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CYCLIC RELATIVE DIFFERENCE SETS AND THEIR p-RANKS
DAVID B. CHANDLER, QING XIANG

ABSTRACT. By modifying the constructions in [10] and [15], we construct a family of
cyclic ((¢** —1)/(q¢—1),q—1,¢**71, ¢**~2) relative difference sets, where ¢ = 3¢. These
relative difference sets are “liftings” of the difference sets constructed in [10] and [15]. In
order to demonstrate that these relative difference sets are in general new, we compute p-
ranks of the classical relative difference sets and 3-ranks of the newly constructed relative
difference sets when ¢ = 3. By rank comparison, we show that the newly constructed
relative difference sets are never equivalent to the classical relative difference sets, and
are in general inequivalent to the affine GMW difference sets.

1. INTRODUCTION

Let G be a finite (multiplicative) group of order mn, and let N be a normal subgroup
of order n . A k-element subset D of G is called an (m,n, k, \) relative difference set in G
relative to IV if the list of “differences” d;dy L di,dy € D, d, = dq, represents each element
in G\ N exactly A times, and represents no elements in N. Thus, D is an (m,n,k, \)
relative difference set in G relative to N if and only if it satisfies the following equation
in the group ring Z[G]:

(Zd)(Zd—l):k-lG+A(Zg—Zh), (1.1)
deD deD geG heN
where 14 is the identity element of G. If the group G is cyclic, then D is called a cyclic
relative difference set. When n =1, D is an (m, k, \) difference set in the usual sense.
We say that two (m,n, k, A) relative difference sets D; and D, in an abelian group G
relative to a subgroup N are equivalent if there exists an automorphism « of G and an
element g € G such that a(D;) = Dyg. In particular, if G is cyclic, then D; and D,
are equivalent if there exists an integer ¢, ged(¢, mn) = 1, such that D@ = Dyg for some
g € G, where D\ stands for {d' | d € D;}.
In the case where G is abelian, using the Fourier inversion formula, we obtain the
following standard result in the theory of relative difference sets (see [3, p. 374]).

Lemma 1.1. Let G be an abelian group of order mn with a subgroup N of order n. Let
k and X\ be positive integers satisfying k(k — 1) = An(m — 1). Then a k-subset D of G is
an (m,n, k,\) relative difference set in G relative to N if and only if for every nontrivial
character x of G,

x(D)TF{ o . Z ﬂx . (1.2)

Key words and phrases. Affine GMW difference set, Gauss sum, Relative difference set, Singer differ-
ence set, Stickelberger’s theorem, Teichmiiller character.
1



2 DAVID B. CHANDLER, QING XIANG

Here, x(D) stands for Y ,.p x(d), and x|y is the restriction of x to N.

The following well-known proposition ([3, p. 370], [6]) shows that relative difference
sets can be thought of as “liftings” or “extensions” of difference sets.

Proposition 1.2. Let D be an (m,n, k, \) relative difference set in G relative to N. Let U
be a normal subgroup of G of order w contained in N, and let p : G — G /U be the natural

epimorphism. Then p(D) is an (m,n/u, k, \u) relative difference set in G/U relative to
N/U. In particular, if U = N, then p(D) is an (m, k, An) difference set in G/N.

The first examples of relative difference sets are due to Bose [4]. His construction admits
the following well-known generalization (see [17, p. 47]). Let F,m be the finite field with
g™ elements, ¢ being a power of a prime p, and let Trym/, be the trace from Fgm to F,.
Define

R={x € Fgn | Trgm/y(x) = 1}.

Then R is a ((¢™ —1)/(q — 1),q — 1,¢™,¢™?) relative difference set in F},. relative
to ;. We will include a proof of this fact by using Lemma 1.1 and Gauss sums in
Section 4 since we will need the character values of R in the p-rank computations. Let
p : Fy — TFr./F; denote the natural epimorphism. By Proposition 1.2, p(R) is a
cyclic ((¢™ = 1)/(q = 1),¢™ ", ¢"*(q — 1)) difference set in F}, /F;. Indeed, p(R) is
the complement of the Singer difference set in F;.. /F;. So the relative difference set R is
a lifting of the complement of the Singer set, and for this reason, R is called a classical
relative difference set. (Some authors call it a classical affine difference set.) A relative
difference set with the same parameters as those of R will be called a relative difference
set with classical parameters.

Relative difference sets with classical parameters are important in many ways. First,
their projections are difference sets with classical parameters by Proposition 1.2. Second,
they are useful in recursive constructions of difference sets with classical parameters such
as the (general) GMW construction (see [17, p. 75] and [11]). We emphasize that in
the general GMW construction, the relative difference set used need not come from the
classical relative difference set. The only requirement is that it come from the projection
of a relative difference set with classical parameters (see the discussion on [17, p. 88]).
Third, relative difference sets with classical parameters are useful for constructions of
difference families, which, in turn, are useful for constructions of Hadamard matrices (see
[20], [21]). For more details on these relative difference sets, we refer the reader to [17].

In this paper, by modifying the constructions in [10] and [15], we construct a family of
(* = 1)/(qg—1),q — 1,¢* 1, ¢*2) cyclic relative difference sets, where ¢ = 3°. These
relative difference sets are “liftings” of the difference sets constructed in [10] and [15].
In order to demonstrate that these relative difference sets are in general new, we derive
a general formula for the p-ranks of the classical relative difference sets (Theorem 4.1)
and compute the 3-ranks of the newly constructed relative difference sets when ¢ =
3 (Theorem 5.5). By rank comparison, we show that the newly constructed relative
difference sets are never equivalent to the classical relative difference sets, and are in
general inequivalent to the affine GMW difference sets. Along the way, we also show that
when k£ = 1, the projection of the new relative difference set is equivalent to the Singer
difference sets. The actual relation of these two difference sets was conjectured in [15].
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2. PRELIMINARIES

We first introduce the definition of Gauss sums. Let F, be the finite field with ¢
elements, ¢ being a power of a prime p. Let &, be a fixed complex primitive pth root of
unity and let Tr,/, be the trace from F, to Z/pZ. Define

PiF—C ) =6,
which is easily seen to be a nontrivial character of the additive group of F,. Let
x:F, —-C

be a multiplicative character of [F;.
Define the Gauss sum by

g(x) = > x(a)y(a).

Gauss sums can be viewed as the Fourier coefficients in the Fourier expansion of 1
terms of the multiplicative characters of ;. That is, for every c € F},

b(e) = —— 57 glox o), (2.1)

q_lxeX

]FZ m

where X denotes the character group of Fy.
One of the elementary properties of Gauss sums is [2, Theorem 1.1.4]

g)g(x) =q, if x#1. (2.2)

A deeper result on Gauss sums is Stickelberger’s theorem (Theorem 2.1 below) on the
prime ideal factorization of Gauss sums. We first introduce some notation.

Let p be a prime, ¢ = p°, and let £,_1 be a complex primitive (¢—1)th root of unity. Fix
any prime ideal p in Z[{,—1] lying over p. Then Z[{,_1]/p is a finite field of order ¢, which
we identify with ;. Let w, be the Teichmiiller character on Iy, i.e., an isomorphism

wp t Fr— {1,61,6,,... 677
satisfying
wp(a) (mod p) = a, (2.3)
for all @ in F;. The Teichmiiller character w, has order ¢ — 1; hence it generates all

multiplicative characters of IF,.
Let B be the prime ideal of Z[§,_1,&,] lying above p. For an integer a, let

s(a) = vp(g(w,®)),
where vy is the P-adic valuation. Thus P || g(w, ). The following evaluation of s(a)
is due to Stickelberger (see [13, p. 7], [2, p. 344]).

Theorem 2.1. Let p be a prime, and q = p°. For an integer a not divisible by q — 1, let
ag + a1p+ asp? + -+ ae_1p®t, 0 < a; < p—1, be the p-adic expansion of the reduction
of a modulo q — 1. Then

s(a) =ag+ay+ -+ a1,
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that is, s(a) is the sum of the p-adic digits of the reduction of a modulo q—1. Furthermore,
define

v(a) = aplag!- - apy_q!

Then with s(a) and w as above we have the congruence

gw™) —1
(& — 1)*@ " 5(a)

We now define the p-rank of a relative difference set, analogously to the p-rank of a
difference set. Let G be a (multiplicative) abelian group of order mn with a subgroup N
of order n, and let D be an (m,n, k, A) relative difference set in G relative to N. Then we
can construct a square (m,n, k, ) divisible design D = (P, B) as follows. The points in
P are the group elements of G, which are naturally partitioned into m classes Ng, where
g runs through a complete set of coset representatives of N in G. The blocks of D are
the translates Dg, g € G, of D. Two points in distinct point classes are contained in
exactly A blocks, and two points in the same point class are not contained in any block.
Moreover the group G is a sharply transitive automorphism group of D. We may define
the usual point-block incidence matrix of D in the standard manner. The vector space
over [F,, spanned by the column vectors (characteristic vectors of blocks) of a point-block
incidence matrix of D is called the p-ary code of D, denoted by C,(D). The F,-dimension
of C,(D) is called the p-rank of the relative difference set D. It is known that C,(D) is
of interest only if p | (k — An) or p|k (see [17]). So from now on, we always assume that
p | (k— An) or plk. As in the case of difference sets, the p-ranks of relative difference
sets can help us distinguish nonisomorphic divisible designs, in particular, inequivalent
relative difference sets.

In our computation of p-ranks of relative difference sets, we will take the well known
approach described by the following lemma.

(mod ).

Lemma 2.2. Let G be an Abelian group of order v = mn and exponent v*, let p be a
prime not dividing v*, and let p be a prime ideal above p in Z[&,+]. Let D be an (m,n,k,\)
relative difference set in G relative to a subgroup N of G. Then the p-rank of D is equal
to the number of complex characters x of G with x(D) #Z 0 (mod p).

For the proof of this lemma, we refer the reader to [17, p. 25|, and [3, p. 465].

3. SOME NEW CYCLIC RELATIVE DIFFERENCE SETS

In this section, we modify the constructions in [10] and [15] to get some cyclic ((¢** —

1)/(g—1),q—1,¢%*71,¢*2) relative difference sets in F7 relative to Iy, where ¢ = 3¢,
e > 1. We need the following lemma on certain binomial additive character sums.

Lemma 3.1. Let q=3% e>1,d=q¢** — ¢* + 1, and let & = >™/3. Then
Z fgrq%/?,(”c"‘uxd) —0

xEFq3k

forallue {(z+1)*—2%| z € Far}.



CYCLIC RELATIVE DIFFERENCE SETS AND THEIR p-RANKS 5

The proof of this lemma uses the theory of quadratic forms over finite fields, and is
completely analogous to that of Theorem 1 in [10] (simply change 3 in the proof of that
theorem to 3¢ = ¢). So we omit it.

Theorem 3.2. Let g =3° e>1, let d = ¢** — ¢* + 1, and set
D = {z € Fpr | Trponjy(x + 2%) = 1} (3.1)

Then D is a cyclic ((¢** —1)/(q — 1),q — 1,¢**7%,¢**72) relative difference set in Fs
relative to .

Proof:  Let L be a system of coset representatives of [ in IE‘ZM, and let Ly ={z € L |
Trpejg(x + 2%) = 0}, If € L and Trgey(z + 2) = a # 0, then we may replace z by
x/a, and

x

T
Trgoesg (= + (5)7) = Trgonjyw +2%) fa = 1.

Therefore we may choose L such that L = LyU Ly, where Ly = {z € L | Trpe ) (x + %) =
1}. Tt is then easy to see that L; = D.
For any multiplicative character x of [F sr, we define the sum

SaX) = Y w(@)g . (3.2)

erF;3 &

Writing x = ay, with a € F, and y € L, we have

S0 = 3 xla) 3 alypeg LTt

acky yeL
Try /(@)
= > xw) Y x@+ Y x(w) Y x(a) &
yE€Lo acky yely a€Fy

If x =1, then Sy(1) = (¢ — 1)|Lo| — |L1| = ¢ — 1 — q|L4|.

If x # 1, but x[p; = 1, then Sya(x) = —agx(L1).

If x # 1, and x|r; # 1, then Sy(x) = x(L1) - g1(x1), where x1 is the restriction of x to
7, and g1(x1) is the Gauss sum over the finite field F, with respect to x;.

In summary, if x is a nontrivial multiplicative character of [F s, then

X(L1) =9 Sax) . ! :
91d(X1) ’ it X ]F(*I7é L.
By Lemma 3.1, we see that Sg(1) = —1, hence |Li| = ¢**7!. Next we compute

Sa(x)Sa(x) for every nontrivial .
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Sd(X)Sd(X) = Z X($/y)£§‘rq3k/3(x—y+md_yd)

a:,yGIF;Bk

Tr sk 5 (y(z—1)+y%(z9-1))
= D x> &

ZeF;ak yEF:%

Tr 241)d—2d
— -0+ Y X+ Y g okl (1))

EF;%\{_l} yquSk

By Lemma 3.1, we have Sq(x)Ss(x) = ¢** for every xy # 1. Using this together with
(2.2), we have that, for every y # 1,

q3k72 =1
Lx(Ih) = Vi (3.4)
X( 1)X(41 q3k71’ if % F;% 1. .
By Lemma 1.1, L; is a cyclic ((¢** —1)/(g — 1),q — 1,¢**71, ¢*~2) relative difference
set in ]FZ% relative to ;. This completes the proof. Il

Corollary 3.3. Let D be defined as in (3.1), and let p : Fzgk — IE‘ZSk/IF; be the natural

epimorphism. Then p(D) is a ((¢* — 1)/(q — 1),¢* 71, ¢*2(q — 1)) difference set in
F'y. /F.
Proof: This follows from Theorem 3.2 and Proposition 1.2. U

The difference set in Corollary 3.3 was constructed in [15]. When k = 1, p(D) is a
(¢* +q+1,¢%,q(q — 1)) difference set in F};/F;. The complement of p(D) in F}, /F; has
parameters (¢ +q+1,q+1,1), which are the parameters of a projective plane of order gq.
Since it is generally believed that there is only one equivalent class of planar difference sets
of prime power order, there is a question of verifying that when k = 1, p(D) is equivalent
to the complement of the planar Singer difference set. We answer this question in the
following proposition.

Proposition 3.4. Let ¢ = 3% e>1,d=¢*—q+1, p: Frs — IF;/IF; be the natural

epimorphism, and let D be defined as in (3.1) with k = 1. Then the complement of p(D)
is equivalent to the planar Singer difference set by the following relation:

{p(z) |z € ]F;B,,Trqg/q(x + 29 =0} ={p) |z € Fos, Tr 3/q( ) = 0}. (3.5)
Proof: Let z € FZ3 satisfy

g+l g+l a>+q 2> +4>

Trs(z 2 )=272 422 42 2 =0.

Solving for each term and squaring we get

2 q+q 2
g0l = g0ta* _ g4y + it

2 +a®+q+1 2
T — et o 5 + pita
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24

a“+1 2
+1 _ xq—l—l — iy + s

7
Substituting these expressions into
Trgz/q(z + ) =z 429+ P 4 el pl=aPHa | pa-14e?

we get

+a®+q-1
2

Trp/(v+29) = z+a7+ 27
+ z7)
g+1

2 3
+ (w—z2 42+ @ -2 )+ (2 —x
3
= —z'5 Tres (72 ) = 0.

Since the two sets in (3.5) have the same cardinality ¢ + 1, and now we have shown that
the set on the right hand side of (3.5) is contained in the one on the left hand side, these
two sets must be identical. The proof is complete. Il

Remark: The above proposition was conjectured by No [15].

In order to show that the relative difference sets constructed in this section are new, we
compute the p-ranks of the classical relative difference sets in Section 4 and the 3-rank of
D when ¢ = 3 in Section 5.

4. THE p-RANKS OF THE CLASSICAL RELATIVE DIFFERENCE SETS

Even though the p-ranks of the Singer difference sets were computed by many people
(see [14], [19], [8], and [7]), a general p-rank formula for the classical relative difference
sets seems have not appeared anywhere in the literature. In this section, we compute the
p-ranks of the classical relative difference sets.

Let m > 2 be an integer. We define

R = {ZL' c ]qu | Trqm/q(l') = 1}, (41)

where Trym /4 is the trace from Fym to F,.

Let x be a nontrivial multiplicative character of F,m. The character value x(R) =
> ser X(7) has been calculated in [2, p. 389, 400], [22], [21] (see also [1]). So we simply
record the result here.

F;Zl’
L

F; (the restriction of x to IF,), and ¢;(x1) is the Gauss sum over F, with

(4.2)

X(R)Z{ -390, if X

g(x) :
g1(x1) if X

where x1 = x
respect to the character x;. By (2.2), we see that for every nontrivial y,

m—2

- , if
YRX( >={ o

F;Zl’

pF L

By Lemma 1.1, Ris a ((¢" —1)/(¢ —1),q — 1,¢"",¢™?) relative difference set in F},,
relative to ;. This proof appeared in [21].
Now we are ready to compute the p-rank of R.

(4.3)

qgn, it x
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Theorem 4.1. Let R be the relative difference set in F.. relative to F; defined in (4.1).
Let g = p°, where p is a prime. Then the p-rank of R is equal to

p+m—2\° x]+m—1
S R i (]
0<z<(¢g—1) j=0
where © = Zj;észj, 0<z; <(p—1).

Proof:  For P a prime ideal in Z[{,m_;] lying over p, let wy be the Teichmiiller character
on Fy... Then any nontrivial character of ;. takes the form wy®, 0 < a < (¢™ —1).
By (4.2), for each a, 0 < a < ¢"™ — 1, we have

() —2g(wy”), if (¢—1)a, "
w =9 9wy . :
® ggl(w—q:—a) ) if (q - 1) /Ya7

where ¢;(¢) is the Gauss sum over F, with respect to the multiplicative character ¢ of
;. Note that here we have used the fact that W‘B|p: wp, where p is the prime ideal in
Z[¢,-1] lying above p, and lying below B. To simplif§/ notation, we will supress the index
B in the character wy if there is no confusion.

By Lemma 2.2, the p-rank of R is equal to the number of y, where y = w™, 0 < a <
(¢™ — 1), such that x(R) (mod 9B)# 0. Let P be the prime ideal of Z[Em_1,&,) lying
above . Since P | x(R) if and only if 9B | x(R), the p-rank of R is equal to the number

of x such that P Jx(R).
Corresponding to the two cases in (4.4), we have the following two cases.

Case 1. w™| =1 (ie, (¢ — 1)|a). By (4.4), we have w %(R) = —< g(w™®). By
Fy P

Theorem 2.1, we have

vp(g(w™)) = s(a),
where s(a) is the p-ary weight of a (mod ¢™ — 1). Also it is clear that vg(p®) = (p — 1)e.
Therefore in this case, the number of a, 0 < a < (¢"™ — 1), such that w=*(R) # 0 (mod ),
is equal to

#{a|0<a<(¢"—1), (¢—1la, s(a) = (p—1e}.
Let us denote this cardinality by A. It was shown in [7, p. 85] that

A= <p+m_2>e‘
m—1

Case 2. w™*|,..# 1 (ie, (¢g—1) fa). By (4.4), we have
Y g(wg®)
R) = :
)

So in this case the number of a, 0 < a < (¢™ — 1), such that w=*(R) # 0 (mod ), is equal

to
#{a 0 <a<(¢"—1),(¢—1) fa,s(a) = si(a)},
where sq(a) is the p-ary weight of a (mod g — 1). Let us denote this cardinality by B.
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We can compute B as follows. For an integer X, 0 < X < ¢ — 1, we write X =
S X X = P L X7, with 0 < X5 < p—1. Given an z = Zj;éxjpj, 0<uz; <
p— 1 0 <z < (¢g—1), since we want to count those X, 0 < X < (¢™ — 1) such that
X =z mod ¢ — 1, and s(X) = s;1(z), we require that

m—1
Z Xij =T
i=0

That is, the addition Xy + X; +---+ X,,_1 (mod ¢ — 1) has no carry. Given an z;, there

are precisely
rj+m—1
m—1

ways to distribute the quantity z; over the X;;’s. So for each z, 0 < z < ¢ — 1, the
number of “liftings” X, 0 < X < (¢™ — 1), of = is Hj;(l) (mﬁm*l). Summing over x,

m—1
0<x<(g—1), we get
B x]—i—m—l
pe > TI(70Y)

0<z<(g—1) j=0

where x = 37" o, 0<a; < (p—1).
Adding up the expressions for A and B, we obtain the p-rank formula of R stated in
the theorem. O

In some special cases, we can make the p-rank formula in Theorem 4.1 more explicit.

Corollary 4.2. Let R be the relative difference set in ;.. relative to IF; defined in (4.1),
and let ¢ = 2°. Then the 2-rank of R is (m + 1)° — 1.

Proof: By Theorem 4.1, the 2-rank of R is equal to
ri+m—1
v s (Y
0<z<(¢g—1) j=0
where x = Zj éa:ﬂ, xj = 0 or 1. Since z; = 0 or 1, we see that the product

Hj;(l) (rarm- 1) in the above formula is simply m*®  where s(x) is the binary weight

of z (mod ¢ — 1). Hence the 2-rank of R is

m+z<) = (m—+1)°—1.

This completes the proof. O
For future use, we also consider the case p = 3.

Corollary 4.3. Let R be the relative difference set in ;.. relative to IF; defined in (4.1),
and let ¢ = 3°. Then the 3-rank of R is

m+1\° m 41\
() e 2 (")

0<z<(g—1)
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where ny(x) and no(x) are the number of 1’s and the number of 2’s respectively in the
ternary expansion of x. Furthermore, if e = 1 (i.e., ¢ = 3), then the 3-rank of R is
m(m + 3)/2.

Proof: This follows from Theorem 4.1. The proof is similar to that of Corollary 4.2. [J

5. THE 3-RANKS OF SOME NON-CLASSICAL RELATIVE DIFFERENCE SETS

In this section, we compute the 3-rank of the relative difference set D constructed in
Section 3. In order to state our results, we introduce some notation first.

Let g=3%e>1,m=3kletd=¢*—¢"+1,and let D = {x € Fym | Trym o(x+2%) =
1} be the relative difference set constructed in Theorem 3.2.

For B a prime ideal in Z[{,m_;] lying over 3, let wy be the Teichmiiller character on
Fgm. Then any nontrivial character of Fy,. takes the form wg®, 0 <a < (¢m —1).

As in the proof of Theorem 3.2, we define for each a, 0 < a < ¢" — 1, the sum

—a —a Trgm /3(z+a?)
Salwy") = > wy'(x)és ™ . (5.1)

xGF;m
Let P be the prime ideal of Z[&gm_1,&3] lying above P, and let
t(a) = VﬁB(SdWEa)) (5.2)
be the P-adic valuation of Sa(wg")-

Lemma 5.1. With the above notation, the 3-rank of D is A+ B, where A= [{a |0 <a <
(¢™—1), (¢g—1)|a, t(a) =2¢}, and B=[{a |0 <a < (¢™—1),(g—1) fa,t(a) = si(a)}|.
Proof: By Lemma 2.2, the 3-rank of D is equal to the number of y, where x = wq}“,
0 <a<(¢™—1), such that x(D) (mod B)+# 0. Since ‘}~3~| x(D) if and only if P | x(D),
the 3-rank of D is equal to the number of x such that P fx(D). To simplify notation,
we will usually drop the index in wys if there is no confusion.
Corresponding to the two cases in (3.3), we have the following two cases.

B = 1 (ie., (¢ — 1)|a). By (3.3), we have w™*(D) = —5 S4(w™*). By

definition, we have

Case 1. w™ @

v(Sa(w™)) = t(a).
Also it is clear that v4(3%) = 2e. Therefore in this case, the number of a, 0 < a < (¢™—1),
such that w=*(D) # 0 (mod PB), is equal to the cardinality of the set

A={a|0<a<(¢"—-1), (¢g—1la, t(a) = 2e}. (5.3)
We will denote this cardinality by A.
Case 2. w™*|,.# 1 (ie, (¢—1) fa). By (3.3),
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So in this case the number of a, 0 < a < (¢™ — 1), such that w=*(D) # 0 (modP), is
equal to the cardinality of the set

B={a[0<a<(¢"—-1),(¢=1) fa,t(a) = s1(a)}, (5:4)

where s1(a) is the p-ary weight of a (mod ¢ — 1). We will denote this cardinality by B.
In summary, the 3-rank of D is A+ B, where A, B are defined as above. This completes
the proof of the lemma. Il

In order to compute explicitly the 3-rank of D, we have to compute t(a) first. By (2.1),

we have
qm -2

g _129

Hence
1 e
Siw) = e 3 WS )
q 2R, b=0
1 4=
o =D R
q b=0

For any integer = not divisible by ¢™ — 1, we as usual use s(x) to denote the 3-adic
weight of  (mod ¢ — 1). In addition, if x = 0 (mod ¢™ — 1), we set s(z) = 0. With this
convention, using Theorem 2.1, we see that

t(a) > minogbgqm,Q {S(b) + S(CL — bd)} (55)
Moreover, if the above minimum is attained at exactly one value of b in [0, ¢™ — 2], then
t(a) = minogbgqm,Q {S(b) + 3(61 — bd)}

In general, the function t(a) is hard to control, hence it is difficult to compute explicitly
the cardinalities of A and B (defined (5.3) and (5.4)). However in the case ¢ = 3 (i.e.,
e = 1), the counting problem can be solved easily.

Lemma 5.2. Let q=3%, e=1, m =3k, k> 1 and d = 3** — 3" + 1. With the definition
of A given in (5.3), we have

(343 10<i#j<m—-1YU{(d+3)3 |0<i,j<m—1,i#k}

U{2d3" |0<i<m—1}u{d3" +3)|0<i<j<m-—1,j#k+i,j#2k+i}.
The cardinality of A is 2m? — 2m.
Proof: Let a be an integer such that 0 < a < 3™ — 1. Then a € A if and only if a is
even and t(a) = 2. By (5.5), we need to consider ming<p<gm_2 {s(b) + s(a — bd)}.

The only way for s(b) + s(a — bd) = 0 to occur is a = b = 0. This does not occur since

we require that @ # 0 (mod 3™ — 1). Now a is even: s(b) and s(a — bd) are either both
even or both odd; so s(b) 4+ s(a — bd) = 1 does not occur. Therefore

minogbggm_g {S(b) + S(CL — bd)} Z 2.
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We now find all values of a and b for which s(b) + s(a — bd) = 2. There are three
possibilities:

(i) s(b) = 0 and s(a — bd) = 2,

(ii) s(b) = s(a — bd) = 1,

(iii) s(b) =2 and s(a — bd) = 0.

In the first case, b = 0 and a has 3-adic weight 2, that is, eithera = 2-3, 0 <i < m—1
ora=3+3,0<i#j<m-—1 Butfora=2-3% there are two b’s such that
s(b) + s(a — bd) = 2, namely b = 0 and b = (1 + 3¥)3". We will show in Lemma 5.3 that
t(2-3") > 2; so these a are not contained in A. For a = (1 + 3?%)3%, even though there
are two b’s (b = 0 and b = 3%) satisfying s(b) + s(a — bd) = 2, we will show in Lemma 5.3
that #((1 + 3%%)3") = 2. For other a’s, one can show that there is a unique b in the
range satisfying s(b) 4+ s(a — bd) = 2, hence t(a) = 2. Therefore in this case, the total
contribution to A is (7).

In the second case, b has 3-adic weight 1 and a is the sum of bd and another number
with 3-adic weight 1. We write a = (3' + d)37, 0 < 4,5 < m — 1. Note that when i = k,
we have (3¢ + d)3/ = 3/ + 37*2*. These are already counted in Case (i); they should be
excluded from consideration in this case. For other values of a, one can see that there is
a unique b such that s(b) + s(a — bd) = 2. So we get m? — m values of a in this case.

In the third case, b has 3-adic weight 2 and a = bd. Write a = d(1 + 3")37. We get
another m + (”21) values of a, but m of these (i.e., i = k, so a = 2- 3%) should be excluded
since they are already considered in Case (i). So the contribution to A is ('7)

To see that each admissible a above is associated with a unique value of b, with the
exceptions noted above, it is enough to show that the above three cases produce distinct
a’s. Let us consider the ternary expansion of each a. From Case (i), each a is of the form
3"+ 37, i # j. As for Case (ii), we have a = (3' + d)37, i # k. Note that d is represented
by k 0’s, followed by k 2’s, and then followed by (k—1) 0’s and a 1. If a 1 is added to any
place in the first or last group, a unique run of k 2’s remains (see (5.6)). If a 1 is added
to any of the 2’s but the lowest, the result is a shorter run of 2’s and 1’s in the low-order
places of the first and third groups (see (5.7)). So the a’s from Case (ii) are different from
those a’s in Case (i) except the ones already noted. For Case (iii), a = d(1+ 3")37, i # k,
we note three possibilities: 7 = 0 and a = 2d3’; 0 < i < k; and k < i < 3k/2. If d is
doubled, we get (k — 1) 2’s bordered by 1’s (see (5.8)). If 0 < i < k, we get a run of
(k—1) 2’s with a 1 inserted somewhere (see (5.9)). If k£ <i < 3k/2, we get two separated
runs of 2’s (see (5.10)). These are all different from the a’s from Case (i) or (ii). Finally
note also that a never has a period less than 3k.

d = 000022220001

-+ 001000000000 (5.6)
a = 001022220001
d = 000022220001

-+ 000001000000 (5.7)
a = 000100220001
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d = 000022220001
d = 000022220001 (5.8)
a "= 000122210002
d = 000022220001
+ 002222000100 (5.9)
a = 010021220101
d = 000022220001
+ 222000100002 (5.10)
a = 222100020010
In summary, we can write down the elements of A explicitly, and the cardinality of A
152(?)+m2—m:2m2—2m. O

The following lemma shows that ¢(2) > 2, and ¢(1 + 3%*) = 2. From these, it follows
that #(2-3%) > 2, and t((1 + 32%)3%) = 2 for all i. These are needed to complete the proof
of Lemma 5.2.

Lemma 5.3. Using the notation above, we have

vg(gw ™) g™ ) + g(w)g(w™?)) > 2
and

vg(g(w™)g(w™ ) + (gw™))?) =2

Proof: We use the Stickelberger congruence as stated in Theorem 2.1. Given an
integer @ in the interval (0,3™ — 1), we write a = ag + a13 + a23*+ - - - + a,,_13™ "', where
a; =0,1or2foralli,0 <i<(m—1). We remind the reader that v(a) is defined to be
aolay! - apm_1!. Since 2 = —1 (mod P), we have v(a) = 1 (mod ) if the 3-adic expansion
of a has an even number of 2’s, and y(a) = —1 (mod P) if the number of 2’s is odd. Thus
by Stickelberger’s congruence,

@M g ) _ -1 -1
L e Gy

(DD + (1)

0 (mod )

and

g(w—O)g(w—1_32k)+(g(w—l))2 B - - P i
(& — 12 (=1)(=1) + (=1)(=1) = —1 (mod P)

The conclusion of the lemma now follows. O
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Lemma 5.4. Let ¢ =3° e=1, m =3k, k> 1 and d = 3% — 3% + 1. With the definition
of B give in (5.4), we have

B=1{3,d3|0<i<m-—1}.

Proof:  We need to solve for odd a, 0 < a < 3™ — 1, such that t(a) = s1(a) where
s1(a) is the 3-adic weight of @ (mod 2). That is, t(a) = 1. Here we have two cases. Either
s(b) = 0 and s(a) = 1, or s(b) = 1 and a = bd. So either a = 3" or a = d3'. For
these a’s, there is a unique b in the range [0,3™ — 2] satisfying s(b) + s(a — bd) = 1. So
t(a) = ming<p<zm_2{s(b) + s(a — bd)} = 1. Therefore the lemma follows. O

Theorem 5.5. Let q=3° e=1, m=3k, k>1andd=3% -3+ 1. Let D ={z €
Fym | Trymq(x + x%) = 1} be the relative difference set constructed in Theorem 3.2. Then
the 3-rank of D is 2m?.

Proof: By Lemma 5.1, the 3-rank of D is equal to |A| + |B|. In Lemma 5.2 and
Lemma 5.4, we find that when e = 1, | A| = 2m? — 2m, and |B| = 2m. So the 3-rank of
D is 2m?. U

Remarks: The 3-rank formula in Theorem 5.5 is not valid in the case k = 1 (i.e., m = 3).
The reason is that when m = 3, the elements 2d3?, 0 < i < m — 1, of the set A coincide
with some of the elements in {(d +3)3 | 0 <i,j < m—1,i # k} C A. In the case
k =1, the relative difference set D has parameters (13,2,9,3), and it has 3-rank 12. This
relative difference set D is equivalent to the first (13,2,9,3) relative difference set listed on
Page 90 of [17] (see also [12]). The second (13,2,9, 3) relative difference set listed on the
same page is the classical relative difference set, which has 3-rank 9.

Corollary 5.6. Let D be defined as in (3.1), and let p : Fzgk — F;Sk/IFZ be the natural
epimorphism. Let e =1, m = 3k, k > 1. Then the 3-rank of p(D) is 2m?* — 2m.

Proof:  The 3-rank of p(D) is equal to the size of A, which is 2m? — 2m in the case
e=1. U

Remarks: The 3-rank of p(D) was computed recently in [16]. Our method here is
different from that of [16].

6. INEQUIVALENCE OF RELATIVE DIFFERENCE SETS

In this section, we use rank comparison to obtain inequivalence results of relative dif-
ference sets with classical parameters.

Theorem 6.1. Let q =3, e=1, m =3k, k>1andd=3"*—-3"+1. Let D= {x €
Fygn | Trymq(x + 2%) = 1} be the relative difference set constructed in Theorem 3.2. Then
D is inequivalent to the classical relative difference set R with the same parameters.

Proof: By Theorem 5.5, the 3-rank of D is 2m?. On the other hand, by Corollary 4.3,
the 3-rank of R is m(m + 3)/2. These ranks are not equal: the theorem follows. O

Besides the classical relative difference sets, there is another large family of relative
difference sets with classical parameters known previously. These are the so-called affine
GMW difference sets. The idea is the same as in the classical GMW construction. We
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describe the construction of affine GMW difference sets as follows. For more details, see
(17, p. 77].
Let m = st, where s > 1, t > 1 are integers, let ¢ be a power of a prime p. Define

T ={z € Fg | Trg/q(x) =1},
and

S = {:L‘ € ]qu ‘ Trqm/qt(x) = 1}.
Let r be an integer coprime to ¢* — 1. Then the set 7S is a ((¢™ — 1)/(¢ — 1),q —
1,¢™ ", g™ ?) relative difference set in F}, relative to IF}. This is an affine GMW difference

set. If = 1 or r is a power of p, then TS is nothing but the classical relative difference
set R. So we will not consider the case where r is a power of p.

In principle, we can also derive a formula for the p-ranks of affine GMW difference sets
as we did for GMW difference sets in [1]. But the formula will be very complicated. So we
will use MAGMA ([5]) to do some numerical computations of the 3-ranks of affine GMW
difference sets.

Example 6.2. Let ¢ = 3, m = 6, t = 2. The possible choices of r are 5,7. We choose
r=>5 since 7=3-5 (mod 8). Using MAGMA, we find that the 3-rank of the affine GMW
difference set T®)S is 57 (this was also computed by Pott in [17, p. 86]). On the other
hand, the 3-rank of D (defined in Theorem 5.2) in this case is 2m* = 72. Hence D is not
equivalent to this affine GMW difference set.

Example 6.3. Let g = 3, m = 6, t = 3. The possible choices of r are 5,7,17 and their
maultiples by powers of 3. Using MAGMA, we find that the 3-rank of TS is 57, the
3-rank of T'VS is 63, and the 3-rank of TS is 117. (These S-ranks were also computed
by Pott [17, p. 86].) On the other hand, the 3-rank of D (defined in Theorem 3.2) in this
case is 2m? = 72. Hence D is not equivalent to any of these affine GMW difference sets.

Example 6.4. Let g =3, m =9, t = 3. The possible choices of r are 5,7,17 and their
maultiples by powers of 3. Using MAGMA, we find that the 3-rank of TS is 189, the
3-rank of TS is 234, and the 3-rank of TUTS is 594. On the other hand, the 3-rank of

D (defined in Theorem 3.2) in this case is 2m? = 162. Hence D is not equivalent to any
affine GMW difference sets.

These examples show that the relative difference set D is in general not equivalent to
affine GMW difference sets. Since there are only two types of relative difference sets with
these parameters known (i.e., the classical and affine GMW relative difference sets), the
relative difference set D is new.
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