we found the optimum N
non-zero coefficients r.(k) that minimizes the IQNP by using linear programming
optimization. These coefficients correspond to N values of C} for 1 < k < N. The
autocorrelation of the mask r/(k) is defined as ry (k) = Cx/3, then, once the set
of Cy, is determined, the power spectral density of the optimum mask Sy, (w) is also
determined. Therefore, the optimum autocorrelation function and spectrum of M [n]
was found.

It is important to remark that in this analysis, the input signal was always

known as a constant of value A\. This is why we were able to find a mask M|[n] that
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perfectly fits the input and we obtained really good results comparable to Sigma-
Delta modulation. In Sigma-Delta nothing is assumed about the characteristics of
the input signal. However, this technique achieves a very high performance because

it uses feedback.
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Chapter 3

OPTIMUM DITHER FOR A
UNIFORM WHITE NOISE INPUT

In Chapter 2 we have analyzed the case when the input to our dithered-
oversampling A/D converter was a constant input. Now, we will study the case
when the input is completely random. Just like in the previous chapter, this is an
extreme case that has to be addressed in order to complete the analysis of the A/D

converter in the limit cases.

3.1 Setting up the problem

In this chapter, the input x[n] to our system will be uniformly distributed
white noise. We chose to deal with a uniform distribution as this represents the
most general case. As usual, x[n] will be sampled at a rate m times higher than
the Nyquist rate. Then, the uniformly distributed dither signal M[n| will be added
before the binary quantizer generates the output y[n|. The objective will be again
to find the optimum statistical characteristics of M[n] that minimize the IQNP at
the output (i.e. to maximize the output SNR).

The probability density function of x[n] will be defined as follows,

7 —1<zr<1
Frle) = / =rs (3.1)

1
2
0 otherwise.
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y[n] = sign { x[n] + M[n] }

HQ—

X[n]

x[n] ~ U[-1,1]
M[n] M[n] ~ U[-1.1]

Figure 3.1: Dithered-oversampling binary ADC. The input z[n| is uniformly dis-
tributed white noise.

The signal z[n] is also white noise, therefore, the joint PDF of z[n| and z[n — k] will

be the multiplication of the marginals.

1/4 if —1<z0<-1 and —1<ux,<-1
fxo,xk (950,331@) = (32)
0 otherwise.

Moreover, as z[n] is uniform in (—1, 1), its power rx(0) = 1/3. The corresponding

autocorrelation function of the input rx (k) will be,

ey = 4 P E=0 33)
0 if k#D0.
The error e[n] will be defined as,
e[n] = sgn(M[n] + x[n]) — z[n]. (3.4)

Then, the corresponding autocorrelation function r.(k) will be as follows,
re(k) = E{e[n]e[n - k]}
= E{ [sgn(M[n] + z[n]) — x[n]} [sgn(M[n — k] +xn—k|) —x[n— k]] }
= E{sgn(M[n] + z[n])sgn(M[n — k] + x[n — k])}
—E{sgn(M[n] + z[n])z[n — k]} - E{sgn(M[n — k] +xn— k])x[n]}
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—l—E{x[n]x[n — k]}
= E{sgn(]\/[[n] + z[n])sgn(M[n — k] + x[n — k])}
—2E{sgn(M[n] + z[n])z[n — k‘]} + rx (k). (3.5)

The mask M|n] is uniform, so its PDF is defined in equation (1.6). Also, the joint
PDF of z[n] and z[n — k| is defined in (3.2). Therefore, for k£ > 0,

E{sgn(]\/[[n] + z[n])z[n — k]} = / / / sgn z +y)zdrdydz
= (3.6)

For k > 0, considering equation (3.3), the expression in equation (3.5) becomes,
ro(k) = E{sgn(M[n] + a[n])sgn(Mln — k] + z[n — k])}. (3.7)

When k£ = 0,

E{sgn(M[n] + x[n])x[n]} = /11 /11 <%) (%)sgn(z‘ + y)wdrdydz
1
3

_ (3.8)
Therefore,
re(0) = E{e[n]e[n]}
_ E{ [sgn(M[n] +z[n]) — x[n]] [Sgn(M[n] + z[n]) — x[nﬂ }
_ E{sgn(M[ ] + z[n])sgn(M] ]J“m["])}
—2E{sgn(M[ |+ z[n])z] ]} +7x(0)
1 1
= 1-2(3) +5
_ % (3.9)

To get an expression for r.(k) when k£ > 0, we need to consider the joint PDF of

Mn],M[n — k],x[n] and x[n — k]. We know that M[n| and x[n] are independent,
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therefore, the joint PDF will be the multiplication of the joint PDF of M[n] and
Mn — k] by the joint PDF of z[n| and z[n — k].

fmo,mk,xo,xk(mmmkzaInyk:) - fmo,mk(m07mk)fxo,xk(l‘07xk)

fmo,mk(m07mk) Zf

1 -1 S mo, Mg, Lo, Tk S 1

0 otherwise.

(3.10)
Then, for & > 0,
re(k) = E{sgn(Mn]+ z[n])sgn(M[n — k| —i—x[n—k‘])}

1

/ / sgn(z + v)sgn(y + w) (1) Frmo.my (2, y)drdydvdw
( )fmo e (T, Y) [/ / sgn(z + v)sgn(y + w)dvdw} daxdy

)fmo me (T, ) {4xy] dxdy

Ll

-1
1
-1
1
-1
1

Ll

§§<k\

LY frng,my, (T, y)drdy

/

/
g

/

[ momefg o, s dmoc
— E{M[n]M[n . k]}

= (k). (3.11)

Therefore, when the analog input x[n| is uniform white noise, the autocorrelation
of the error r.(k) is the same as the autocorrelation of the mask ry, (k) for k& > 0.

In general, for all k,

ro(k) = rag(k) + (%)5(@. (3.12)

3.2 Optimum Dither
The expression in equation (3.12) tells us that the PSD of e[n] is the sum of
the PSD of M|n] called Sy (w) plus a noise floor. This result is obtained by applying
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the DTFT to r.(k).

S.(w) = Sar(w) + % (3.13)

Our goal is to design a mask M [n| to minimize the in-band quantization noise power.

Therefore, the optimum M [n] will be the one such that Sy (w) =0V w € (==, X)

m’m

with m being the oversampling ratio. If we were dealing with that optimum Mn],

the IQNP would be,

1 w/m
IQONP = — Se(w)d
Q 5w |, Setwiw
1 [m/m 1
= — S —d
) M(w)—i—3 w
1 (™1
~ — —d
27'(' —7r/m3 v
o 12n1
21 m 3
1
= —. 3.14
3m ( )

Figure 3.2 shows how the IQNP varies when using the optimum M [n]. It also shows
the performance for first-order and second-order Sigma Delta. We observe that
when we are dealing with uniform white noise as input, the optimum performance

is never better than Sigma Delta.

3.3 Conclusion

In this Chapter we have analyzed the performance of the dithered-oversampling
A /D converter when the input is uniform white noise and when we use the optimum
mask M[n] to maximize the output SNR (i.e. to minimize the IQNP). We have de-
veloped the equations for the autocorrelaton of the error r.(k) and we have seen
that it is the same as the autocorrelation of the mask r,(k) plus a noise floor. If
we were using the optimum mask, the performance of the A/D converter will never

outperform Sigma-Delta.
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Inband Q-noise Power // x(n) ~ U[-1,1] iid
20 T

20 Masking ADC

IONP (dB)

120} —
o “\\‘;
_140} : CTT— ]
~160 ; ; ; ;
0 200 400 600 800 1000

Oversampling Ratio
Figure 3.2: In-band quantization noise power for Dithered-oversampling ADC,

1st Order Sigma-Delta and 2nd. order Sigma-Delta for a uniformly
distributed white noise input signal.
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Chapter 4

OPTIMUM DITHER FOR A GENERAL INPUT
WITH KNOWN AUTOCORRELATION FUNCTION

To complete the analysis of the dithered-oversampling A/D converter, this
chapter describes the case when the analog input is any unformly distributed signal

in (—1,1) with known autocorrelation function.

4.1 Setting up the problem

In this chapter we will consider the case when we have an analog input z[n]
and we know its autocorrelation function (i.e. we know its power spectral density).
As usual, it is assumed that the input signal is sampled at a rate m times greater
than the Nyquist frequency and that a binary quantizer is used to obtain the output
y[n]. Again, our objective will be to find the optimum M [n] that minimizes the in-
band quantization noise power (i.e. maximizes the output SNR). We will assume
that the input z[n] is equally likely to take any value between (—1,1) (i.e. z[n] is
uniform in (—1,1)). The PDF of x[n] is then defined in equation (3.1). The error

e[n] between the output and the input is defined as

eln] = yln] —zln]

= sgn(M[n] + x[n]) — z[n]. (4.1)
Now, we need to consider the autocorrelation function of e[n].
re(k) = E{e[n]e[n - k]}
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- E{ [sgn(M[n] + 2[n]) — x[n]} [sgn(M[n — K]+ zln — k]) — [ — k]] }
- E{sgn(M[n] + a[n))sgn(Mln — k] + a[n — k])}
—E{sgn(M[n] + a[n))zn — k]} - E{sgn(M[n — K]+ z[n — k])x[n]}
—i—E{x[n]x[n - k]}
- E{sgn(M[n] + a[n))sgn(Mln — k] + a[n — k])}
—zE{sgn(M[n] + a[n))zn — k]} +rx(k). (4.2)

y[n] = sign { x[n] + M[n] }

Qr—

x[n]

M[n] e[n] = Y[n] - X[n]
M[n] ~ U[-1,1] — - G«
]~ U111 = nlk ==

Figure 4.1: Dithered-oversampling binary ADC. The input z[n| is uniformly dis-
tributed with known autocorrelation function.

To figure out the term E {sgn(M [n] + x[n])x[n — k]}, we have to consider
the joint PDF of M[n|, z[n| and x[n — k]. The input signal and the mask are
independent, so the joint PDF will be the multiplication of the joint PDF of z[n]
and z[n — k| by the PDF of M|n| defined in equation (1.6).

fmo,xo,xk (m07 Zo, xk) = f]V[(mO>fxo,xk (x07 xk)

fzo,zk(xvak) Zf

5 —1 < mg,zo, xp, < 1

0 otherwise
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with fu, .2, (o, x) being the joint PDF of z[n] and z[n — k.

E{sgn(M[n] —|—x[n])x[n—k‘]} = /1 /1/1sgn T+ v)w (;)fmo,xk(v,w)dxdvdw

_ /_1 / U sgn(z + 0) fg o (0, w)dx]dvdw

The integral into straight brackets can be splitted as follows,

1 1 —v
/ sgn(x + ) fogz, (v, w)dr = faoa, (v, w)dz — / faoa (v, w)da
-1 —v -1
= 20fyy 0 (V,W). (4.4)

Then,
E{sgn(]\/[[n]—i—x[n])x[n—k]} - /_ 11% /_ 11 {QUfIOJk(v,w)] dvdw

1,1
= / / VW frngmy, (0, w)dvdw
—1J-1

= E{x[n]x[n—k]}
= rx(k). (4.5)

Therefore, going back to equation (4.2),

re(k) = E{sgn(M[n] + z[n])sgn(M[n — k] + z[n — k‘])} —2rx(k) +rx(k)
- E{sgn(M[n] + a[n])sgn(Mln — k] + z[n — k])} ~ (k). (4.6)

To complete the expression for r.(k), we now need to work with the expectation term
in equation (4.6). To do so, we need to consider the joint PDF of M[n], M[n — k],
x[n] and z[n — k|. As the signals xz[n] and M|[n] are independent, this joint PDF
will be the multiplication of the joint PDF of M[n] and M[n — k] by the joint PDF

of z[n] and z[n — k.

fmo,mk,xo,xk (m07 mg, To, fEk) - .fﬂ’bo,?’rl]€ (m07 mk)f:vo,:vk (‘r()? xk) (47)
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where f +, (%0, x)) is the joint PDF of z[n] and z[n — k] and f,,, m, (Mo, my) is the

joint PDF of M[n] and M[n — k]. Now, developing the expectation term,

B{sgn(Mln] + fn])sgn(Min — K] + ofn )} =
/11 /11 /11 /11 sgn(z + v)sgn(y + w) fug,z, (V, W) frng,my, (%, y)dzdydvdw =

/1 /1 f"”“o’“(“’w)[/l /1 Sgn(x"i"v)sgn(y+w)fm0,mk(x,y)dxdy] dvdw.
o o (4.8)

Considering the property from equation (2.11), we can express the double integral
in straight brackets as a function of the cumulative distribution function of Mn]
(i.e. as a function of F, m, (Mo, my)). This integral will be a function of v and w,

so we can call it h(v, w).

h(v,w) = /_1 /_1 sgn(x + v)sgn(y + w) fog.m, (T, y)dzdy. (4.9)

Therefore,

1 1 —w  p—v
h(o,w) = / Fonoum (a0, )ddy + / 1 / o (9} -

w —v

—w 1 1 —v
| tmemtaasty= [ [ g edady
= Fopm,(1,1) = Frgm, (=0, 1) — Frg (1, —w) + Frpg o, (—0, —w) +
—v, —W) — Frpgom, (—1, —w) — Fog m, (—v, —1) +

~1,=1) = [ Frgame (1, =10) = Py (1, =1) =

Fongmy, (=0, —w) + Frpp m, (—0, —1)} — [Fmo,mk(—v, 1) —

Fogom (—0, =) — Fogon (—1,1) + Fogomy (1, —w)} . (4.10)

From equations (1.7), (2.8), (2.9), (2.10) and the fact that F,, , (1,1) = 1, we know

that
FMO,mk(_law) = Fmo,mk(va_l) =0
Fogm,(Lw) = Fy(w) = (1+w)/2 (4.11)
Fmo,mk(vvl) = FM(U) = (1 +U)/2.



Then, h(v,w) can be simplified,

h(v,w) = Fopme(1,1) = Fpgmy (=0, 1) = Fpg i (1, —w) + Frg my (—0, —w)
+Eg i (=0, —w0) — Fpp o, (1, =) + Frg iy (—0, —w)
—Frngmy, (=0, 1) + Frgm, (—0, —w)
= 1+4+4F, m (v, —w) = 2F) m, (—v,1) = 2F,, 1, (1, —w)
= 14+4Fm(—v,—w) — (1 —v) = (1 —w)
= v+w—1+4F, m (—v,—w). (4.12)

Now we are ready to substitute in equation (4.8),

E{sgn(M[n] + z[n])sgn(M[n — k] + z[n — k])} =

[ [ et e -

1 1
/ fxo,xk(v, w) [U +w—1+ 4Fm0,mk(—v, —w)] dvdw =

1J-1

1 1 1 1
/ / /foo,xk(vgw)d’l}dw + / / wfx07$k (/U, w)dvdw_
—1J-1 —1J-1

1,1 1,1
/ / fao.a (v, w)dvdw + 4/ / faon (Vs W) Frpg oy (—0, —w)dvdw =
—1J-1 —1J-1

E(o) + E(wg) = 1+ 4Buq 0, | Py (<20, —2) |, (4.13)
We know that z[n] is uniform in (—1,1), so E(z) = E(xx) = 0. Then,

E{sgn(M[n] + z[n])sgn(M[n — k] + x[n — k‘])} =4F, . [Fmo,mk(—%, —xk)} — 1.
(4.14)

Therefore, we can now substitute in equation (4.6) to get an expression for r.(k) in

terms of the joint CDF of the mask M|n] and the joint statistics of the input.

re(k) = 4Bz, | Fongom (—0, —21)| = 1= 7x(k). (4.15)
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The expression in equation (4.15) is valid for £ > 0. For the case when k& = 0,

recalling equation (4.2), we have,

re(0) = E{sgn(M[n] + z[n])sgn(M|[n] + x[n])}
—2E{3gn(M[n] + :I:[n])x[n]} +rx(0)
= 1- 2E{sgn(M[n] + x[n])x[n]} + % (4.16)
The signals M[n| and z[n]| are both uniformly distributed and independent, there-

fore, the term F {sgn(M [n] + x[n])x[n]} was already calculated in equation (3.8).
Then,

r(0) = 1—2<§)+§
_ % (4.17)

Now that we have an expression for r.(k), we can take its DTFT and find the
power spectral density S,(w). Then, we could find the optimum function r.(k) that
makes S,(w) minimum in the band of interest (i.e. we would be minimizing the
quantization noise power for w € (—m/m, 7 /m) where m is the oversampling ratio).

Se(w) =1.(0) + 2 Z re(k)cos(wk). (4.18)

k=1
The in-band quantization noise power will be the integral of S,(w) in the band of

interest.

™

1 m

IQNP = o | . Se(w)dw
Cor0) 1R
= - /_1 Z::Te(k)cos(wk)dw

m k=1

= re(0) + f iszn<k—ﬁ>re(k) (4.19)
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4.2 Optimum Dither

To calculate the expectation term in equation (4.15), we would need the
joint PDF of x[n], namely f,, ., (zo, zx). To simplify the analysis, as z[n] is uniform
in (—1,1), we can use the general joint PDF defined in section 2.2 to describe
fao.z (o, ). This will allow us to select any desired autocorrelation function (i.e.
any desired power spectral density) for xz[n]. Therefore, let’s define f, /s, (2o/x4).

p

-1 2Brr, —1 <19 <1
[2(1 — kak)] if
fzo/e (xO/-Tk) = -1 —1<2<1+2Bx (420)
o [2(1 +kak)] if =70 mk
0 otherwise.

\
Now, the joint PDF of z[n| and z[n — k] will be the multiplication of f, /a, (xo/Zr)

by the uniform density function in (—1,1).

fzo/a:k(xo/xk:) .
b —— if —1<xp,7, <1

faco,:vk (*/E()u l'k) - 2 (421)
0 otherwise.

To sum up, the joint PDF f, .. (%o, 1) and the cumulative PDF F, .. (%o, )

of z[n] will be:

zo.z (L0, X = fr . (xo,x
o, (o, ) 0.2 (T0, Tk) (4.22)
Fog oy, (To, Tk) = F;(),xk (w0, z1)

where we substitute Cj by By, in equation (2.30) for the definition of Fy, ., (7o, z).

In this way, the autocorrelation of x[n| will be,

B
rx(k) = ?’“ V>0 (4.23)

with By, varying between (—1,1). Therefore, by selecting the proper coefficients By,
it is possible to get any desired spectrum for x[n]. For example, if B, = 0 for all

k > 0, z[n] would be uniformly distributed white noise.
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Now that we know the joint PDF of z[n], to finally obtain the expression
for r.(k) defined in equation (4.15), we need to assume a joint PDF for M|[n| and
Mn — k]. As we have done before, we will select the joint PDF f,,; 1, (mo, mg) to

be the one defined in section 2.2. Then,

mo,my, \TT00, T = :;1 my, \1T00, T
f 0, k( 0 k) f 0,Mk 0 k) (424)

Fmo,mk (m07 mk‘) = F;lmmk mo, mk)
The corresponding autocorrelation function for M|[n| will be,

C
ra(k) = ?’“ V>0 (4.25)
with C} varying between (—1,1). In this way, equation (4.15) becomes,
re(k) = 4E;) 4, [Fmo,mk(—xo, —xk)} —1—rx(k)
B
= 4Bup, | gy (=0, =) | = 1= = (4.26)

For every input z[n| with any autocorrelation function rx (k) and for every possible
M n| with any autocorrelation function ry; (k) we will have a value of r.(k) given by
the equation (4.26). Then, if we vary By between (—1,1) and Cj between (—1,1),
we can get all possible values for r.(k). To get a closed form analytical expression
for equation (4.26), we would need to consider the analytical form of £y, . (o, my)
given by equation (2.30). It is indeed very hard to handle such long expression, so
we decided to run a numerical simulation to get the value of r.(k) given By and
Cy. Figure 4.2 shows the function r.(k) as a function of Cj and By both varying
between (—1,1). It is interesting to note that for any fixed By, the function r.(k) is
a line with slope 1/3 through the origin as seen in Figure 4.3.

This means, that no matter the value of By, (i.e. no matter the value of the

autocorrelation ry(k)), the autocorrelation of the error r.(k) is equal to <t. Then,

for k > 0,
re(k) = —
= ry(k). (4.27)



re(k)

Figure 4.2: Autocorrelation function of the error e[n] as a function of C} and By.

Figure 4.3: Autocorrelation function of the error e[n] as a function of Cj, for all
By.
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From equation (4.17), we also know that r.(0) = 2/3. Therefore,

1

ro(k) = ras(k) + (5)5(/@ (4.28)

for all k. Just like in the case from Chapter 3 when the input was uniformly dis-
tributed white noise, when taking the DTFT in equation (4.28), the power spectral
density of the error S,(w) will be the sum of the power spectral density of the mask
Sy (w) plus a noise floor.

S.(w) = S (w) + % (4.29)

Then, the optimum dither or optimum mask M|n| will be the one that yields zero
power in the band of interest (i.e. Sy(w) =0 VYw € (—7/m,w/m)). In this case,

like in the case of equation (3.14), the minimum IQNP achievable will be,
IQNP = ! (4.30)
- 3m '

where m is the oversampling ratio.

This result means that when dealing with a uniformly distributed input z[n],
no matter what is its power spectral density (i.e. regardless its autocorrelation
function rx(k)), the minimum in-band quantization noise power achievable is 5.
This lower bound is achievable when our dither M[n| has zero power in the band of
interest. This result is the same as the one obtained in Chapter 3, and tells us that
we cannot find any dither M[n] to get a better performance than any Sigma-Delta

modulator even when the PSD of the input is known.

4.3 Conclusion

In this chapter we have studied the case when the input to our dithered-
oversampling A/D converter is a uniformly distributed signal z[n| with known au-
tocorrelation function. This means that z[n] is uniform, but it has a certain known
power spectral density. We have assummed a general joint PDF for z[n] and xz[n— k]

and a general joint PDF for M[n] and M[n— k] that allow us to describe any possible
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power spectral density for z[n] and M[n] and to make the problem tractable. We
have also developed a mathematical expression for the autocorrelation function of
the error 7.(k) that depends on the joint PDF of the input and on the joint CDF
of M[n|. Then, we have plotted the value of r.(k) for all possible input joint PDFs
and all possible mask joint CDFs. Finally, we have observed that r.(k) is equal to
ra(k) regardless of the value of rx (k). This result is the same as the one obtained
when dealing with uniformly distributed white noise in Chapter 3 and tells us that
the lowest IQNP possible is % regardless of the input spectrum Sx (w).

Another important remark is that the extreme cases analyzed in previous
chapters fit in this general framework. For example, let’s see what happens with
re(k) when we are dealing with a constant input (i.e. x[n] =X V n). In this case,
rx(k) = A and fu, ., (xo, 7x) = d(xo — A,z — A). Therefore, recalling equation

(4.15), and considering the fact that F(zg) = A and E(zx) = A we have,
re(k) = 4By | Frgam (=20, —2x)| = 1 = rx (k) + B(xo) + B(wy)

1l

= 4/ / Frozr (%0, T1) Frng . (— %0, =21 )dzodz), — 1 — A2 + 2)

-1

1l

= 4/ / §(zo — N, T — A) Fog oy (=20, —2)dzoday — 1 — A2 + 2\
11
1 1

_ 4/ / 5(20 — A T — A)Fogm (= A, —N)daoday — 1 — A2 4+ 2)

= 4F gy m (—A, )\//5% A 2 — Ndzodz, — 1 — A2+ 2)

= AFm. (=X, =) — 1= A2 4 2] (4.31)

As expected, equation (4.31) is exactly the same as the equation (2.16) when we
treated the x[n] = A case.

For the case when z[n] is uniformly distributed white noise, we have already
seen that the autocorrelation function of the error r.(k) is exactly the one described

in equation (4.28).
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Finally, after analyzing this last general case for our dithered-oversampling
A/D converter, we can say that adding a dither signal M[n]| before the binary
quantizer, helps us to make the quantization noise uncorrelated with the input and
this is why we end up with a noise floor term (é) in the equation for S.(w) [6].
This is a desired effect, as if we were not adding dither, we would end up with
undesired harmonics in the spectrum of the output y[n] [6]. However, the negative
aspect is that the fact of adding the dither signal M[n] will not help us to decrease
the in-band quantization noise power if we don’t know the precise characteristics of
the input signal that we are dealing with. For instance, when we are dealing with
a known DC input (i.e. xz[n] = A), we can find an optimum dither to decrease the
IQNP and get a performance even better than Sigma Delta modulation as observed
in Figures 2.11, 2.16 and 2.17. On the other hand, however, if we know that in

general the input is unformly distributed, and even if we kwow its power spectral

density Sx(w), the optimum mask M|n| will not help us to decrease the IQNP.
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Chapter 5

SIMULATIONS AND POSSIBLE APPLICATIONS

5.1 Simulations
5.1.1 Blue Mask M]n]

In Chapter 4 we have concluded that for any input signal z[n] with any
autocorrelation function rx (k) (i.e. with any power spectral densiy), the optimum
dither M[n] is the one with zero power in the band of interest. This means that
Su(w) = 0 for |w| < —mw/m. Therefore, all the signal power lies in the upper
portion of the spectrum (i.e. M|n| is a high-pass signal). Any type of noise with
this caracteristic is called 'blue noise’ [7]. Then, the optimum mask M [n] will be
called "blue mask’.

There are some algorithms already developed for generating ’blue masks’ like
Direct Binary Search (DBS) or Void-and-Cluster (VAC) [8] [9]. These algorithms
generate two dimensional blue-noise patterns that are used for digital halftoning in
image processing. Just like in the two dimensional case, we can use these algorithms
to create one-dimensional blue noise masks M|[n]. In the following simulations we
will use a 256-levels mask generated with Void-and-Cluster. In Figure 5.1 we observe

the power spectral density of this mask.

5.1.2 Sinusoidal Input
In this section we observe and compare the performance of the Dithered-

oversampling ADC versus Sigma-Delta modulation when the analog input is a full
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x107* Power Spectral Density = M[n]

Power

-3 -2 -1 0 1 2 3
Normalized Frequency

Figure 5.1: Power Spectral Density of M[n] generated with Void-and-Cluster al-
gorithm.

scale sinusoid. In Figure 5.2, the power spectral density of the binary output is

T

plotted for both cases where the normalized frequency of the sine is 575.

Then, Figure
5.3 shows the output SNR as a function of the oversampling ratio for Dithered-
oversampling ADC and Sigma-Delta. The SNR is calculated as the quotient between
the signal power and the quantization noise power in the band of interest. In this
case, the band of interest is assumed to be twice the frequency of the input signal.

From Figure 5.2 we can see that the quantization noise spectrum in Sigma-
Delta presents several harmonics, whereas in the Dithered-oversampling ADC case
it is more uniformly randomized. It is also noted in Figure 5.3 that Sigma-Delta
performs better than Dithered-oversampling ADC. This is because it is not possible

to shape the fixed quantization noise floor that is present when we do not use

feedback.
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x107* Power Spectral Density - 1st. Order Sigma-Delta Binary Output

Power

-3 -2 -1 0 1 2 3
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Figure 5.2: Power Spectral Density of the binary output. The top figure shows the
Sigma-Delta case, whereas the Dithered-oversampling case is shown in
the bottom. The input to the system is a full scale sine with normalized
frequency equal to 555.
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Figure 5.3: SNR versus Oversampling ratio for Sigma-Delta and Dithered-
oversampling ADC when using full scale sinusoidal inputs.
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5.1.3 DC Input

When we deal with constant analog inputs, the conclusions are similar to the
ones drawn in the sinusoidal input case. Sigma-Delta performs better than Dithered-
oversampling ADC because of the feedback loop but its spectrum presents several
undesired harmonics. For all the simulations in this section, we have used a DC
input of amplitude 0.6. In Figure 5.4 we observe the quantization noise spectrum

for both cases, whereas in Figure 5.5, the SNR versus oversampling ratio is plotted.

Power Spectral Density - 1st. Order Sigma-Delta Binary Output
T T T T

-3 -2 -1 0 1 2 3
Normalized Frequency

x10™* Power Spectral Density — Dithered Oversampling ADC Binary Output
T T T T T

Power

-3 -2 -1 0 1 2 3
Normalized Frequency

Figure 5.4: Power Spectral Density of the binary output. The top figure shows the
Sigma-Delta case, whereas the Dithered-oversampling case is shown in
the bottom. The input to the system is a DC input of amplitude 0.6.

5.2 Possible VLSI implementation

For a VLSI implementation of the dithered-oversampling A/D converter, we
will need to deal with the optimum blue mask. Up to this point we have developed
the theoretical analysis for uniformly distributed masks, but the implementation of

a uniform M|n] with certain power spectral density it is a quite challenging task.
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Dithered—Oversampling ADC vs. Sigma Delta - DC Input
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Figure 5.5: SNR versus Oversampling ratio for Sigma-Delta and Dithered-
oversampling ADC when using DC inputs.

5.2.1 Non-uniform Mask

In practice, the easiest way to generate any blue noise signal is by high pass
filtering white noise. If we do so, we would get the desired spectrum, but the
probability density function will definitely not be uniform. One solution for dealing
with uniformly distributed blue masks is to generate the mask values in advance
and store them in memory. However, this is not a very good solution as it requires a
lot of resources and high power consumption which is not desirable [10]. Therefore,
one way of solving this problem, is to decide not to use uniform masks. In Chapter
1 we have studied that we can actually use any M |[n| with any distribution as long
as equation (1.3) holds. For uniform M [n] the comparison threshold is t[n] = —z[n|
and therefore y[n| = sgn(z[n] + M[n]). On the other hand, if M|n| is not uniform,
y[n] = sgn(M|n| — t[n]) as stated in equation (1.11).

Now, we will assumme that we have a white noise generator source v[n] which
is normal distributed with zero-mean and a certain variance 2. Then, we will high-

pass filter v[n] to obtain our mask M[n]. Because of the Central Limit Theorem,
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the output M[n] will also be Gaussian distributed with zero-mean and variance o3;.

v[n] M[n]

White Noise ' High-Pass '

Generator Filter

vin] ~ N(0,02)
M[n] ~ N(0,q;?)

Figure 5.6: M[n| obtained by filtering white noise. The distribution of M[n] will
not be uniform, but its spectrum will be blue.

Just like in equation (1.9), we can now find the threshold ¢[n].

+o0 t[n]

fau(m)dm — fau(m)dm = z[n]

tln] -

[ e (@ )i [ o (5 Jom =i
Q(%) + {Q(%) 1] = o)

t
2Q<M> —1=z[n]. (5.1
OMm
To solve for t[n], we need to consider the inverse Q-function Q~*(z).
B i /zn]+1

We don’t want to implement such complex function like the inverse Q-function in
VLSI, so we will make a first order approximation of equation (5.2). Therefore,

given the value of 02,, we can find the coefficients ap2, and by2 .
tn] ~ a2 x[n] + byz, . (5.3)

The inverse Q-function is an odd function through the origin, so in general, b,2 = 0.
Then,
tn] ~ a,2 x[n). (5.4)
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Consequently, the binary output y[n] will be,

y[n] = sgn(M[n] — a,2 z[n]). (5.5)

oM

] -a,z XIn] MIn] -a.,; XIn] Y[l = sign {M[n] -a,; xInl}

P -2 + »Qr—

M[n]

Figure 5.7: Block diagram of the Dithered-oversampling ADC when dealing with
a non-uniform M|n].

In this way, we have shown that it would be possible to implement the
dithered-oversampling A/D converter with an optimum blue mask. To simplify
the implementation, we need to deal with a normal distributed M|[n] instead of the
uniform one. Therefore, the M [n]| will be easily generated by filtering a white noise
signal coming out from a white noise generator. In this case, instead of simply
add the mask M|n] to x[n] before quantizing (uniform mask case), we first need to
multiply z[n] by a constant a,z and then perform quantization.

Figure 5.8 shows the plot of the real value of ¢[n] from equation (5.2) and its
corresponding linear approximation from equation (5.4) for o3, = 1. The approxi-
mation is done under the least-squares sense.

The table in Figure 5.9 shows the approximation coefficients a2, for different
values of o3,.

Once the dither issue is resolved, the oversampling, binary quantization and

decimation stages are performed just like in oversampling PCM or Sigma-Delta.
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Figure 5.8: t[n] as a function of x[n] for the case of a normal distributed M[n] and
its corresponding linear approximation.

o a2
0.5 [-1.11
1.0 [-1.56
1.5 [-1.92

Figure 5.9: Coefficient value a,2 for different values of o2
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5.3 Optical Applications

The rapid development of optical devices in areas such as telecommunications,
sensors and imaging, has encouraged the development of optical A/D converters.
Optical A/D converters offer better performance than conventional electronic A/D
converters because optical signals do not interact with electronic noise and radiation,
and are thus immune to electromagnetic interference. All optical A/D converters
promise to eliminate the complexity and speed limitations of electrical-to-optical
and optical-to-electrical conversions in photonic networks. Recent approaches for
optical ADCs basically split the incoming signal energy into several channels, and
then compare the energy of each channel to a certain threshold. In this way, with
N splitters, we have N+1 possible outputs. For example, if we have three splitters,
four possible states are possible, and therefore, a 2-bits ADC has been built [11].

This configuration for A/D conversion is equivalent to PCM.

~50% Reflected ~B6% Reflected ~100% Reflected
~50% Transmitted ~34% Transmitted ~0% Transmitted

Port Il Paort 1l
P=E0%P,, P=33%P, P,=17 %P,

Figure 5.10: Two-bit optical A/D converter consisting of three beam splitting
structures in a self-guiding photonic crystal.
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Figure 5.11: Concept of two-bit optical A/D converter.

5.3.1 PCM and Dithered Optical A/D conversion

For optical A/D conversion, Sigma-Delta seems to be impossible or at least
very difficult to implement. As mentioned before, to perform a Sigma-Delta conver-
sion we need to store previous samples (not a memoryless conversion). Is it possible
to ’store’ light or ’integrate’ light samples? Until today, the answer seems to be
negative. Therefore, memoryless converters seem to be the only valid option when
dealing with the design of an optical converter. Oversampled PCM will work in
this case, but when dealing with a binary quantizer (or few levels quantizer), the
addition of optimum dither M [n] will definitely help to linearize the quantization
noise without adding undesired power in the band of interest.

The benefits of using blue noise dither M[n] before quantizing are clearly
shown in the simulation presented in Figure 5.12. In this plot, a full scale sinusoid
with oversampling ratio m = 400 is quantized with a two bits quantizer. The dashed
line corresponds to pure PCM and the solid line to the dithered converter (using

the optimum blue M|n]). In the former, the quantization error power is basically
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composed by undesired spikes in the spectrum. On the other hand, when using
dither (blue M|n]), the quantization noise is 'blue’ (meaning that most of the power
is pushed to the upper portion of the spectrum) with a very low noise floor in the

band of interest.

PSD - Q-noise - PCM and Masking

Sed

PCM
—— Masking

Signal Power

ittt e : UROURRRT PR ERNY ST,

05 0 05

Normalized Frequency

Figure 5.12: Quantization noise spectra for PCM and Dithered ADC. For PCM,
the spectrum presents strong spurious tones. On the other hand,
when using dither M[n], most of the power is pushed up to the high
frequencies resulting in a very low in-band noise floor. Besides, it
presents no harmonics.

5.3.2 Band-pass dihtered ADC

One important observation is that up to this point, we are always dealing with
low pass signals, so when we decimate, we just care about the quantization noise
in the lower portion of the spectrum. Therefore, the optimum mask will be "blue’
(i.e. the optimum is the one with zero power in the lower frequencies). However, in

certain applications, we might be dealing with band pass signals where the band of
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interest is not necessarily in the low frequencies. In this case, the optimum mask will
not be ’blue’, but it will be the one with zero power in that particular frequency band
of interest. This might be the case of some very high frequency optical applications.
If the optimization criteria is changed from low pass to band pass signals, it is also

possible to develop a similar analysis as the one through the previous chapters.

5.4 Conclusion

Throughout this work we have analyzed the problem of the binary quantiza-
tion of an oversampling analog-amplitude signal when using dither M[n]. We have
studied the cases when the input signal is constant, when it is white noise and when
its autocorrelation (or equivalently its spectrum) is known. At the end, we have
concluded that the optimum dither M |n] is the one with zero power in the band of
interest (i.e. in the low frequencies). As we are dealing with low pass signals, the
optimum M |n] is the so called 'blue’ mask. That being said, we can now conclude
that the use of M[n] makes sense when we are dealing with a binary quantizer or
with a quantizer with very few quantization levels, as it is in this case when the
quantization error will be correlated with the input. Otherwise, the more quantiza-
tion levels we have, the more uncorrelated the quantization error to the input will
be, and therefore, the linear model of the quantizer becomes acceptable [2]. If we
are using a binary quantizer, or if we have few quantization levels, dither is required
to ’linearize’ the quantizer. However, the addition of any type of noise before the
quantization stage will add an extra noise floor level that will decrease the output
SNR performance. To avoid this effect, optimum dither will be required. In the
case of an oversampling converter where the band of interest is the lower portion of
the spectrum, the optimum dither M[n] will be ’blue’, meaning that all its power is
concentrated in the high frequencies, and no power remains in the lower portion of

the spectrum.
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