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Abstract

This paper is concerned with a boundary-field equation approach to a class of
boundary value problems exterior to a thin domain. A prototype of this kind of prob-
lems is the interaction problem with a thin elastic structure. We are interested in the
asymptotic behavior of the solution when the thickness of the elastic structure ap-
proaches to zero. In particular, formal asymptotic expansions will be developed, and
their rigorous justification will be considered. As will be seen, the construction of these
formal expansions hinges on the solutions of a sequence of exterior Dirichlet problems,
which can be treated by employing boundary element methods. On the other hand,
the justification of the corresponding formal procedure requires an independence on
the thickness of the thin domain for the constant in the Korn inequality. It is shown
that in spite of the reduction of the dimensionality of the domain under consideration,
this class of problems are in general not singular perturbation problems, because of
appropriate interface conditions.
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1 Introduction

In this paper we consider a linear model elastic transmission problem posed in the exterior
of a thin domain. The thin domain under consideration is an annular region in R? with
smooth boundaries occupied by a linear isotropic elastic material. The exterior region which
imbeds this annular domain is also comprised of an elastic material with different (linear
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and isotropic) elastic properties. The outer boundary is fixed, and the inner boundary is
allowed to move as the thickness of the annular region decreases (see 1). We are interested
in the asymptotic behavior of the elastic displacement fields both in the interior and exterior
of this annular region. In this study the material parameters are fixed, making this analysis
different from similar studies in the engineering literature where the contrast between the
materials is allowed to vary with the thickness.

In Section 2, we will first study the transmission problem in the case of fixed thickness,
and employ boundary integral equations to reduce the (infinite) computational domain to a
finite one. A weak formulation is then derived for the resulting nonlocal boundary problem,
and the existence and uniqueness of solutions to this formulation are discussed. A key
invertibility result is derived here which will be, along with Korn’s inequality in a thin
domain, very useful for the justification of the subsequent asymptotics.

We present an illustrative example which will motivate our asymptotic study. This
example reveals that in this specific situation the displacement fields can be expanded in
regular asymptotic series. With these insights, we will then present the general (formal)
asymptotic procedure for studying the solutions of the transmission problem in the case of
vanishing thickness. Finally, the asymptotic procedure is rigorously justified. It is interesting
that the asymptotic procedure, which is applied to a coupled system of equations, actually
results in a decoupling of these equations at any given order.

2 The case of fixed thickness, ¢ > 0.

We begin with the transmission problem in the case where the thickness ¢ > 0 of the
annular region is fixed. We first describe the transmission problem of interest, and the
associated classical uniqueness result. We then truncate the infinite computational domain
by means of two integral equations, and introduce a weak formulation for the resulting
nonlocal boundary value problem. This weak formulation will be advantageous both for
proving existence of solutions, and for leading naturally to a coupled finite element - boundary
element scheme. Using Korn’s inequality, we establish existence and uniqueness results for
our weak formulation; this yields an important invertibility result which will be the key
ingredient in the justification of our asymptotic procedure in subsequent sections.

2.1 Formulation of the transmission problem

Let us describe the elastic transmission problem of interest. In what follows, let {2, be a thin
annular region in the plane bounded by smooth curves I'y and I'., with elastic properties
determined by the Lamé coefficients Ay, p1;. These coefficients do not change with changing
thickness. The unbounded complement of Q. is denoted by Q. := R?\ Int(Ty), and is
composed of a linear elastic material with the Lamé parameters Ao, p1o. A schematic figure
is shown in Figure (1).

We are interested in the 2-dimensional elastic displacement fields u. € H'(2.) and U, €
H}.(Q). We are using the simplified notation u € V' to mean that each component of the

vector-valued function u belongs to function space V.



Figure 1: The configuration of the thin domain for fixed thickness. The trace of u from inside
Q. on 'y is denoted u™. All normals are taken to point into the infinite exterior region.

The associated stress fields oy(u.) and 09(U,) are related to the (symmetric) strains

E(u,) and E(U,) via the linear constitutive relationships

: 1 Ou
ou(u) = Ae(div(u)) L+ 2B, Bluy = 55
J

where trM denotes the trace of a matrix M. Also note that

div o (ue) = pAu+ (A, + pp) Vdiv u,

+
al’j

Ouiy 1,

k=12

Let f € L?*(€.) be the density of a volume force on Q.. The equilibrium equation

annular region then becomes
div oq(ue) = —f in Q..

We assume that the inner boundary I'. is clamped so that

u =0 onl’,

In the exterior, we assume there is no volume force; the balance of forces gives

div 05(Ue) =0 in Q.
Across the interface I'y we have the transmission conditions

U, = Ue + Po, Tl(us) - T2(UE) + qo;,

on FO

(1d)

for given data po € HY?(I'y),qo € H~/?(I'y) (the usual trace spaces). The tractions are

defined by

Ti(u) :=n-o0;(u) = 2ui£u + A (divu)n+ pn x V x u.

= on



In the transmission conditions (1d), the data pg describes a possible jump between the dis-
placement fields (non-continuous behavior, disclocations) whereas qg characterizes a possible
jump between the traction fields, which can appear due to the different material parame-
ters. In order to ensure uniqueness of solutions, we require that U, be a generalized reqular
function in the sense that

(Ue—w) =0(1/|z]),  V(Uc—w)=0(1/]z]*) (le)

where w is a constant rigid motion. See, for example, [6, 7, 1].

2.2 Reduction to bounded domain

We next use the Betti representation formula for elastic displacements to rewrite the exterior
problem (1c,le) in terms of an integral equation on I'g. The solution U, of (1c¢) satisfies the
modified Betti formula for all z € Q:

U (r) = - A G(z,y)T2(U)(y) — T(z,y)Uc(y) ds, + a. (2)

Here, a is a constant vector, and G is the fundamental tensor:

A2 + 3o
Gla,y) = —22M2 ]y
()= e+

)\2 + 2 1
(A2 + 3p2) [v — y/?

(@ =) -0}

and
T(%, y) = (T2y<G<§L', y)))T
The traction T5, operator contains derivatives with respect to the variable y. We note that

the radiation condition (le) will only be satisfied by this representation if the additional
compatibility condition holds:

/ Ty(U.) ds = 0. (3)

To incorporate this compatibility condition in what follows, we define

Hy(To) == {x = (x1,x2) € H (o) (x1, 1) = (x2, 1) = 0},

where (-,-) denotes duality pairing between H'/2(I'g) x H~Y/2(Ty). Taking limits in (2) as
Qs 2 x — [y, we obtain the integral equation

1
-I-K)U"+Vr=0 on [, 4a
2 €

where the fields Uf and 7 = ToU} need to be interpreted as the appropriate traces on Ty
coming from €2,,. We have used the classical jump relations to arrive at this result. Here,
K,V are the double and single layer integral operators respectively, (see below).

We could also take the normal derivative of equation (2), and then take limits, to arrive
at the integral equation

1
I+ K)r+ WU =0, on I 4b
2 €
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The integral operator W is the familiar hypersingular integral operator, while K’ is the
adjoint of the double layer operator. We recall some of the main properties of the linear
integral operators K, K, V and W below:

1. V: HYV2([y) — HY2(Iy), where Vyu(x) := (G(z, ), p).
2. K: HY/2(Ty) — H'Y?(Ty), defined by Ku(x) := (T(z,-), ).
3. W: HY3(Ty) — HY2(Ty), defined by Wy(x) := — Ty (T(x,-), u1).

4. Forallo € H, 1 2(F0), the operator V is positive definite, that is, there exists a constant
v, independent of ¢ such that

~1/2
(0,Vo) > vlloly o, Vo € Hy'(Ty). (5)
Note that since the curve I'y is independent of €, so is the constant 7,.

5. W is positive semi-definite, that is, for all v € H'/?(Ty),

(Wv,v) > 0. (6)

The following well-known result, relating the solutions of these integral equations to the
solutions of the exterior problem, is stated here for completeness:

Theorem 2.1 For any p € HY?*(Ty), x € Ho_l/2(F0), there exists a unique solution u €
H} (Qu) satisfying (1c) and (1e) iff (4a, b) holds with u = u} and x = 7.

loc

(see, for example, [2, 3])

With these integral equations, we are able to reduce the exterior problem for U, to
boundary integral equations of UT or 7 on the interface I'y. Once these Cauchy data have
been obtained, one can use the Betti representation formula to reconstruct the solution U,
in the exterior domain.

Since we have transmission conditions relating U and 7. = T3(U,) to u. and T;(u.)
respectively, we can write the following equivalent coupled system in terms of the unknowns
U, Te:

divoi(u) = —f in Q. (7a)
u = 0 onl, (7b)
Tlue = T+ o on FOa (7C)
1
(51 —K)(u;, —po)+Vr =0 on Iy, (7d)
1
(51 +K)7.+W(u, —pg) = 0  onTly. (Te)

We have included both integral equations; clearly they are not independent and one is
sufficient. However, it will prove advantageous from the point of view of analysis to use
both. We note here that to obtain 7. at one point on I'y, we need the values of u_ all around
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I'y. Conversely, in order to obtain u_, we need the values of 7. around I';. The integral
equations are thus non-local in nature, and hence the coupled system above is a non-local
boundary value problem. We solve this new problem simultaneously for u, and 7., and use the
transmission condition to obtain UF on I'y. This then enables us to use the Betti formula,
and finally provides a full solution to the original transmission problem.

2.3 Weak formulation

We now seek weak solutions of the nonlocal boundary value problem derived in the pre-
vious subsection. To be more precise, let us first introduce the function space H}(€2,) :=

{ve H'(Q.)|v = 00n T}, and recall that H, "/*(Ty) := {x € H"Y2(T0)|({x1,1) = (x2,1) = 0}.
We now consider the product space

M, — {(v, X) € HY(Q,) x Ho_l/Q(Fo)}

equipped with the associated product norm

1/2

120l = (VI o) + X E=12g)

Multiplying equations (7a) and (7e) by the test function v € H}(€.) and its trace on [,
and equation (7d) by x € H, Y 2(FO), integration by parts of the products over €, and T'y
respectively then lead to the variational equations

[ o) B0~ Ty = [ govan, (82)

1
(v, (51 + K1) + (v, W(u. — pg)) = 0, (8b)
1
<(§I - K)(ue - pO) + V(TE): X) =0. (8C)
Now, using the transmission conditions (7¢) for 7., —(T3(u,),v) = —(7 + qo, v), we can add

the equation (8b) to this relationship to obtain

TV 40 = —(7 + qo,v) + (v, (%1 K A+ (v, W, — po))

- (v (—%1 KT 4 (v, W) — (v qo) — (v, W),

We reformulate the problem (8) as one for finding a displacement u, and a traction 7.. More
precisely, the variational formulation of our transmission problem for fixed thickness reads

Definition 2.1 (Problem P.) Find (u.,7.) € H. such that
fﬂe g(ue) cE(v)dV + (v, Wu_ + (—3I+K')r) = fQ f-vdV + (v—,Wpo+ qo)

(A1 -K)u. + V7, x) = (3I-K)po, x)
(9)



for all (v,x) € H,, under the assumption that the given data (f,qo) € L*(Q) x H~Y/?(Iy)
satisfy the compatibility condition

/de+/ qods = 0. (10)
Qe To

We note that the assumption on the data is one of the consequences of seeking 7. € H, Y *(Ty),
that is, from the transmission condition (7c), requiring T} (u.) — qo = 7. € Hy /*(Tg).

2.4 The main a priori result

The existence and uniqueness of solutions to the problem (P.) will be established easily via
the Lax-Milgram lemma. To this end, define the bounded, continuous bilinear form A, from
He x He — R as
1 1
Ac(0:0).(v.0) = [ 1w B) O+ v, W (=514 K)o + (51— K)u+ V(o)
Q=

(11)

We note that this corresponds to adding both equations in (P.). Let

1
FAvo)i= [ £vaV (v W+ a) + (31~ Kpo. )

It is not hard to see that F, is a continuous linear functional on H,.. The problem P, can
then be rewritten as: Find (u., 7.) € He such that for all (v, x) € H.,

Ac((ue, 7), (v, X)) = Fe(v, X)-

Theorem 2.2 The bilinear form A, is He-elliptic; in particular, there is a thickness €y > 0
such that for all € € (0, ¢€y) there exists a constant o independent of € such that

all(w, o)z, < A((u,0),(u,0)) V(u,0)€H. (12)

Proof. Setting (v, x) = (u,0) in the definition of A.. we obtain

A ((v,0),(u,0)) = /Q o1(u) : E(u) dQ, + (u, Wu) + (Vo,0)

€

> O

[E(w)||Z20.) + 71”"”2(;1/2(%)’

where we have used the ellipticity of the strain-stress relation. At this stage, we invoke
Korn’s inequality, which states that

/ﬂ E(u) : B(u)dS, > Cllul:q,), (13)

where the constant C is independent of € as can be seen as follows. We consider an arbitrary
element u € H}(Q,) and its zero-extension u on €. The domain ) is a fixed annular region
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Figure 2: Geometry for proof of Korn’s inequality

with the boundary 9€y = T'y U {z € R? : |z — 29| = ro}, which contains all ¢ < ¢, in
its interior and xy € € \ €2, is a fixed point (see Figure (2). Then in [12], it is proved that
there is a constant C' = C(€)y) such that

/Q E(u) : E(u)de > C|[al/7 g,
0
for the set of zero-extensions u of elements u € H{(€)). Now

/Qe E(u) : E(u) dQ, — /Q E(q) : B(i)dQ, — /Q E(@) : B(@)dr > Cllal2 0, = Cllale,),
which is desired inequality (13). The H.-ellipticity of A, i.e., (12), then follows with a :=
min{C,C,~1)} independent of e.

This ellipticity result, the continuity of F,. and the Lax-Milgram lemma guarantees the
existence of a unique solution to the problem (P.). We note here again the use of Korn’s
inequality in a thin region which enabled us to determine a coercivity constant C' independent
of e.

We end this section with a brief summary of results thus far. We have derived a weak
formulation for the elastic-elastic transmission problem in the case when the thickness of
the annular region, ¢, is fixed. We have proved existence and uniqueness of solutions to this
variational problem; in particular, we have shown that the norm of the inverse is bounded.

We shall now investigate the asymptotic behavior of the solutions as € — 0+. However,
a simple, tractable example where the details can be explicitly computed can provide much
insight into asymptotic behavior, and will motivate our choice of asymptotic expansion. We
therefore digress to present such an example.

3 An illustrative example

In this section, we consider the elastic transmission problem in the case of a special geometry:
that of concentric circles. We also make the assumption of a constant body force density



r=R

Qw

Figure 3: The configuration of the thin domain for the model problem

f; this assumption can be relaxed to include smooth forces, but the consequent analysis
even for the simple geometry is complicated. The simple annular geometry will allow us to
explicitly compute the solution of the classical transmission problem using Fourier series.
We will notice that the coefficients of the series will contain the thickness parameter ¢ > 0.

3.1 A model problem

In this section, let Iy denote a circle centered at the origin, with radius R > 0. Let I'. be
a circle centered at the origin with radius R — ¢, where 0 < ¢ << R. The annular region
between I'. and I'y is called €2.. This geometry is illustrated in Figure (3). We recall that
the classical transmission problem is to find u, and U, such that

divoi(u) = f in €, (14a)
u = 0 on I, (14b)
divoy(U) = 0 in Q, (14c)

where
div o;(u) = p;Au+ (A + ;) Vdiv u

and where f = constant describes the body force density. Across the interface I'y we have
the transmission conditions

u =U,+p, Ti(u.) =T5(U.) +q on I' (14d)
for given data p € H'/?(T'y),q € H~/?(I'y). We also have the behavior at infinity given by
(u—w)=0(/[z]),  V(u-w)=001/[z), (14e)

where w is a constant rigid motion. Recall that the material properties \;, ; are independent
of € > 0. We note that for a planar strain problem the components of the (symmetric) stress



tensor can be written in terms of the Airy stress function ¢ (in polar coordinates) (see, e.g.,

[9, 5]).
_ Trr Tro T :7”72@4—7“71% 7-0:_2 la_Qb 7-09:@
Tro Too )’ " 06?2 or’ " or\rog)’ " or?’

The static equilibrium equations for the stress then reduce to the following equation for the
Airy stress function :

IS

Vig=CV . f (15)

with C' = 21”:1/1 in the case of plane strain, and C' = v — 1 for plane stress problems. Here v
denotes the Poession ratio.

Returning to our model problem, suppose the stresses in €2, are written in terms of the
Airy stress function ¢, and the stresses in the exterior region ()., are written in terms of the

Airy stress function ¢. We then have

Vip=0 in Q. Vi =0 in Q. (16)

That is, both ¢ and 1 satisfy the biharmonic equation, since we have constant force density
in €2.. We also need to rewrite the boundary condition on I'. and the interface conditions on
[y in terms of the Airy stress functions.

We seek a solution of the biharmonic equation exterior to a circle such that the stresses
at infinity are bounded and the displacement is a generalized regular displacement in the
sense of (1e). We also require that the displacements and stresses are single-valued (see [11]).
A solution of the biharmonic equation satisfying these requirements is given by the so-called
Michell solution ([10]):

W(r,0) = bylnr+ Agf + (byrlnr + % + Ayr0) exp(i6)
+ Z(cnrfn + d,r* ™) exp(inf).
n=2

Here, the constants by, ¢, Ag, b1, c1, A1, ¢n, d, need to be located by matching the interface
conditions on I'y. In particular, we note that b; and A; must be related in order to insure
the single-valuedness of displacements, via the relation

].—Vg

bl - = 2 iAla

where 145 is determined via the elastic properties in the exterior region.
On the other hand, the solution of the biharmonic equation in an annular region is given

by
o(r,0) = g+ folnr+ Yor? 4 nol + <a1r + % + 617 + Byrlnr + n1r9> exp(i6)
+ Z (anr" + Bor™ T 4y 4 5n7’2’”) exp(ind).

n=2

10



Here again (31,7, are related in order to obtain single-value displacements, and
IL—u.
pr=— 5 .

We assume that the data p, q are sufficiently smooth, and in fact

p= ipn exp inb, q= iqn exp inb.

n=0 n=0
Since we are primarily interested in displacements and tractions, it is worth noting that

with the Michell solution, the displacement u, = u,.€, + ugéy in the annular region is given
by

1
U, = i {—%(1 +v1) + 291 —w)r }
1
+E [51(1 — ) In(r) + %(1 + 1) + 612 (1 — vy) — 20,72 + 2imy ln(r)} exp 16
1
1

+

S
hE

i
[}

[ann(l + )" 4 By (n— 24 nvy + 20p) T

—Yun(1+v1)r " =6, (n 4 24 v — 2u0p) ' "] exp(ind),
1 1 —f- 1

i i1 —w)(1—Inr) 4+

+61(5 + v1)r? + 2im (Inr + 1/1)] iexp(if)

<
>
|
1

1 [e.@]
+o Z n(1—+ )"+ By (n(1+ vy + 4)
n:2

—Yun(1 4 v)r " =6, (n(1+ 1) — 4) ' "] i exp(ind).
while the traction T} is given by

2 2m
T, = @+270+<&—ﬂ+251 —l—zi)expi@

_ Z [ann(n — 1)7171*2 + ﬂn(n + 1)(n _ 2)7"”

+ynn(n + 1) 4 6,(n — 1)(n + 2)r~"] exp(ind).
Similarly, the displacement in the exterior, U, = U,.é, + Uyéy is given by

1 bo 1 C1 .
=g {‘7“ *””} 5 [ﬁ(l + )| expif

1 o
—|— Z —con(L4m)r™" "t —d, (n+ 24 von — 2uv5) r' "] exp(ind),
n:2

Up = Ei [bl(l =)l —Inr)+c ! + 24 20A;(Inr + Vg):| i exp(if)
P
_1 N —n— —nl - .
+E2 ; [_Cnn(l +u)r " —d, (n(1+vy) —4)r! ] iexp(ind).
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with the traction being given by

T, = ol 2— exp(if) — ZQ con(n + 1)r~ "%+ dy(n — 1)(n + 2)r~") exp(ind)
By matching u,.(R—¢,0) = 0,ug(R—¢,0) = 0,u,(R,0) = U.(R,0)+p,, ug(R,0) = Ug(R, 0)+
po, T1(R) = T5(R) + g, we can locate the coefficients (3o, v, 81, 71, etc.

We then write r = R+€€, £ € (—1,0) and examine the behavior for small € of u,.(R—¢€&, 6),
upg(R — €&,0) (we used the symbolic software MAPLE for this computation). Since the
calculation leads to fairly messy expressions, we present here only the expansion for u, up

to O(e).
ur(R—€£,0) =0+

c (_1;‘ i) (Eapro -é—lq—ofiy:; qoRus) (=1 +v}) + (coef f1) exp(if) + ni:;(COeffn) exp(inf)

ug(R — €€,0) = 0 + e(coef f2)1 + €*(coef f2)y + ...

where the value of (coef f1) is computed by MAPLE. Despite its apparent algebraic complex-
ity, it can be verified that (coef f1) is a bounded term independent of €. Similar computations
for coefficients up to and including second order were performed; in each case, the resultant
terms, though messy, are bounded, and independent of €. These detailed calculations are
not presented here in the interests of brevity. The most important observation is that at
leading order uy = 0, and u, can be expanded in a regular asymptotic series in e.

Similarly, if we examine the traction T5(R), we obtain a regular asymptotic series of the
form,

EsproEr R

Ty(R) =
2(F) 2E, R? + 2E, R?nus

+ O(e),

where the subsequent terms again yield a regular asymptotic sequence. Again, it was verified
that the coefficients do not depend on €, and are bounded.

4 An asymptotic procedure for solutions of (P.)

In this section we use the insights gained from the model problem to analyze the asymptotic
behavior of solutions to problem (P,) in the limit as ¢ — 0. Recall that the variational
problem under consideration is : Find (u.,7) € H. such that

{ Jo, 01(u) “E()dV 4+ (v, Wu_ + (—3I+K')r) = [, f-vdV + (v7,Wpg + qo),
(17)
for all (v, x) € H.. We have established existence and uniqueness of solutions to this problem
in the case of € fixed, by using the variational equation

Ac((ue, 1), (v x)) = Fe(vix)  ¥(v,x) € He.

12



At this stage, the most convenient coordinate system to be working in is a polar one —
x = x(r,0) € Q.. We now need to scale the annular region to make the dependence on e
explicit. In what follows, we assume that the thickness ¢ > 0 and the outer boundary is a
fixed, smooth and rectifiable curve I'y. If we denote by €2 the domain enclosed in Iy, then
the thin domain and the inner boundary are defined precisely as

Q= {x e Q| inf |z —y| < e} , I = {x e| inf ||z—y| = e} :
yely yely

In particular, if we consider distances measured along the direction of the outer normal on
[’y as positive, we can scale the Euclidean distance d(z, ) by

_ —d<I,F0> +¢€ <

0<t 1.

€
Thus, when d(z,Tg) = 0, the thickness parameter ¢ = 1 and x € Iy, whereas d(x,Ty) = ¢,
the thickness parameter is now ¢ = 0, and the point under consideration is on I'.. Provided
¢ is small, we can now use a parameterization of . by the manifold Q := [0,27] x (0,1)
through the mapping

{ Q—>Qe7

(t.0) — x=X(0)+e(t — n(d) = r(0,1). (18)

Here n(f) is the unit outward normal to I'y with the polar angle 0, X(0) € I'y is the tail
of n(f),t is the scaled length of the annular defined previously. In this way the points
x = x(t,0) = X(0) + €(t — 1)n(f) € Q. are uniquely described. Note that X(#) is the
projection of x € (). onto I'y.

We assume that the mapping (18) is a diffeomorphism from 2 onto €2, that is, the
Jacobian is

o ) Xi(6)+ el - 1ii(6)
Tom et B B | ) Xe(6) +elt — Lrinl)

—en@~(i&w%%Q_mh)>O (19)

We have used the notion a-b = a;by + asbs.
If ¢ is a scalar function in the original coordinate system x = x(r, #), we have the following
relationships between derivatives of ¢(t,0) := ¢(x) and those of ¢:

Br 0

a_f - Vé- a_}t{ = V¢ - (en(0)),

8" a . .

6_9; = Vo¢- 8_;( = Vo - (X(0) +e(t—1)n(0)),

where the dot means a derivative in the 8 variable. These derivatives are well defined since
the curve I'y is smooth. The gradient is taken in the original coordinates,

06, 106,

Vo= g6t 1 5p%
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cost)

We have ¢, = n(f),é = n(f) and X(0) - (X — x(t,0)) = 0. Therefore, X(¢)Ln(f) and
X(0) = C(X)égy, where C(X) is a scalar which characterizes the shape of the curve I'g. We
obtain

. 0 . —sind . .
Here é, = ( €os ) and ég = ( s ) are the orthogonal curvilinear basis vectors.

D¢ d

e R0 (20a)

8(5 10¢ m8q§

3 = [C(X) + €(t - Dl-25 = -5 = mVe-1(0) (20b)
J = em, (20¢)

where m = C/(X) + e(t — 1). We assume m is bounded, that is [m| < ¢ for all (t,0) € Q. We
are now in a position to define function spaces on 2 which are independent of €, and show
that these have norms which can be related to those of analogous function spaces on 2. We
introduce the function space

(@) = {ute.0) € @) 5 5 € PA(0). () = u(t. 0+ 20, ua =0}
with norm , ,
ou ou
2 2
iz @) -—/Q <\u\ tagl Tlar ) dS2

and the associated product space
Hoy = {(u,o) lue HI(Q),0 € Hgl/2(r0).} .

Lemma 4.1 The norms in Hy and H. are equivalent in the sense that there is constant c
independent of € such that

evel|(u, o) (u, o)

o < 1w, ol (21)

< |

G

Proof. (a) Let @ € H}(S2). Then from (20a), (20b), (20c), we obtain
il = [ + |5 + |5t

_ / (ul? + 2|Vu - n(6)f + m2|Vu - 5(8)[2)—dardes
Qe

em
1
< / (|u|2 + (2 + m2)|Vu|2)—d:B1d;E2
Q. eEm

C

< -/ ([ul? + |Vu|?)dz1dzs
€ Q.

for € < €p. The right-hand side inequality of (21) then follows, since ||o||;-1/2(r) is indepen-
dent of e.
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(b) Now let u € H}(Q.). Introducing the polar coordinates (r,6) and using (20a), (20b),
(20c), we see that

ou N o, 1 0u,
L o = [ (4 G2+ 1 v

€

1 1
:/(]ﬁ\z \au\z \gz Je mdtdo
Q

B 19 m@z € 0u ,
—/Q(em|u| + |8t| + — |69 2)dtdh

| /\

¢ [aar+ 15015 "),

This leads to the assertion (21).
Finally, if u € Hj(€,), we associate with it the function a(¢,6) € H}(Q) through the
change of variable
u(t,0) — u(z).

We drop the u in what follows when there is no confusion, and use u instead, in the scaled
domain.
In the original coordinates, if u(x) = u(r,0) = u,.é, + upéy then

1 4 _ Yo
E('LI) _ - _2uir _Ure +u9r ]
2 ure + Ug,r Tue,e—i- .

Therefore, the strain tensor can be written in the new ¢, coordinates. After re-scaling the
element of volume and collecting like powers of €, the variational problem becomes (after some
straightforward but tedious calculation): Find (ue,7.) € He such that for all (v, x) € H.,

Lao(ue,v) + ai(ue, v) + (v, Wu; + (=21 + K')7.)
‘|‘€a2(uea V) + ---Enilan(um V) + Qn(“ﬂ V) = F€(V’ X)’ (22>
(GI-K)u. +Vr,x) = G(v,x),

with right - hand sides

F.(v,x) = /o%/o f-vem dtdd+ (v—, Wpgy + qo), G(v,x) = ((= I—K)pg,x> (23)

for all (v, x) € H.. Note that since the boundary integral operators on I'y are not affected by
changing ¢, the data term G(-,-) is not subscripted by €. In the expansion (22), the bilinear
operators ag, a1, ..., a, are defined in terms of their action on vector fields u = w;é, +ugéy, v =

15



V€, + Vp€y via

ap(u,v) = / bo u,v) )d@dt bo(u, v) == [(A1 + 241 )ue 1ve 4 + ptig Vo],
027r O1
aj(u,v) = / (t —1)bo(u,v) + by (u, v) dtdo,
o Jo
bi(w,v) = Ay (U9 + Veglog + UV 4 Vpgtte) + i1 (U0 4 Vol g — Ug Vg — VgiUo) »
az(u,v) = / / bg (u,v)dtdd,
o Jo C(X
bo(u,v) = (A1 +2pu1)(uge —i— ut)(vg.o + vr) + pa(uee — ug)(veg — vg),
27 1
a,(u,v) = 1 — )" 2 (———)""2 dhdt.
wv = [ -0

The remainder term Q,, is defined via

/%/lebg(u,v)< : ! 5 e] 1—t) ! )]> dodt
0 0 C(X) —|—e(t— 1 (X)

27l R T .
/O/Obz(u,v)(l—t) o) C(X)+€(t_1)d9dt

For € small enough and fixed u,v € H}(), it can be seen that Q,,(u,v) = O(e"). We thus
write

“M

Qn(u,v) =€"Qy(u,v).
At this stage we have developed the operators in the variational formulation in powers of e.
The boundary integral operators remain unchanged since the boundary I'y does not move
with changing e. The formal asymptotic procedure will now consist of assuming a regular
asymptotic series for the displacement u. and traction 7., inserting into the development
above, and collecting like powers in €, to arrive at a sequence of simpler problems for (u;, 7;).

4.1 Formal asymptotic procedure

The illustrative example in Section (3) showed that u. could be expressed in a regular

asymptotic series in powers of e. We shall therefore use this ansatz to develop a formal

asymptotic procedure for the general transmission problem. To this end, let
u€:Zejuj—l-Rn, TEZZEjTj+Sn, n > 2, (24)

j=0 Jj=0

where (u;,7;) € H, for all j = 0,1, ...n. When we substitute (24) into the variational problem

(22), and collect like powers of €, we get the following sequence of problems: At leading order,

find (g, 10) € Ho such that for all (v, x) € Ho

ao(llo, V) = 0,

(25a)
(Vro,x) = —<(%I—K)UO7X> =: Go(x).



At the next order, find (uy,7) € Ho such that

ao(uy,v) = —ai(ug,v) — (v, Wug + (—3I+ K')70) + (v=, Wpo + qo)
=: Fi(u; 10;v), (25D)
(Vr,x) = —<(—%I—K)ul,x> =: G1(x)-

The body force density f affects the asymptotic development beginning only at the next
order: find (ug,72) € Ho such that for all (v, x) € Hy

ap(u,v) = —aj(uy,v)— (v, Wuy + (—3I1+K')r) + fo% f01 f.vC(X)dtdf
= FQ(U07111;7'1;V); (25c)
(Vr,x) = —((GI-K)uy,x) = Ga(x).

This means that we require at least two terms in the asymptotic expansion to capture the
effects of the body force density.

Subsequently,
ao(ug,v) = —ai(ug,v) — (v, Wuy + (=51 + K')73) — az(up, v)
2T v(t - 1)k dtdo
= F3(ug,up, uy; m;v), (25d)
<VT37X> = —<(%I - K)u3,x> = G3(X)-

The general term (uj;,7;) for j > 3 in the asymptotic development of (u,7.) solves the
coupled system

ap(u;,v) = — ch;ll ag(wj_g,v) — (v, Wu,_; + (—%I +K')71;1)
=1 Fj(up,uy,...uj-1;75-1; (V) (25¢)
(Vi x) = —(GI-K)uy,x) = Gj(x).

At this stage it is worth drawing attention to some convenient facts. In this formal procedure
each of the subproblems for (u;,7;) appears to be a coupled system. A closer look at any
order reveals that one first obtains u; by solving a problem of form

aop(u;,v) = F;(up,uy,..uj_1;7j-1,V)

and then solving the variational problem

(Vi x) = ~{(5T - K0 = G ()

for 7;. We thus obtain a staggered asymptotic scheme, where the initially coupled system of
equations for the pair (u., 7.) decouples for each pair (u;, 7;) in the asymptotic development.
A second convenient observation concerns the solution of the variational problem

2T 1
ap(uj,v) = / / (A1 + 2p1)uf v + ,ulu?)’tvg,t C(X) dtdb
0 0
= F}'(LIQ, up, ...uj,l; ijl, V).

This variational problem can be analytically solved, and we provide an explicit representation
formula for it. This result is the main content of the next subsection.
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4.2 Existence and uniqueness results

We recall that the variational formulation for the typical term (u;,7;) in the asymptotic
sequence reads: Find (u;,7;) € Ho such that for all (v,x) € Ho,

CL()(Uj,V) = Fj(ll07u1, ---auj—l;Tj—l;V)

{((%I—K)uj+VTj7X> = G;(0) ’

where [}, G; are defined as in the previous subsection. We need to establish existence and
uniqueness of solutions for this system of uncoupled equations. We begin with the uniqueness
result:

(26)

Theorem 4.2 There is at most one solution (u;,7;) € Ho of (26).

Proof. Suppose (u;, ;) and (U, ;) both satisfy (26). Then if w = u; —U;, w = w;é; +wyéy
solves

21 1
(lo(W, V) = / / ()\1 + Ml)wmvt,t + ,ul'lUg’tU@’t) C(X) dtd@ = 0
0 0

This implies that % = % = 0 and hence w;, wy are both functions of ¢ alone. However,

since w € HZ(€), it has vanishing trace on the curve ¢ = 0. Therefore, w; = wy = 0.
Moreover, 7;, (; satisfy

(T K)w, + V5,00 = (5T~ K, + VG 1) = G ()

for all x € H, Y 2(I’O). Using the linearity of the single layer operator we get
(V(r; =)o) =0, Vx € Hy "(Iy).

However, V is HO_UQ(FO) — elliptic, and therefore (; = 7;, proving the assertion.

Note, here the strong use of the zero displacement condition on the inner boundary is
necessary, without which the uniqueness assertion fails.

We demonstrate existence of solutions to the variational problem

@o(ujﬂ’) = F}(umuly ---,ujfl;ijbV)
by invoking the following result ([8])
Theorem 4.3 Let Fy, 5, Py, Py, Q1,Q2, R be scalar functions such that fori=1,2,

1. F; € HY(Q) and F(-,t), %l;i, %2952' € L*(Ty) for fired t € (0,1). That is, F; are more

reqular in the 0 variable than in the t variable.

2. P e HY(Q) and &5 € L*(0,1) for all fized 6.
3. R e HY*(Ty).

4. F;, P;, R satisfy the periodicity requirement in the 0 variable.

18



Then the variational equation

ST L (N A+ 240) G 201 +u35;935;2)dtd9

- - Zilf Jo [ 5 + (0 = D250 + Quuy] dbdf + [ Ruad),
(27)
for all v =v1é; +v26y € Hy determines a unique u = wé; + ug€y € Ho, given explicitly by
QF 1
(0:1) / / e — (0 y)dydT—/ (T — 1)a S0, 7)dr +tR(0), (28a)
06? 0 or
and . 1 ,
F2 P2
0(0,1) / / S 2(0,y)dydT —/O (1—1)—= 57 (0, T)dT. (28Db)

The proof is straightforward, and follows by examining solutions of a suitable ordinary
differential equation in the t variable. A similar result was proved in [§].

Once u; is obtained, the existence of solutions 7; in (26) is guaranteed by the Lax-Milgram
lemma, provided Gy, is a continuous linear functional on H,, Y 2(FO). This is due to the fact
that the boundary integral operator V satisfies the coercivity property

—1/2
06 V) = allXlvary, VX € Hy (D).

The continuity of G, will be fulfilled, following the properties of the solution u; from Theo-
rem 4.2. However, in general, the asymptotic analysis requires o; to be more than merely
H~'%(Ty) regular. Thus one requires that the given data po, qo and f be smooth enough to
ensure that —(31 — K)u; € H**(Iy), s > —1. With this regularity in u;, the solution 7; of
the integral equation

VTj = —(—I — K)U.j,

will be in H*(T'y).

We note again the convenient staggered sequence process just developed. In order to
obtain the term (u;, 7;) in the asymptotic sequence, we can use the explicit representation
formula given by (28) to compute u; in terms of previously computed (u;, 7;),7 = 0,1, ...j—1).
We then use the boundary element formulation in (26) to compute 7;. Indeed, for j > 0, we
are always solving a problem of the form

(Vi) = (G- Ky V€ Hy VA(T)

At the implementation level, this means that once we form the matrices for discretilized
version of this boundary element problem, we simply need to solve the same linear system
for different right hand sides.
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5 Justification of formal asymptotic procedure

In this section, we shall justify the use of the asymptotic expansion developed in the previous
section. We begin by determining the variational problem satisfied by the remainder terms
(R, Sy) in (24), and then use the estimates derived in Theorem 2.2 to show that

(R, Sn) || = O(e™)

in some appropriate norm, where m increases monotonically with n, and m > 0 for all
n > Ny. For this problem, the scaled differential operator contains leading order terms of
O(e73/?), and therefore m = n — 3/2, n > 2. This means that we need two terms in the
asymptotic expansion of u., 7. to capture the angular behavior of the solutions. This “lag’ in
the asymptotics does not present any problems since we already have a precise representation
formula for the u;.

5.1 Variational formulation for remainder terms

Using the weak formulation (P.) for the non-local boundary value problem (7), and the
scaled problems developed in the previous section, we are able to derive a system for the
remainder terms (R,,,S,): We have the equation for R,,,

/Q 71(Ry) : B(v) dQe + (v, W(R,) + (—%I +K')S,)

- /Q & (ue - Zej“j) HE(v) + <V_’W(ue P2 6jUj)> + <v—, (—%I +K)(7 - O ejrj)>

J=0

= —€" Z a;j(Upt1-4,v) + € Z a;j(Wyta—j, V) + oo + € Lay (uy, v)
j=1 j=2
—enQn(Z% e, v) — (v, (W, + (=5 T+ K)7)
J:
= Fn(v)

where the linear functional F,,(-) depends on the terms (uy,...,u,,7,) in the asymptotic
sequence. The equation for S,, is much simpler:

1
<(§I -K)R,+VS,,x) =0.

Combining these results, we see that the remainder (R, S,,) satisfies the variational equation
A (R, Sn), (v, x) = Fulv)+ <0, x >=: (v, x)

where A, is the bilinear form defined in Section 2.4. It is not difficult to see that |¢,(R,,,S,)| =
O(€™), or more precisely we have

160 (Rn; Sn))| < cn€”[|(Rin, S|

M (29)
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while Theorem 2.2 implies that
al (R, Sa)ll7, < e (R, 8n), (Ra, Sn)) |-
Then using the norm relation between Hy and H, from Lemma 4.1, we see that
(R, Su)lI%, < (*/€)al(Ac (Ru,Sn), (Ra, Su)) | = (¢*/€)allu(Ra, Sa)| < Cre™*2[|(Rar, Su)ll34,

where the constant C! depends on (ug,uy,---,u,_1) or on (f,po.qp) implicitly. We have
thus proved

Theorem 5.1 Under the hypotheses of theorem (2.2), and for small enough € > 0, the
following estimates hold:

n n
J J
(U, 7e) — E eu;, E €T
Jj=0 j=0

where the terms {(u;,7;)} are constructed by the formal asymptotic procedure.

= O(e"3/?), as € — 0" (30)

Ho

We note that at least two terms in the asymptotic sequence are required; this agrees with our
observation that the body force density f enters into the scheme only at second order. Thus,
to obtain a solution which is asymptotically accurate to O(e™), one needs to compute n + 2
terms in the asymptotic sequence. Since the solution of the finite-element formulation is given
via an explicit representation formula, this lag does not adversely impact the asymptotic
strategy.
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